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PREFACE
THE mathematical problems which arise in dealing^with
numerical data are attractive and important. Some^kAow-

ledge regarding them is required by workers in many differ-

ent fields astronomers, meteorologists, physicists, engineers,

naval architects, actuaries, biometricians, and ^tatisticianSj

as well as pure mathematicians; but until recently there

has been very little instruction on the subject in the

mathematical departments of the British universities. Of

late, however, there has been a great awakening of interest

in it; and it is now included in the syllabus for the Open

Competitive Examination for appointments in the Home and

Indian Civil Services, the Colonial Service, etc.

The present volume represents courses of lectures given

at different times during the years 1913-1923 by Professor

Whittaker to undergraduate and graduate students in the

Mathematical Laboratory of the University of Edinburgh, and

may be regarded as a manual of the teaching and practice

of the Laboratory, complete save for the subject of Descriptive

Geometry, for which a separate text-book is desirable. The

manuscript of the lectures has been prepared for' publication by

Mr. Eobinson, who has performed the whole of the work of

numerical verification and has contributed additional examples.

The exposition has been designed to make each chapter,

as far as possible, intelligible to those who have not mastered

the preceding chapters ; so that any one who is interested in

some special problem may, by the help of the Table of Contents,
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find and understand what is said about it without being obliged

to read from the beginning of the book.

One feature which perhaps calls for a word of explanation

is the prominence given to arithmetical, as distinguished from

graphical, methods. When the Edinburgh Laboratory was

established in 1913, a trial was made, as far as possible, of

every method which had been proposed for the solution of the

problems under consideration, and many of these methods were

graphical. During the ten years which have elapsed since

then, the graphical methods have almost all been abandoned, as

their inferiority has become evident, and at the present time

the work of the Laboratory is almost exclusively arithmetical.

A rough sketch on squared paper is often useful, but (except in

Descriptive Geometry) graphical work performed carefully with

instruments on a drawing-board is generally less rapid and less

accurate than the arithmetical solution of the same problem.

The material equipment essential for a student's mathe-

matical laboratory is very simple. Each student should have

a copy of Barlow's tables of squares, etc., a copy of Grelle's

"Calculating Tables," and a seven-place table of logarithms.

Further, it is necessary to provide a stock of computing paper

(i.e. paper ruled into squares by rulings a quarter of an inch

apart ; each square is intended to hold two digits ;
the rulings

should be very faint, so as not to catch the eye more than

is necessary to guide the alignment of the calculation), and

lastly, a stock of computing forms for practical Fourier analysis

(those used in Chapter X. of this book may be purchased).

With this modest apparatus nearly all the computations here-

after described may be performed, although time and labour

may often be saved by the use of multiplying and adding

machines when these are available.

Attention may be drawn to the opportunities which the

subject presents to the research worker in Mathematics. There

is an evident need for new and improved methods of dealing

with many of the problems discussed in the later chapters.
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CHAPTER I

INTERPOLATION WITH JEQTJAL INTERVALS OF THE ARGUMENT

1. Introduction. Mathematics is occupied largely with the

idea of correspondence: e.g. to every number x there corie-

sponds a value of x2
, thus

a-1,2,3,4,6,. . .

o?
2
=l,4, 9, 16, 25, . . .

One of the two variables between which correspondence

holds is called the argm&ent and the other is called the function

of that argument.
If a function y of an argument x is defined by an equation

y=f(x), where f(x) is an algebraical expression involving only

arithmetical operations such as squaring, dividing, etc., then by

performing these operations we can find accurately the value

of y, which corresponds to any value of x. But if <y=log10 #

(say), it is not possible to calculate y by performing simple
arithmetical operations on x (at any rate it is not possible to

calculate y accurately by performing a finite number of such

operations), and we are compelled to have recourse to a table,

which gives the values of y corresponding to certain selected

values of x
; e.g.

x. log &.

7-0 0-845 098

7-1 0-851 258

7-2 0-857 332

7-3 0-863 323

,. log X.

74 0-869 232

7-5 0-875 061

7-6 0-880 814

7-7 0-886 491

The question then arises as to how we can find the values

of the function log x for values'of the argument x which are

CD an) 1 2
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intermediate between the tabulated values, e.g. such a value as

#= I

7'152. The answer to this question is furnished by the

theory of Interpolation, which in its most elementary aspect

may be described as the science of "
reading betweenthe lines

of a mathematical table."

In the further development of the theory of interpolation

it will be shown how to find the differential coefficient of a

function which is specified by a table, and also to find its

integral taken between any bounds of integration.

A kind of interpolation was used by Briggs,* but interpolation of

the kind hereafter explained, based on the representation of functions

by polynomials, was first introduced by James Gregory j"
in 1670.

2. Difference Tables. Suppose a function f(u) is given in

a table for the values a, a + w, a + 2w, a + 3w, ... of its

argument u. It is required to find the value of the function

when the argument has the value a+xw, where a? is a fraction.

Before this problem can be solved by the method of inter-

polation, it is first necessary to form what are called the differ-

ences of the tabular values. The quantity

is denoted by A^) and is called the first difference of

The first difference of f(a + w) is f(a + 2w)-f(a+w), which is

denoted by A/(a+w). Moreover, the quantity

is denoted by Ay(a) and is called the second
difference^

of f(a),

while the quantity

is denoted by Ay(a) a'nd is called the third difference of f(a),

and so on.

It is convenient to arrange the tabular values and their

differences for increasing values of the argument in what is

called a difference table, as follows :

*
Briggs' method was, however, closely related to the modern central-

difference formulae. Cf. his Arithmetica Logarithmica, ch. xiii., and his

Trigonometric Britannica, ch. xii. Of. Journal of the Institute of Actuaries,

14, pp. 1, 73, 84, 88 ; 15, p. 312

t Rigaud's Correspondence of Scientific Men of the 17th Century, 2, p. 209.
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Argument. JSntry. A. Aa
. A5

.

a f(a)

A/H
a+w

and similarly for differences of order higher than the third.

The first entry /(^is called the leadingjerm, and the differences

f f(a)>
to** *s to 8a7 4/fa) A2

/'(), are called thejyaKnf
ditlvTj&nces.^ Evidently 0#c/& difference in tlie table is the member

(with its proper algebi'aic sign) obtained by subtracting the

number immediately above and to the left from the number

immediately "below and to the
left.

The sum of the entries in any column of differences is equal to the

difference between the first and last entries of the preceding column.
This affords a numerical check on the accuracy of the table. Thus in

the above table we have

A2
/( + 3w) A2

/(a) + A3
/(a) + APf(a + w) + APf(a + 2w).

An example of a difference table is the following, which represents
the natural sines of angles from 25 40' 0" to 25 43' 0" inclusive at

intervals of 20".

Argument. Entry. A. Aa
. A8

.

25 40' 0" 0-43313 47858 66963
8 73933 05476

20" 0-43322 21791 72439 - 40 73056
8 73892 32420 - 822

40" 0-43330 95684 04H59 - 40 73878
8 73851 58542 - 822

26 41' 0" 0-43339 69535 63401 - 40 74700
87381083842 -820

20" 0-43348 43346 47243 - 40 75520
8 73770 08322 - 823

40" 0-43357 17116 56565 - 40 76343
87372931979 -821

25 42' 0" 0-43365 90345 87544 - 40 77164
87368854815 -821

20" 0-43374 64534 42359 - 40 77985
8 73647 76830 - 822

40" 0-43383 38182 19189 - 40 78807
8 73606 98023

0-43392 11789 17212
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It will be seen that in this case the third differences are practically

constant when quantities beyond the fifteenth place are neglected, any
departure from constancy in the last place being really due to the

neglect of the sixteenth place of decimals in the original entries. So

the fourth differences are zero.

It will be found that in the case of practically all tabular

functions the differences of a certain order are all zero ; or, to

speak more accurately, they are smaller than one unit in the last

decimal place retained in the tables in question. This fact lies

at the basis of the method of interpolation, as we shall now see.

3. Symbolic Operators. The formulae of the calculus of

differences may be very simply represented by the use of what

are called symbolic operators. Of these we have already intro-

duced A, and we shall now consider another operator denoted

byE.
Let w represent the interval between successive values of the

argument of the function /(<&), and let E denote the operation

of increasing the argument by wt so that E/(a)=/(a+w); in

general we shall write E*/^) =f(a+xw), where x is an integer.

Now by definition we had &f(a+xw)=*f(a+xw+w)-f(a + xw),

so A/(a + xw) = (E
-
l)f(a + xw). It is therefore evident that

the operators E and A are connected by the relation A=E - 1 or

When symbolic operators obey the ordinary laws of Algebra

they may be separated from the symbols representing the

functions to which they refer and treated independently in

much the same way as symbols of quantity. Now it may be

easily shown that the following relations are true for the

operator A :

kkf(a) = M/(fl), where k is a constant factor,

AwA"/(a)==Aw+n/(a), where mt n are positive

integers.

The corresponding identities for E are :

Thus in many respects the operators E and A behave like

algebraic symbols and may be combined like them.
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The following examples illustrate the use of these operators :

Ex. 1. To express the nth differences of a tabulated function in terms

of the successive entries.

Ex. 2. To express the function f(a + xw) in terms of f(a) and the

successive differences o//(a), when x is a positive integer.

so that

4. The Differences of a Polynomial. We find without

difficulty that the difference table for the function y-y? is

as follows :

6 216

It will be seen that the third differences of this function are

rigorously constant and the fourth differences are zero. This is

a particular case of a general property which we shall now

Establish.
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Note that the table may be extended indefinitely when we know the

third differences to be constant. For by definition, when we add to an

entry in a column of differences the corresponding first difference, the

sum so formed gives the next entry in the column. It follows that the

column of second differences can be formed from the leading term 6 by
repeatedly adding the constant third difference 6 ; the column of first

differences being formed from the leading term 1 by adding in succession

the second differences 6, 12, 18, . . . The values of cc
3 are then obtained

from the leading term by adding in succession the first differences

1, 7, 19, 37, 61, ...

Consider the case when the tabulated function f(x) is a

polynomial of degree n, say,

fa)
Then

Now

so that

This is a polynomial of degree (n
-

1) in a, and therefore the

first differences of a polynomial represent another polynomial
of degree less by one unit.

By repeated application of this result we see that

the 2nd differences represent a polynomial of degree n-2,
3rd Tfc-3,

th ., 0,

i.e. the nth differences are constant. It follows, therefore, that

the (n + Ti)th differences of a polynomial of the nth degree are

all zero.

5. The Differences of Zero. A table of values of any power
of the natural numbers may be formed by simple addition when
the leading term and the leading differences are known, in
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precisely the same way as in forming the table of cubes
( 4).

The differences of the leading term Q*>, which are generally used

in forming a table of ofl\ are known as the differences of zero.

They are of frequent occurrence in the calculus of differences.

In order to form a table of reference of the differences of /ero we

apply tlie result of 3 (Ex. 1),

Aw/(a) =/(a + nw) - nf(u + nw -

and write

If we now substitute in this equation particular values for x, p, and n, we
obtain the equations

AW0^ = i\v n(n 1 )P + %n(n 1) (n 2)# . . . n.IP + OP,

AK~IIP
' 1 = rcJP" 1 (n 1)1' f J(n 1) (n 2)^ . . . I*'""

1
,

and therefore A71 02* = nAw~ 1 1^"~ 1. (1)

From the relation A' 1
"" 1/^ + w) = Aw/() + A~ *f(a) we see that

^n-ijp-i ^nop-i^.^w-iop-1^ and equation (1) may be written

A"0^ = n(Aw0^
~

* + Aw "" 10^
~ 1

). (2)

We now construct a table of values of AWOP by the repeated applica-
tion of this equation, remembering that A0l

0, A1 1 =l, and also

that AW0^ = for n >p.

L 1

2 1 231 G 641 14 36 24
5 1 30 150 240 120
6 1 62 540 1560 1800 720
7 1 126 1806 8400 16800 15120
8 1 254 5796 40824 126000 191520
9 1 510 18150 186480 834120 1905120
10 1 1022 55980 818520 5103000 16435440

From equation (2) we see that the value of a particular difference

AW0^ is obtained by taking n times the sum of the two numbers of the

preceding row which are situated in the same column and in the preced-

ing column respectively. For example,

A3 7 = 3(62 + 540)
= 1806.

6. The Differences of x(x-l)(x-2) . . . (x-p + 1).

Among the polynomials of degree p there is one. polynomial of

special interest in the theory of interpolation, namely,

x(x-l)(x-2) . . . (x-p + l).
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This polynomial is denoted by [X]P and is called a, factorial. If

we suppose the interval of the argument in the difference table

of \x~\v to be unity, we have

[a]P=a(a -!)(-- 2) . . . (a-p + l),

[a + iy>=(a + l)a(a-l)(a-2) . . . (a-p + 2),

so that &[x]P=p[x]-
1 *

It follows that

a result that may now be used to tabulate the values of [xf'/p
f as in the

following table :

X.

1

2 1331046410
5 10 10 5 1

6 15 20 15 6

7 21 35 35 21

8 28 56 70 56
9 36 84 126 126

7. The Representation of a Polynomial by Factorials.

In 4 we found an expression for A/(#), the first difference

of a polynomial of degree n, in a form which is less simple

than the polynomial itself. It is more convenient to carry out

the operation of differencing by the use of factorials, using the

relation of 6 :

Let <t>k(x) denote a polynomial in x of degree k. We may
write <fo(#)=^ + (#-w+&)<fo_i(#), where r is the remainder and

<fo-i(ff) the quotient when ^k(x) is divided by (x-n + k), so

<fe?-i(#) is of degree (&-1). By a repeated application of this

This is analogous to the formula of the differential calculus ^~(x
9
)
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transformation, we obtain an expression for a polynomial of the

rath degree in terms of factorials :

where a, /?, y, . . . are constants and
</> (#) is a constant v (say).

We thus obtain the result

(2)

Jas. To represent the function y = &* 12#3 + 42a,2 30a; + 9 and its

successive differences in the factorial notation.

Using detached coefficients when dividing by a;,
x - 1, x - 2, . .

.,

3

1-12 + 42-30 I

Of 1-11+31
I

1-11 +31 I 1

0+ 2 -18J
Y- 9"| 13

+ 3
|

jJ-6
we obtain the value of y in the form

2/
= [^-6[^]3 +

The successive differences are given by

A4
?./
= 24.

Now let a be one of the tabulated values of the argument
of a polynomial of degree n, and let w be the interval between

successive values of the argument. Consider the value.

f(a+xw) of the polynomial corresponding to the value (a + xw)
of the argument. Writing f(a+xw) for

<t>n(x) in (2) and

applying the operation denoted by equation (1) to both sides of

equation (2), we find that

^ + 2y[a;]
1 + 38[ir]

2 + . . . + ni{gBp-\ (S)

Uhrystal, Algebra, 1, p 108.
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Differencing this equation, we obtain

* + . . . + n(n-l)v[x]-*. (4,

Moreover,

n - 8
, (5)

and BO on for differences of higher order. The values of the

coefficients a, /3, y, . . . are found by putting x~Q in each of

the equations (2), (3), (4), ... so that

Equation (2) may now be written

yfa)+04^

fit

Thisformula* enables us to express the polynomial f(a +xw)
in terms of the factorials x, x(x- 1), x(x-l) (x-2), . . . when a

difference table of the function is given.

This general formula may be eabily verified for special values of x.

When x = 0, it becomes f(a) ==/().
When as= 1, then

=/(a)4- {/(+) /()]* which is an identity.

When = 2,

/(a + 2w) -/(a) + 2A/(a) + A2/(a)

=/() + 2{/(a +<*)-/()
+ {/(a + 2i0)

-

8. The Gregory-Newton Formula of Interpolation. The

general formula of the last section may be applied to solve the

problem of interpolation.

Suppose that y is a function of an argument u and that the

values of y given in the table are f(a), f(a + w), f(a + 2w),

f(a + %w), . . . corresponding to the values a,, a + w, a+ 2w,

a + 3w, ... of w. Also suppose that these values of the function

are entered in a difference table and that the differences of

order n are constant. We are not supposed to know the values

of y which correspond to other values of u, such as u=a + %w.
*

Of. Ex. 2, 3.
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It is required to find an analytical expression for these inter-

mediate values of
?/.

The problem may be stated graphically as follows:

Draw the rectangular axes Ott,, Oy. Let K, Lt My N . . .

be points on the u axis having abscissae a, a + w, a + 2w, a + Sw,

. . . respectively. At these points erect ordinates KA, LBy

MCy ND, . . . equal respectively to the entries f(a), J\fi+w),

f(a+-2w), f(a + 3w), . . . Then the points A, B, C, D, . . . so

determined are points on the graph of the function.* The

problem of finding a " smooth
"
curve to pass through the points

A, By Cy Dy . . . has not a unique solution : in fact an infinite

number of curves satisfying these conditions can be found. As

our aim is a practical one, we naturally choose the simplest

solution of our problem. y

Eeinembering that the

simplest functions are poly-

nomials, we inquire if it is

possible to pass through the

points A, B, Cy . . . a curve

which is the, graph of a poly-

nomial function of degree n.

We have already seem

( 4) that for any polynomial

of degree n the differences of orde^njire. constant and for the

set of values f(<r),f(<i + ifyf(<i + 2w),
*

. . it has been assumed

that the differences of order n are constant. This being so,

a polynomial of degree n exists which takes the Values f(a),

, f(a + 2w), . . . when the argument u has the values

t + 2w, . . .
;

ill fact, by the last section, we can write

down an expression for the polynomial. It is

Ax ** CX

.

K M N

We do not know anything about tho portions of the graph intermediate

between these points, but we assume that the graph is a simoth curve ;
for

our present purpose we can take this to mean that the function has finite

differential coefficients of all orders at every point.
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where x is connected witli u by the relation u

and where

(&) stands for/(rt + w) -/(),

(a) stands for f(a + 2w) -

and so OIL

We shall now take thepolynomial (1) to represent the function

y also for values of the argument intermediate between the

tabulated values. The portions of the graph intermediate

between the points A, B, C, . . . may therefore be filled in by

drawing the curve

and in order to compute the value of y corresponding to any
intermediate value of the argument such as a + \w, we simply
substitute the value a?= J in this formula,* which is the analyti-

cal expression required.

The fundamental problem of interpolation is thus solved.

The formula (1) is often referred to as Newton's formula of

interpolation, although it was discovered by James Gregory in

1670.t

The application of the Gregory-Newton formula is illustrated by the

following examples :

* Many books of logarithmic tables, etc., contain a table of the binomial

coefficients required in the interpolation formula (1), at intervals of 0-01 from

05= t03J=l.

t Cf. a letter of Gregory to Collins of date November 23, 1670, printed in

Rigaud's Correspondence, 2, p. 209. An example of the use of the formula is

worked out on p. 211 of Rigaud. Collins was accustomed to send on to Newton
the mathematical discoveries of Gregory (cf. Rigaud, 2, p. 335).

Newton's publications on interpolation are contained in :

1. The Methodus Differentials published in 1711 but written before

October 1676.

2. A letter written in 1676 to John Smith.

3. Lemma v. in Book iii. of the Principia published in 1687. The above

formula is Case i.

4. Various references in the Commercmm Epistolwum, of dates 1672/3 to 1676.

These have been collected and edited by D. C. Fraser in the Journal of the

Institute of Actuaries, 51 (1918-19), pp. 77 and 211.
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Ex. 1. From the table given Mow to find the entry corresponding to

= 229314955248 + J(701747247)
-
^-(602297) - ^ (1 944)

= 2^9314955248 _ (75287-1
+ 350873623-5 \ + 121-5

= 229665828871-5-75408-6

80

/(21) = 0-229665753463.

Ex. 2. To find the co-ordinate X of the sun on November 10, 1910, at

4* 30W (r.M.T. (X ^s the sun's true geocentric co-ordinate measured on a line

passing through the true equinox of th-e date).

The Nautical Almanac gives the following readings from which we

construct a difference table :

1910. -X. A. A2
. A8

.

November 9-0 0-6850997
- 63809

9-5 0-6787188 -514
- 64323 4

10-0 0-6722865 -510
- 64833 7

10-5 0-6658032 - 503
- 65336 2

11-0 0-6592696 -501
- 65837

11-5 0-6526859

We must interpolate for 4h 30m from November 10-0. The argument

iris 12h. Then 4h 30111

,
as a fraction of the argument, gives o?= 0-375.
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log x= 9-5740313

log (x -1)= 9-7958800(?i),

where (n) indicates that 9-7958800 is the logarithm of a negative number

log J= 9-6989700

log |.4c- l)
= 9-0688813(n)

log ^ = 9-5228787

log (a: -2) = 0-2108534(?i)

log $x(x
-

1) (x
-

2)
= 8-80261 34.

Also

log (-64833) = 4-8117961(?i) log (- 603)=2-7015680(n)
log ic= 9-5740313 log Jiifc

-
1)
= 9-06888 13(n)

log (- 64833^) = 4-38582740i) log ,/(,*- 1)(- 503)=- 1-7704493
= log (-24312-4) =log 58-94

log 2 = 0-3010300

log &(x - l)(x
- 2)= 8-8026134

log -Jn(u;--l)(ic~2)(2)
= 9-1036434 = log 0-1.

Therefore - X = 0-67228650 - 0-00243124 + 0-00000589,

and finally
- X = 0-6698612.

9. An Alternative Form of the Gregory - Newton
Formula. The Gregory-Newton formula may be written in

an alternative form which is convenient when an arithmometer *

is used. Eearranging the formula of the last section in the form

and assuming the differences of order n to be constant, wo may
replace the Gregory-Newton formula by

f(fi + M")=f(<f)+xult (I)

where u = A/() -
1 (1

-
x)u2,

,
which is constant.

When computing a value of the Junction by this method, we

begin with the constant difference u
tl and calculate in succession

the values of wn _i, un -2> - - %, finally substituting the value

of % in equation (1).
The following example will serve as an

illustration of this method :

* When an arithmometer is not available Crelle's Calculating Tables will be

found useful for this purpose.
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Ex. To find f(0) when B = 24-46980 05207 020, having given

0. /W A. Aa
. A3

. A 4
.

24-4 0-216 198 561 343

168 272 307
24-5 0-216366833650 745715

169018022 768
24-6 0-216 535 85 J 67-2 746483 5

169764505 773
24-7 0-21 6 705 616177 747 256 4

170511761 777
24-8 0-216 876 127 938 748 033 5

171 259 794 782
24-9 0-217047387732 748815

172 008 609
25-0 0-217219396341

Hero w = 0-1, a - 24-4, ./ = 0-698 005 207 02.

Hence M3 -- A3
/(</,)

-
-|(3

-
a)A

4
/(<t)

= 768 - 0-576 x 5

= 765-1,

2
= A2

/() -3(2 -*>3=745 715-0-434 x 765-1
= 745 383 :

0,

!
= Afla)

-
i(I -),= 168 272 307-0-150 997 4 x 745 383

-=168 159* 756-1.

Then

f(a + xw) =/(>) K^
= 0-216198561 343 + 0-69800520702x0-000 168 159756
= 0-216 19H 561 343

+ 117 37(5385,

or /(0) = 0-216 315 937 728.

10. The Binomial Theorem. By use of the operator E, we
can write the Gregory-Newton interpolation formula in the form

When thus written, the formula is seen to be the same as that

obtained by expanding (1 + A)* by the Binomial Theorem in

ascending powers of A and then operating on f(a) with the

terms of the series so formed, i.e.

The Binomial Theorem was made known (in correspondence)
six years after the Gregory-Newton formula

;
in fact, Newton

seems to have discovered the Binomial Theorem by forming the

expansions of (1 +x)
n
directly for integral values of n, and then

writing down the powers of a? in these expansions. In the

case of the coefficient of x2 he would have :
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Exponent. Coefficient qfaf. A. A*.

0.

1

2 1 '1
233 1

346 1

4
5 10

whence evidently the coefficient is of the second degree in .

Since it vanishes when n = and also when = 1, it must

contain the factors n and (n
-

1) ; and, since the coefficient has

it 1-11 o -j. (-!)
the value 1 when n = 2, it is ^ '.

2i

We may remark that if we form a difference table for (1 + a;)
71 thus :

Argument. JKwtry. A. Aa
. A8

.

i

x

1 (1+)1 a2

x(l+x) a?
3

2 (1+a)
2 x*

<r(]+a-)
2

3 (l+')
3 a2

then on substituting the values /(O) = 1
, A/(0) = x ... in the Gregory-

Newton formulaM =/(0) + ^A/(0) + \n(n
- 1)A

2
/(0) + . . .

we obtain (1 +fl)
n = 1 +nx + '"^l

~
^2 + . . .

2!

which is the binomial expansion.
Cf \O

EXAMPLES ON CHAPTER I v
1. Form the difference tables corresponding to the following entries :

0. Ing tan 0.

(a) 26 10' 0" 9-691 380 868 103 01

10" 434 054 052 28

20" 487 246 020 72

30* 540 434 009 42

40" 593 618 019 47
50" 646 798 051 97

26 1 1' 0" 9-691 699 974 1 08 01
10" 753 146 188 70
20" 80631429511
30" 859 478 428 36
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x- svn x.

(b) 28 40' 00* 0-479 713 113 250 246
10" 755651470168
20" 798 188 562 452
30" 840 724 526 998
40" 883 259 363 705
50" 925 793 072 474

28 41' 00" 968 325 653 205
10" 0-480 010 857 105 798

2. If y = 2,/,
3 - x2 + 3x + I, calculate the values of ?/ corresponding to

x = 0, 1, 2, 3, 4, 5, and form the table of differences. Prove theoretically
that the second difference is 12#-f 10 and verify this numerically.

3. Find the function whose first difference is the function

4. Find the successive differences of

(a) 1/j;,
the interval being unity,

(b) cos w, the interval being w.

5. Express /(#)
= 3^8 + *2 -f * + 1 in the form

+8

by comparing coefficients. Calculate the values of/() for a = 0, 1
, 2, 3, 4, 5,

etc., and form a difference table. Verify the equation

6. Compute the third diiference of /(51) by the formula of 3, Ex. 1,

from the following table of entries :

x 51 52 53 54

f(jr) 132651 140608 148877 157464

verifying the result by means of a difference table.

7. Given the table of values

- 3 -2 -1 1

y 16 7 4 1-8
find by means of the Gregory-Newton formula an expression for y as a

function of jc.

8. Construct a difference table having given

log 5-950 = 0-776 701 J840

log 5-951 =0-776 773 802 4

log 5-952-0-776 846 408 7

log 5-953 - 0-776 919 002 8

log 5-954 = 0-776 991 584 9

and determine log 5-9505.

9. Let p, q, r, s be successive entries in a table corresponding to

Cquidistant arguments
Show that when third differences are taken into account the entry

(D 3n) 3
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corresponding to the argument half-way between the arguments of q
and r is

Sr +*% (De Morgan.)

10. Let p9 q, r, s he successive entries (corresponding to equidistant

arguments) in a table. It is required to interpose 3 entries (corre-

sponding to equidistant arguments) between q and r, using third differ-

ences. Show that this may be done as follows :

Between q and r interpose 3 arithmetical means A, B, and C ; also

between 3q 2p - s and 3r - 2s - p interpose 3 means A', B', and 0'.

Then the 3 terms required are A + ^A', B + ^B', CM ^C',
(De Morgan.)

11. Determine log 6-0405, having given

log 6-040 = 0-7810369386

log 6-041 =0-7811088357

log 6-042 ==0-7811807209

log 6-043 = 0-7812525942

log 6.044 = 0-7813244557

12. Using the method of 9, find sin 24-4698005207, having given
the values

0. sin 0.

24-25 0-4107188526] 4

24-50 0-414693242656
24-75 0-418659737537
25-00 0-422618261741
25-25 0-426568739902
25-50 0-430511096808

13. Given the values

/(*)

858-313740095
1 869-645772308
2 880-975826766
3 892-303904583
4 903-630006875

calculate /(I -5) by the Gregory-Newton formula.

14. The values of a function corresponding to the values 1, 2, 3, 4, 5

of the argument are 0-198669, 0-237702, 0-276355, 0-314566,
0-352274 respectively. Calculate the values of the function when the

argument has the values 1-25 and 1-75 respectively.
15. Using the difference table given in 2, find the values of

sin 25 40' 10" and sin 25 40' 30". Also verify the answers

am 25
U
40' 50" = 0-433 353 261 493 416,

sin 25 41' 10" = 0-433 440 644 614 711,
sin 25 41' 30" - 0-433 528 023 660 896,
sin 25 41' 50" = 0-433 615 398 631 149,

obtained by taking x numerically less than unity in the formula of ,
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16. Calculate log tan 24 0' 5", given the values

log tan 24" 0' 0" = 9-648 583 137 400 95

log tan 24 0' 20" = 9-648 696 457 723 08

log tan 24 0' 40" - 9-648 809 758 267 66

log tan 24 I' 0" = 9-648 923 039 045 83

log tan 24 I
7

20" = 9-649 036 300 068 75

log tan 24 1' 40" = 9-649 149 541 347 57.

C oo

17. The following table gives the values of /(?)= I ""**</* :

J &

a\ !(''')

0-00 0-886 226 92
0-01 0-876 227 24
0-02 0-866 229 57
0-03 0-856 235 90
0-04

t
0-846 248 22

0-05
'

0-836 268 53

Calculate I(x) for <K = 0*025 by interpolation and verify your result by
use of the formula



CHAPTER II

INTERPOLATION WITH UNEQUAL INTEEVALS OF THE ARGUMENT

11. Divided Differences. We have so far assumed that the

values of the argument proceed by equal stops ;
but with data

derived from observation it is not always possible to complete a

difference table in this way. For example, when astronomical

observations are disturbed by clouds there are gaps in the

records.

Consider the case in which the values of the argument, for

which the function is known, are unequally spaced, and suppose

that the values of /(#) are known for # =
<>,

% av a?= aa,

. . ., # an, where the intervals a^-a^ a2 -aly
a3 -a2, . - -,

0-tf-i need not be equal. In place of ordinary differences

we now introduce what are known as divided differences.* Let

us form in succession the quantities

so on. These are called divided differences of the first order.

Moreover, let us form

o)=/K ^.^-oj.^ ^-

These are called divided differences of the second order. Also let

\A<*3i a2>
ax) -f(a2 ,

av a )}/(as
- a

) =f(aB,
a2 ,

a
lt
a

).

This is called a divided difference of the third order. The

divided differences of higher orders are formed in the same way,
so that the order of a divided difference is less by unity than the

number of arguments required for its definition.

* Divided differences might fairly be ascribed to Newton, Lemma v. The
term was used first by De Morgan, Dif. and Int. Calc. (1842), p. 650, and after-

wards by Oppermann, Journ. Inst. Act. 15 (1869), p. 146. Ampere, Ann. de

Gfergonne, 26 (1826), p. 329, used the name interpolator*/functions.
'

20
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Divided differences may be expressed more symmetrically
as follows :

a
1
-a

fl
,t a -

-
i

-

"s)
+K

/() /(a)J \ 6J
^

[

/ \ O/

(#2
- #

) (^2
~ a

i) (
a2 " rt

a) (^3
" a

o) (
a3 ~ tt

3

In general, as may easily ba shown by induction, a divided

difference ofthepth order is a symmetricfunction of its arguments
and is in fact the sum of (p + 1) functions of the form___,/K)_____
difference-product of ar with i, 2 , -!> ^r+i> . . ., Op

It is evident from this statement that when the arguments required
to form a particular divided difference are arranged in a different order,

the value of the divided difference remains unchanged, e.g.

Divided differences are arranged in a table of divided differ-

ences as follows :

Entry. '

./K)
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The following may serve as an example of a table of divided

differences :

In this example the differences of the third order are constant. We
shall now see under what circumstances a column of constant divided

differences is obtained.

12. Theorems on Divided Differences.

I. If a function f(x) is numerically equal to the sum of two

functions g(x)> h(x),for a set of values of the argument x, then

any divided difference off(%) formedfrom those values is equal to

the sum of the corresponding divided differences of g(x) and h(x).

For example,

fin n\
J(av ao)

"i
~"

and similarly for differences of higher order.

II. A divided difference of cf(x), where c is a constant factor,

is c times the corresponding divided difference off[x).

For example, the divided difference of the first order of cf(x) is

iK/-W , cf(
x

J \ 1J ;

III. The divided differences of order n of xn are constant

(where n is a positive integer).

Let f(x)=x.

Then f(aQy a^ = -
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a homogeneous function of a& a of degree (n
-

1). Moreover,

which is a homogeneous function of a
,
av a2 of degree (ra

-
2).

In general /( ,
ap 2, . . ., ap)

is a homogeneous function of

#o> rti a2 > <^ f degree (n
-

p). Taking p = n, we see that

/(#o> rt
i> 2 -* an) is a constant.

Corollary: The divided differences of order (n + 1) ofx
n are zero.

IV. The divided differences of order n of a polynomial of the

nth degree are constant.

This theorem follows immediately from theorems I., II., and

III., since the divided difference of order n of each of the terms

whose degree is less than n is zero.

V. A divided difference of order r may be expressed as the

quotient of two determinants each of order r + 1.

Consider the divided difference of the third order,

- v/foo) (difference-product of av fl2 .
fl3)^

difference-product of a
,
a

lf 2> ^3

Now a difference-product may be expressed as a determinant

of the kind known as Vandermonde's, thus

(difference-product of Oj,
a
2 ,
a
3)

=

Therefore
/K) ki

o, f
ff2

1

7 a
l

1 1
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K) M)
/y 3 /
o rt

i

"3

1111
and so in general for differences of order higher than the third.

13. Newton's Formula for Unequal Intervals. Let f(u)

be a function whose divided differences of (say) order 4 vanish

or are negligible; and suppose its values for 4 arguments
a
o av rta as are known so that the table of divided differences

is as follows :

Argument. Entry.

8

Ka)

/K i,

az .

We may obtain the value of the function for any other

argument u in the following way. Beginning with the constant

difference which is of order 3, we have

f(u, rt , av a
2) =f(aQ,

av a2, 3).

By definition of the divided difference of order 2,

f(ut
a

, flj =/(nr0>
av a2) + (M

-
2)/(^,

a
,
ap a2),

and therefore

f(u, aQ, aj ==/(0 , av a
2) + (u

- a
2)/(tf0>

a
x, 2, ).

Again by definition,

(1)

(2)

and substituting in this equation the value off(u, a
, a^ from (2),

Also by definition f(u) =/(a )
+ (
u ~ ao)f(u>

a
o)*

or f(u) =/( )
+ (v

- aQ)f(a , aj + (u- aQ) (u
-

U -

(
4

)

,
a

lf
a2)

) (5J
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From the equations (1), (2), (3), (4) the quantities,^,a ,ava2)

f(u, a
, aj, f(u, a ),f(u) are now known and may be inserted

in the table of divided differences thus:

Argument. Entry,

u f(u)

fiu, , aj
/K

av a
2)

Formula (5) may evidently be generalised to express a

function whose divided differences of order (n + 1) are negligible
or zero, in the form

/(") ^/K) +
(
u - ao)/K "i) + (

+
(
u -

<*o) (
u - a

i) (
u ~

<

+ (w
- rc

) (%
-

^j) . . .
(?*

-
&_i)/(<7 , 1?

. .
., an). (G)

This formula was discovered by Newton, f

The first term on the right-hand side of this equation represents the

polynomial of zero degree, which has the value /( ) at ?/, = a . The
first two terms together represent the polynomial of degree 1, winch has

the values /(a )
and /(ax) at and a

t respectively, and so on.

The remainder term which must be added to the right-hand side of

the equation in order to obtain strict accuracy is in fact

But this term vanishes if the divided differences of order n are rigorously

constant.

Ex. From the table given Mow tofind the entnj corresponding to 3-7608.

=0 -3989423
- 500

!= 2-5069 -3988169 -199
-1499

a2 =5-0154 -3984408 -199
-2496

ff3=s 7-5270 -3978138

* lu practice the value of f(u] is usually found by forming the successive

divided differences in this uay, as in the worked-out example below.

t Pnndpia, (1687), Book iii. Lemma v. Case u. Cf. Cauchy, (Euvres, (1) 5,

i). 409.
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Forming the successive divided differences of /(w), where u 3*7608,
we find

/(w, a
, !)=/(<&<>. a

lt
a*= -

199,

f(u, rt )= - 500+ 1-2539 x(- 199) = -749-526,
f(u)= -3989423 + 3-7608 x (

-
749-526).

The calculated value is therefore 0-3986604.

14. The Gregory-Newton Formula as a Special Case of Newton's
Formula. The Gregory-Newton formula may be regarded as the special

case of the formula of the hist section when the intervals of the argument
are equal.

For in Newton's formula for unequal intervals suppose that we put

a = a, <*!
= a + w, a

2
a + 2w, . .

., n = a + xw.

By constructing a tahle of divided differences, we see that

/( o, a,)
=

*A/(a),

In the same way we find

/(a , OJ

and so on.

If we now replace u by a + aw, the formula for unequal intervals of

the argument becomes

f(a + **) =/() + 4) + **
~

}
V&f(a) + &.-.

^ J^.?)A/[0
+ -

which is the Gregory-Newton formula.

15. The Practical Application of Newton's Formula.

In laboratory computation from Newton's formula, we proceed

by a method which is really identical with that given above

(Ex. 13). Rearranging the formula of 13, we see that

f(u) =/K) +
(
u -

This equation may be written in the form

) + (^" rtoK (1)
where

= ?th divided difference + (u
-

!,..., an), a constant.

The v's are computed in the following order : vn-i, vn -2, >

The value ntjflu) is then obtained from equation (1).
*
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motion

the following difference table :

Ex. To find the function corresponding to the argument 6*417 in

^=6-417, i 8 -"l, r2
= 24 +(6-417 -11)1 = 19-417,

t?1=121 x (6-417 -7)19-417 = 109-679889,

.-. /(6-417)= 150 +(6-417 - 5)109-679889
= 305-416402713.

16. Divided Differences with Repeated Arguments. The

original definition of divided differences presupposes that the

arguments concerned are all different. If, however, the

quantity /(# ,
# + e) tends to a definite limit as tends to zero,

we denote this limit by f(aQ,
a

),
and similarly for divided

differences of higher order.

Now suppose that in 13, u= a . Since the differences of order

3 are supposed constant, we see that f(a ,
a

,
av a

2)
is equal tc

f(a ,
av a

2t 3), and the remaining differencesf(a ,
a

, #!),/("<) a
o)

may then be calculated just as in the general case when u and

wore supposed different. We may now form another set of

differences by again taking u = a . Eepeating this method, we

obtain the following table of divided differences :

Argument. Entry.

% ,/K)

o A"o)
/K.

i /w _ .....
8) /("o. '
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In terms of these divided differences with repeated arguments
the formula of Newton becomes

This formula will be used later to obtain an expression for

the derivatives of a function in terms of its divided differences.*

8

2 34 42
to find

in terms of powers of (x
-

3).

Constructing a table of divided differences and extending it to include

repeated arguments for x = 3, we obtain

3 -13

Applying Newton's formula for repeated arguments, the required
'

value is f(x)
= - 13 + 2(^

-
3) + 6(a;

-
3)

2 + (x
-

3)
8

.

17. Lagrange's Formula of Interpolation. Let J(x) be

the polynomial of degree n which for values a
,
av a2,

. . .,
an

of the argument x lias the values /( ), f(ai), . . .
, /(#) re-

spectively. By the definition of divided differences, we have

, )

A*) + /K)
-a

1)...(x- an ) (aQ
-
x) (aQ

- a^ . . .
(

- an)

,

* 37.
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Since /(>;) is a polynomial of degree n, its divided differences of

order (w+ 1) are zero, i.e.

f(a ,
a a2,

. . . ant x)
- 0.

Arranging the factors of the denominators in the above

fractions so that the first factor in each denominator is of the

form (x
- ap), we obtain

A*)
(x
-
a^(x

-
fltj

. . . (x
- a n)

/K)
(x

- fl

which is Lagrange's formula in a form suitable for computation.*

Another way of writing this formula is obtained by multi-

plying both sides of equation (A) by

(x
-
aj(x -

aj(x - aj . . . (x-an),

when we obtain

(<g-aj(x-aj . . . (x-aj

It is important to note that when a set of experimental data obey a

law which can be expressed algebraically as a polynomial of degree n,

then not less than (n + 1) observations are required in order to construct

the polynomial. If only n values were used, the resulting polynomial
would be of degree (n

-
I). Before applying the Lagfcange formula it is

therefore necessary to ascertain the order of the divided differences which

are of constant value and thus find the proper value for n.

Ex. l.^-Given the values 5 ,

Q^ e4>0 4

'

4>Q ^j to calculate the value

off(x) corresponding to as= 2 7.

*
Lagrange's formula was first published in his Lemons tltmentaires sur Us

.xiathtmattqucs, in 1795, reprinted in his (Euvres, 7, p. 286.
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Applying formula (A), we obtain

(27 - 14) (27
-

17) (27
-

31) (27 - 35)

_ 68-7

""(27
-

14)"(14 -~17)~(l4~
- 31)714 - 35)

__64-o+
(87 -17) (17 - 14) (17

-
31) (17

-
35;

44-0

(87
-
3l")(31~T4) (31 -17) (31

-
35)

39-1

(227
-

35)~(35 -"l4)"(35^T7) (35
-

31)

/(27) ^ _ 68-7 64-0 44-0 _ JJ9-1r
4160 13923

+
7560

+
3808 12096'

.-. /(27) = 49-317 (approx.).

The required value is 49-3.

Ex. 2. Given the data
''' *

toform the cubic function ofx.
j(p') 5 1 & 14 /

Applying formuLi (B), we have

(-JL)^^
J^'

(0-l)(0-8)(0-5) 1(1 -8) (1-5) 8(8-1) (3 -6)

a(a; -!)(- 8) H7
5(5

-
1) (6

-
2)

18. An alternative proof of Lagrange's formula by the

use of determinants is the following :

Let Pw denote a polynomial of degree ?t, and put

Substituting in succession the values ,
av . . ., an for a?, we

obtain
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Eliminating A, B, C, . . . from these equations determinant-

ally we liavo

o= r
i i

X Cbn

2 n 1

l&A

f(az) . . . /()
1 ... 1

Ctq . . $

Expanding this determinant according to the elements of the

first row, we see that

p.

-/(l)

1 1

a?
j

a?
2

!

JC
H

,

x a

j* 2

K </
ft "-l (1)

The determinants in this equation may be represented
as difference -products. The coefficient of f(aQ) is the differ-

ence-product of x, av . . .,
an, the coefficient of f(a^ is the

difference-product of x, a
Q,
a
2, . .

.,
an> and so on. We may

write

1 1 .1 =-1 1 1 ...1 =+1 1 1 ...1 -=-...

z.. the coefficient of Pn is equal to the difference-product of

a
, av . . .,

an : it is also equal to minus the difference-

product of av a
Qt

ff2 , . . .,
ant or to plus the difference-product

of a
a, ,

av . .
.,
an ,

and so on. If we now divide through-

out by the coefficient of Tn in equation (1), we obtain the

result :
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(x-nn)

which is the formula required.

There is an infinite number of functions of #, each of Which has the

values /( ), /(aj), . . ., f(an) at
, a^ . . ., an respectively. In the

practical applications of mathematics, however, we consider only functions,

such that if a
,
av . .

.,
an are sufficiently close together, any one of the

functions may be represented with tolerable accuracy by the polynomial
Pw, for the range of values included between a

,
a

1}
. .

.,
an . The

formula may thus be used for interpolation.

19. The Remainder Term in Lagrange's Formula

of Interpolation.* Let f(x) be a function of the real

variable x defined in an interval to which belong the values

% #1, , #HI and possessing in this interval the derivative

of order n.

Consider the function g(x), where

./K)

X"

,,, n
*0

. . . X

The determinant vanishes for the values % x
1

os
tl By

the differential calculus we see that since g(x) vanishes for

(n + 1) values of x, its derivative tf(x) vanishes for n values of

x, the second derivative for (n
-

1) values, and so on
;
the nfh

derivative vanishing for one value of x in the interval. Thus

there exists a value x intermediate between X
Q ,
xv . . ., xn such

Forming the wth derivative of the determinant by differ-

entiating the variable elements of the first row, we have :

*
Peano, Scritti offerti ad K D' Omdeo (Turin, 1918), p. 333.
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n\ ... =0.

If we expand this determinant according to the elements of

the first column and solve for f[xj) in the resulting equation,
we find

a^L. _ la!o-)~

n \ /"W

where x is some number intermediate between XQ,

This is Lagrange's formula with a remainder term.

EXAMPLES ON CHAPTER II

i
1. If f(x)

=
21
ft* the divided differences/(a, 6), /(a, 6, e),

and /(a, 6, c, d).

2. If f(x)
= g(x) + h(x)9

where
#(.*.)

= x4 and k(x)
= x3

, verify that

/(5, 7, 11, 13) = </(5, 7, 11, 13) + A(5, 7, 11, 13).

3. Given the values

x 4 5 7 10 11 13

f(x) 48 100 294 900 1210 2028

form the table of divided differences and extend it to include the values

of the function for x 3 and x= 14.

4. Find the function f(x) in each of the following cases :

(a)

(b) x

11

1342

16

13

2210

17

14

2758

19

18

5850
19

6878

23

21

9282

29 ' 31

f(x) 65536 83521 130321 279841 707281 923521

means of a table of divided differences.

(D 3 ) 4
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5. Calculate /(I), given the values

x 2 3 6 7 9

f(x) 658503 704069 729000 804357 830584 884736

6. Assuming f(x) to be a function of the fourth degree in
or,

find the

value of/19) from the values

x 11 17 21 23 31

f(x) 14646 83526 194486 279846 923526

7. The values of a cubic function are 150, 392, 1452, 2366, and

5202, corresponding to the values of the argument 5, 7, 11, 13, 17

respectively. App]y the Lagrange formula to find the function when
the argument has the values 9 and 6 "5 respectively

8. Find an expression for the function in each of the examples (6)

and (7), using the Lagrange formula of interpolation.



CHAPTER III

CENTRAL-DIFFERENCE FORMULAE

20. Central-Difference Notations. In this chapter we
shall consider certain formulae of interpolation which employ
differences taken nearly or exactly from a single horizontal line

of the difference table. In order to express these simply it is

convenient to modify the notation of the calculus of differences.

Several systems of modified notation are in use. One,
which we shall frequently employ, was introduced by W. F.

Sheppard* and will be understood from the following difference

table. It is based on a symbol 8 which may be regarded as

equivalent to AE~* f where E as usual denotes the transition

from any number to the number next below it in the difference

table, i.e. E = 1 + A.

Since j?
=AE "

* and therefore A= SE*, we may write

Aw =
S'^, AX = SX, A8w = S%

r
. . ., Aw

?4 = Sw?/n, and so on.

Kewriting the ordinary difference table, we obtain

Argument. Jntr>/.

,

S2^!
8u>_, s3^-i

6X 5X
M, o%,,
'"

If we suppose each row of the difference table to be numbered with
the suffix p of the corresponding entry u^ or, in the cane of a row
situated midway between two entries up and up+l9 to take the number
p + , we see that A2r

WQ, the differences of even order of u^ are repre-
sented in the central-difference notation by &run since they are situated

PTOG. London Math. Hoc. 31 (1899), p. 459.

35
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in the row r. The differences of odd order A2r+1t* arc represented by
the expression 82l+1wr+ j since they lie in the row r+ \.

It is often required to find the arithmetic mean of two

adjacent entries in the same column of differences. In the

8 system of notation we indicate this mean by the symbol /A.

Thus p.8u is defined to be $(8u_
j
+

8u^), p,8*u is 1(6% _
4
+
8%^),

and so on for the mean differences of the other entries. The

mean differences may be inserted in the table to fill in the gaps

that occur between the symbols of the quantities from which

they are derived.

In another notation which was suggested by S. A. Joffc * the

symbol A i8 used instead of 8. The notation is illustrated in the

following difference table :

ArffMiient. Ettiry.

AM -2

a UQ /!A wo ZET%

a + w u^ A2
'h

a + 2w u
2

21. The Newton-Gauss Formula of Interpolation.

Suppose that a function/(a + aw) is given for the values

. . . a - 70, a, a + wt
a + 2w, . . .

of its argument.
If in the Newton formula for unequal intervals we take

a M a, e&j
= a + wt

az = a - w9 a9 = a + 2w, 4
= a - 2w, and so on,

and denote a + %w by uy
we obtain

f(n) =f(a) + (u
-
a}f(a9

a + w) + (u
-

a) (u
- a - w]fla, a + w,a- v>)

H- (u a) (u
- a - 10) (% a + w)f(<i, a + 1^, a w, a + 2Y/")

f (w a) (^ a - w) (//
- a + ?0) (w a - 2w)

/{, a 4- w, a 7/, a + 2w, a 2w)

+ (u
-

a) (u
- a -

70) (u
- a + ?0) (w

- a - 2w) (z<
- a + 2w)

f(fty & + wt
a #*, ^ + 2?/>, tt 2?0, (i 4- 3w).

+ . . .
. (1)

* rraw5. Act. Soc. Amer. 18 (1917), p. 91.
'
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The divided differences contained in this equation may be

written in the ordinary notation of differences as follows :

f(a, a + w,a-w) = n--J&f(a -
w),

f(a, a + w,a- wt
a +

etc.

Equation (1) thus takes the form

x(x - 1)

f(a + 010) =/() + #A/(a)
-v ^ 2

-I);

^

This formula, which is one of the group of formulae known to

Xewton, is often called the Gauss formula.

The differences used in this formula are as nearly as possible in the

horizontal line through f(a) in the original difference table. The formula

is therefore convenient for use when the value of the argument for which
the function is required is near the middle of the tabulated values. This

formula may be represented more simply by using the symbol (n)r to

denote the binomial coefficient

n(n -l)(n -2) . . . (n-r+ 1)

H '

so that it may be written

/(a + wo) =/(<*) + xAfta) + (&)2A2
/(a

- w) + (x + l)3A3
/(a

-
w,

(rt
-

2u>) + . . . (B)

22. The Newton-Gauss Backward Formula. From the

formula of the last section another may be derived which

is often used when x is measured in a negative direction

from f(a), i.e. towards decreasing values of the argument.

Suppose we write f(a
-
xw) in the form/{a + x(

-
?0)} and change

the sign of w in the discussion of the last section. The
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order of the arguments and corresponding entries is then

reversed. Instead of A/(a) in the Newton-Gauss formula we
now have f(a

-
-z/?) -/(), or -

A/(a
-
w) ; &f(a

-
w) in the

above formula becomes -Ay(a-2w); A5
/(<6-2w) becomes

-
A^/(a

-
3w), and so on. We thus obtain the formula

f(a
- xw) =f(a)

-
a?A/(rt

-
w) + (x)^f(a - w)

-
(x + l)^f(a - 2w)

+ (a? +

which has been called the Newton-Gauss formula for negative

interpolation, or the Newton-Gauss "backward formula.

23. The Newton-Stirling Formula. In the Gauss formula

f(a + xw) =f(a) + #A/(a) + \x(x

+ J(-B+l)(-l)AV(
+

TJ\ (* + l)a?(a;
-

1) (w
-

2)A yfa
-

tjie terms miy be rearranged thus :

f(a + 0*) -/(^) + ^(A/(^.)
- JA2

/(a
- w)} + A2

/(a
-
w)

Suppose we replace tho differences of even order within the

brackets by differences of odd order, using the identities

(a
-
w) = A/(a)

-
A/(<

-
w),

2w) = AV( -

and so on. We obtain the result

f(

_ _

(tt
- Sw)~"

5!

(A)
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This formula, which was first given by Newton,* was after-

wards studied by Stirling f and is called the Newton-Stirling

formula.

The mean-differences
J-{ A/() + A/(a

-
w)},-J-{

A3
/(a

-
2w) + A3

/(a
-

w)\,

etc., are completely symmetrical with regard to increasing and decreasing

arguments. This fact enables us to express the formula very concisely

by means of the central-difference notation of 20 :

(B)

where /zSit
= l(8w _

j.
+ SMI),

f*0-J(_J + ffil),

and so on.

24. The Newton-Bessel Formula. In the Newton-Gauss

formula

f(a + xw) =*f(<t) + flsA/(a) + lx(x
-
l)A

2
/(a

-
w)

let us substitute for /(), %&?f(a-w), l&*f(a- 2?/?), etc., their

values obtained from the identities

etc.

The above equation becomes

f(a + xw) = \{f(a) +f(a + w)} + (x
-

J)4/fn)

which is symmetrical with respect to the argument (a + \w).

This formula, which was first given by Newton \ and later

used by Bessel, is called the Newton-Bessel formula.
*
Newton, Metkodus Differentialis (1711), Prop. iii. Case i.

f Stirling, Methodiis Diffcwntiahs (1730), Prop. xx.

j Methodus Differentialis (1711), Prop. iii. Case ii.
; Stirling, Methodus

Differentialis (1730), Prop. xx. Case ii.
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If in this formula we write x - =#, it becomes

f(a + \w + yw)

[a
-
2w) + A4

/(0
-
w)} + . . . (B)

-

25. Everett's Formula. When it is required to inter-

polate between f(a) and f(a + 70) in the construction of tables

by the subdivision of intervals, statisticians frequently use a

formula due to Everett,* which is generally written in the form

where ux denotes f(a + xw), and denotes (1 -a?), and where as

usual S2 denotes A2E -
*. Thus for

^,
a? = f ,

= 1 - f = .

This formula involves only even central differences of each

of the two middle terms of the series between which the

interpolation has to be made.

To prove this formula we eliminate from the Newton-Gauss

formula

f(a + xfiv) =/(fl) + xkf(a) + (x)2h?f(a
-
w) + (x+ l)3A8

y(i
-
w)

4
/(a

-
2w) + (x + 2)5A

6
/(a

-
2w) +

the differences of odd order by means of the relations

(
rt - w

)
- A2

/("-)
- A2

/(a
-

The Newton-Gauss formula becomes

} + ()2

-
w)} + (x + l)4

+ (x + 2)5{

Using the relation (p + 1),/+1
=

(p)9+! + (p)g ,
this equation

may be written

*
Jirtt. ^Moe. 7?^- (1900), p. 648 ; J.L A. 35, p. 452 (1901). Tables of the co-

efficients in this formula have been published in Tractsfor Computers, No. V.
'
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f(a + xw) - (1
-
x)f(a) + xf(a + w) + (x + l)3Ay() ~

(a)3Ay( -
7r)

+ (a? + 2)5A4
/(<*

-
ic)

-
(x + l)6AVfa -

2/i>) + . . .

Introducing central differences and rearranging the terms,

f(a + xw) = (1
-
x\f(a)

-
(x)tf/[a)

-
(x + l)s&f()

+ a?/(tf + w) + (a? + 1)33
2
/(<* 4- w) + (x + 2)5sy(a + ?/,)

+ . . .

If we now transform the coefficients off(a) by means of the

relation l-a = so that ()3 = ~( + l)3 , (+l)6
== -(+2)5,

etc., we have

/[a + m>) = /(a) + (g + 1)3^0 + ({ + 2)5 Ma) + . . .

4- xj{a + ?/>)
+ (a + l)8Sy(rt + w) + (x+ 2)^f[a f w) + . . .

which is Everett's formula for equal* intervals of the argument.
26. Example of Central-Difference Formulae. The follow-

ing example illustrates the application of the various central-

difference formulae :

To compute the value of loglo cosh 0*3655, having given a table of value*

of lot/iQ
cosh x at intervals 0'002 of the argument.

Forming the difference table, we sec lliat the differences of the third

order are approximately constant. The differences of the fourth order

will, however, be taken into account since such a difference may affect

the accuracy of the last figure of the result.

152 8035
-2122

1525913 -13
-2135

1523778 -3
-2138

152 1640

In Everett's formula put #=
,
= J,and ?J = 0-0281 5737 9665.

/(0-3656)=J(281 5737 9665) + (-

|(2846104 7438) + (- 7 ! ff)(152 3778) + ^1^^ (-3)
= 283 8513 0494-75 - 14 2937-59 - 0-13 =* 283 8498 7557-03.

/. log cosh (0*3655)=* 0-0283 8498 7557.

*
Corresponding formulae for unequal intervals have been given by R. Tod

hunter, J.LA. 50 (1916), p. 1U7, and by G. J. Lidstone, Proc. E*lin. Math. Soc.

4b (1922), p. 26.
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In the Ntwt,<m-Ttmrl formula put -=f.

/<M655)-i( + 1 IIH !J5)
+ 1(30366 7773)

(152
591*i\

+ lk28778)-TW-81W)+3^i(-13-8)
= 2830921 3551-5 + 7591 6943-25 - 1 42954-27 + 16-68 - 0-14
= 283 8498 7557*02.

/. log cosh (0-3655) = 0-0283 8498 7557.

By the Newton-Gauss formula

/(0-3655) = 281 5737 9665 + (3 0366 7773) + ( -.j*,) (152 5913)

= 281 5737 9665 + 2277 50829-75 - 14 3054-34

+ 116-76-0-
= 28384987556-95. '

/. log cosh (0-3655) = 0-0283 8498 7557.

By the Newton-Stirling formula

/(0-3655) = 281 5737 9665 + ?V +
*^ ^^ + .".(1526913)

= 281 5737 9065 + 2 2717 8612-38 + 42 9163-03

+ 116-40 + -13

= 28384987556-94.

.-. log cosh (0-3655) = 0-0283 8498 7557.

27. The Formulae of the preceding Sections may be

expressed more concisely by means of the Central-

Difference Notation of 20.

Everett's formula :

i -f (K + 1 sS
8^ + (-w

+ 2)58
4

?/ 1 + . . . + ( + /
1

)2|.+i8
Br
Mi + .

The Newton-Bessel formula :

i ,
-

1) (a?- 2) (*- *)..x + l 4/*8w, + ----- -ci~-^- ^tX '
2 5! S

+ . . . +
(
+ /- 1)2,^// . + (a- + r - l^r-^+Jn + .

J ^/' + L S

The Newton-Gauss formula :
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The Newton-Stirling formula :

43

L(
. .

. .

Newton-Gauss Iniclcwanl formula :

28. The Lozenge Diagram. We shall now give a method

which enables us to find a large number of formulae of

interpolation.
??!

Let (p)q denote the quantity --, -

-*ry,
and lot '//r denote the

entry /(a + rw). We obtain at once the relations

( [
)

(2)

and, combining these equations, we see that

(jp)?{A* -H-I
- AM. r}

=
\(p + l)rhi

-
fe

or

(p),AK-r + (p + l)7+iA^%., -
(;>),A'/H_ r+1 + (pJ^A^M^ (3)

Suppose we arrange these terms in the form of a "
lozenge

"
so

that the terms on the left-hand side of the equation lie along

the two upper sides of the lozenge and the terms of the right-

Fro. 2.
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hand side along the 'lower sides. We obtain the above diagram
in which a line directed from left to right joining two quantities

denotes the addition of those quantities.

Equation (3) may be expressed by the statement that : in

travelling from the left-hand vertex to the right-hand vertex of

the lozenge in the diagram, the sum of the elements which lie

along the upper route is equal to the sum of the elements which he

along the lower route.

It is evident that this statement may be extended. For

example, let us place in contiguity the lozenges correspond-

ing to

so that the upper vertices of the lozenges, which are of the form

. n form a sort of difference table :

We obtain the following diagram :

FIG. 3.

Applying the rule given by equation (3), it is evident that

the sum of the elements along either of the following routes is

the same :

+ (n + 1) 2A2
// _! + (?& + 1)8A% _!,

+ (/iJoA
2
^.! 4- (n + '.
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Since w + (n)1A =
1 + (?t- l)jAw , we may form three

other expressions beginning with the term u
t instead of w and

equivalent to those already given, namely,

14 + (n
-
l^AtfQ + (nJjAV..! + (71 + IJgA

8^
and two similar expressions.

It' we examine the structure of this diagram, it will be seen

that the values of q and r in the expression Q;) tf
A%_ r are

arranged in precisely the same way as for the differences

tff(u
- rw) in an ordinary difference table. The values ofp arc

constant along any diagonal descending from left to right of

the diagram, while along a diagonal ascending from left to right

these values increase by unity at each vertex. The first value

of p along either line radiating from u is taken to be p = n.

By extending this diagram we arrive at the following, which

Fia. 4.
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may be called a lozenge or " Fraser" diagram since it is a

modification of one due to D. C. Eraser.*

Now the Gregory-Newton formula for un is the sum of the

elements from u along the downward sloping line to the line

of zero differences. So ^n = the sum of the elements from u

along any route whatever to the line of zero differences.

From the identity u + nkuQ
=
t^ + (n

-
1)Aw it is evident

that the value of un is unaltered if a route is selected starting

from M! instead of from ?/ . In general the sum of the elements

along any route proceeding from any entry ur whatever to the

line of zero differences is equal to un.

Applying this rule, we Lave at once from the lozenge diagram
aM -2+ (

n + 2)s^3w - s

+ . . . (4)

+ . . . (6)

. . (6)

Rewriting equations (ft), (6) in the central-difference notation, we find

un
= u + (n)^a_^ + (n + 1)2^ + (n + l)33

3w _ i + (w

and

which is the Newton-Gauss formula

If we now take the mean of these values of un ,
we obtain the formula

whose differences are along th< row corresponding to u :

i!

^ . .

which is the N&toton-Rtirling formula.

The mean value of un from equations (6), (7) may be expressed either

as Everett's formula or as the Newton-Bessel formula. Wilting (6), (7)

in the central-difference notation,

+ (n + r - 1)2^1*0+ (n + r)^+18*
+1

i + . . . (8)

+ (
W + r - IJarS

2^ + (n+ r - l)1r+i8*
Mhl

l
+ ()

Taking the arithmetic mean of these values of ww,
we may eliminate

* J.LA. 43 (1909), p. 238.
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differences of odd order by applying the relations (fyq
= (p + 1)7+1

-
(p),/+1

and SPr+lu = lPral 8Pr
iiQ

The coefficient of S2'?^ takes tin* form

J (n -t- r ~
i;ji- f Vrt f r;^r+i -t- ^i I- r JJgr+i f

or (?l + r)2>
.+1.

f

j'he co-

efficient of oZrnQ becomei* ^ {( + r - l)2r
-

(n + r)2/
,+1

-
(M + r - l)2,.+i}

or - (n + r- l)2/-+i, and by substituting for (1
-

n) we see that

The aiithmetic mean of equations (8), (9) may thus be \\iitten in the form

which is Everett's formula

Suppose, however, we find the arithmetic mean of the values of un
in (8) and (9) and simplify the coefficients of differences of odd order in

the resulting expression by means of the relation

i { 0* + *0ir+i + (' + r - l^r+1 }
-

( + r - IJir 1^ -

We now obtain the result

which is the Newton- Bessel formula.

29. Relative Accuracy of Central-Difference Formulae.

It is frequently necessary to use approximate formulae which

terminate before the column of zero differences is reached. From
the last section we have seen that the sums of the elements along

any two routes which terminate at the same vertex are identical.

If the routes terminate at two adjacent vertices (p)Q&9u_r+1 and

(p) q&iu_ r which are in the same "lozenge," the sums of the

elements along these routes differ hy (|9)g(A^_?+i- &*u^ r), i.e.

by (p)q&
q+*M-<r Extending this result to routes terminating in

the same column of differences, for example, at A4w. 3 and A% ,

it is evident that the sums of the elements along these routes

diller by (n + 2) 4A5w _ 3 + (n + l) 4A5w_ 2 + (n) 4A5u. 1.

We shall now consider routes that lie along horizontal

lines
; these yield the formulae containing mean-differences. In

the last section it was shown that a mean-difference formula is

obtained by taking the arithmetic mean of the elements along
two adjacent routes. From the mode of formation we see that

the sums of the elements along such routes are identical as far

as the vertices at the intersections of the routes. For example,
tile Newton-Gauss formula is equivalent to the Newton-Stirling
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formula as far as differences of even order, and it is also

equivalent to the Newton-Bessel formula as far as differences

of odd order. When a formula is curtailed, the question arises

as to whether it is more advantageous to select a route which

terminates at a mean difference or at an ordinary difference.

The following diagram represents the portion of the lozenge

diagram along the row corresponding to u$ and adjacent to

the differences of order 2r. Let A denote the mean differ-

ence (n + r)2r+i/^
2r+1

%, and let B denote the mean difference

(n + r -

)'
(n+r)1

} ^ +r)
}

*
ar - 1X^ B 2r+1

S
2r+1 X^

r u*<-
.....*----------

-p
ui"<r

J > x (n+r-i) J \
(n+r' l

l\^
Uu,

FIG. 5.

The route along the dotted line through A represents the

Newton-Stirling formula and the route along the dotted line

through B represents the Newton-Bessel formula. The Newton-

Gauss formula, which is represented in the diagram by a zigzag

intermediate route, is equivalent to the Stirling formula at the

vertices S2^ and 82/<+2%
, and it is also equivalent to the Bessel

formula at the vertices S2*"-^ and 82r+%j.

Consider the three routes representing the Gauss and the

Stirling formulae and the formula which contains the differences

62r"%.j, 8^%, S^+^.j, and 8^+%. If we suppose these

formulae to be curtailed so that the last difference of each is of

order 2r + 1, we may compare the accuracy of these formulae

by ascertaining the magnitude of the neglected terms of order

(2r + 2). The sum of the elements along either of the routes from

the common vertex ffr+2/u^ to the line of zero differences being
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the same, the most accurate formula is the one in which the

neglected term of order (2r + 2) is the smallest. These terms are :

(n +

respectively, and they are also arranged in ascending order of

magnitude. The Newton-Gauss formula is therefore more
accurate as far as mean differences of order (2r + l), when
further terms are neglected, than the corresponding ETowton-

Stirling formula passing through the same differences of even

order
;
and both are more accurate than the formula containing

the difference 82r+%_j. In precisely the same way we see

that the Eessel formula is more accurate than the Gauss

formula as far as differences of even order when further terms

are neglected. In general, a central-differenceformula terminat-

ing at a mean difference of the entry up is more accurate than

a fortwula which is curtailed at the corresponding central-

difference of up .%9
and it is less accurate than a formula which

is curtailed at the corresponding difference of

We shall now illustrate by an example the superiority which central-

difference formulae generally have over other inteipolation formulae.

Let it be required to find UM where <{** <^J. If we employ for

this purpose an interpolation formula which proceeds according to

central differences of MO,
and btop at the (2r + l)th term, the result is

the same as if we employed Lagrange's formula with given values of

u -r> u-r+b >
un so ^a* by 19 the error is

-1) . . . fo

where denotes some number between a-rw and a + rw. If, on the

other hand, we employ the Gregory-Newton formula, and stop at the

(2r + l)th term, the result we thereby obtain is the same as if we

employed Lagrange's formula with given values of w
, u^ . . ., u*2n so

that the error is

where
t]

denotes some number between a and a+ 2rw. Now /(2r+1)
()

does not, in most cases, differ greatly from /(2r+1)
(i/),

but (x + r) (x + r 1)

. . .
(SB r) IB much smaller than

35(05
1 ) . . . (se 2r) in absolute

value when J **x<\. Thus the error is smaller in the former case than

* A detailed discussion of the accuracy of interpolation formulae is given in

P|pers by W. F. Sheppard, Proc. Lond. Math. Soc. 4 (1906), p. 320, and 10 (1911),

p. 139 ; D. C. Fraser, JJ.A. 50, pp. 25-27 : G. J. Lidstone, Trams. Fac. Act. 9 (1923).

(D 3) 5
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in the latter. For this reason central-difference formulae are prefer-
able to the ordinary formulae for advancing differences.

The following remarks* are of general application :

" Formulas which proceed to constant differences are exact, and are

true for all values of n whether integral or fractional.
" Formulas which stop short of constant differences are approximations.
"
Approximate formulas which terminate with the same difference are

identically equal.
"
Approximate formulas which terminate with distinct differences of

the same order are not identical. The difference between them is

expressed by the chain of lines necessary to complete the circuit."

30. Preliminary Transformations. In certain cases

formulae of interpolation should not be used until some

preliminary transformation has been effected. We shall illus-

trate this by two examples.

Ex. 1. Suppose that it is required to find L sin 15". We have from

a table of logarithms the following entries :

The differences are evidently very slowly convergent. One reason for

this will be seen when it is remembered that when is small and

0***x radians, then sin sc= 05~ Ja? + . . . and x=6 sin l" (nearly),

so that L sin = L sin 1
" + log 6 (nearly), and the diifercnces of log 9

for the values 10, 20, 30, 40, 50 ... of are very slowly convergent.
We therefore calculate L sin 6 when 6 is small by adding the inter-

polated values of I/
^- J,

which has regular differences, and log 0, for

which tables exist with smaller intervals of the argument.

Ex. 2. Suppose it is required to interpolate between two terms of

such a sequence as the following :

r
r(r+_l) r(r+l)(r+2) r(r+ l)(r+2)(r+ 3)

'
~

P

where r and p are two widely different numbers.

* D. C. Fraser, J.I.A. 43 (1900), p. 238.
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It is best to interpolate in the sequence of numerators

1, r, r(r+l), r(r+l)(r+2), . . .

and to interpolate separately in the sequence of denominators

We then divide the former result hy the latter, in order to obtain the

required interpolated value.

Stirling (Methodus Differentiates (1730), Prop. xvii. Scholium) says:
" As in common algebra tin1 whole art of the analyst does not consist

in the resolution of the equations but in bringing the problems thereto ;

so likewise in this analysis : there is lens dexterity required in the

performance of the process of interpolation than in the preliminary
determination of the sequences which are best fitted for interpolation."

The general rule is to make such transformations as will make the

interpolation as simple as possible.

EXAMPLES ON CHAPTER III

1. Given
sin 25 41' 40" = 0-433 571 711 655 565
sin 25 42' 0" = 0-433 659 084 587 544

20" = 0-433 746 453 442 359
40" = 0-433 833 818 211) 189

find the value of sin 25 42' 10" by the Newton-Gauss formula

2. Kind the value of log sm 16' 8"-5 having given

log sin 16' 7" = 7-670 999 750
8"= 7-671 448 629 9

9" = 7-671 8970464
10" = 7-672 3450002

using the Newton-Gauss formula.

Check your result by obtaining log sin 16' 8" -5 from the following
data :

log sin 16' 6" = 7-670 560 405 6

8
V= 7-671 4486299

10" = 7-672 345 000 2

12" = 7-673 239 524 3

3. Apply the Newton-Stirling formula to compute sin 25 40' 30"

from the table of values

sin 25 40' 0" = 0-4331 34785866963
20"= 0-433222179172439
40" = 0-433309568404859

sin 25 41' 0" = 0-433396953563401
20" = 0-433484334647243

and verify your answer, using the Newton-Bessel formula,
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4. Given

log 310= 2-4913617
320 = 2-5051500
330= 2-5185139

340 = 2-5314789
350 = 2-5440680
360 = 2-5563025

find the value of log 3375 by the Newton-Bessel formula, verifying the

result by one or more other central-difference formulae and comparing
it with the true value. [3-5282738.]

5. Show that the lozenge-diagram method really derives all the

interpolation formulae by repeated summation by parts, i.e. by the use

of the formula

which is the analogue in the Calculus of Differences of the formula

fudv =auv fvdu
in the Integral Calculus.



CHAPTER IV

APPLICATIONS OF DIFFERENCE FORMULAE

31. Subtabulation. An important application of inter-

polation formulae is to the extension of tables of a function.

Thus, supposing we already possess a table giving sin a? at

intervals of 1' of #, we might wish to construct a table giving

sin x at intervals of 10" of x. This operation is called sub-

tabulation. Subtabulation might evidently be performed by

calculating each of the new values by ordinary interpolation,

but when the new values are required in this wholesale fashion

it is better to proceed otherwise, forming first the differences of

the new sequence of values of the function, and then calculating

the latter from those differences.*

Let TQ, Tx, T2,
T

3, ... be a given sequence of entries in a

table corresponding to intervals w of the argument, and let

their successive differences be AT = Tx
- T

,
AaT = T

2
- 2T

t + TQ,

etc. Suppose it is desired to find the values of the function

in question at intervals wfm of the argument so that (m
-

1)

intermediate values are to be interpolated between every two

consecutive members of the set T
,
T

1?
T2. . . . Denote the

sequences thus required by ,
l
lt

tz, . .
., so that = T

o> *ro
= Ti

km = T2, t3m = T8, etc., and let the successive differences in the

new sequence be

A^o^-Jo, A!% = ^-2*! + *<>, etc.,

where A1 is used instead of A to denote the operation of

differencing in the new sequence. The differences in the new

sequence may now be found in terms of the differences in the

old sequence by the use of operators in the following way.

Lagrange, (Euvres, 5, p. 663 (1792-3).

53
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Denoting the initial value t or T by /(a), we have by the

Gregory-Newton interpolation formula :

!-yia + i*/w)-T +(lH^^ . .

and the operators A1 and A are thus connected by the relation

Aj - (1/m^A + (l/m) 2A2 + (l/m)3As + . . . (1)

Suppose for simplicity that A4T is the last non-zero difference

of the original sequence, so that A5T = 0, A6T = 0, etc.

Equation (1) gives

V - (UHiA + (l/m) 2A* + (1/)3A8 + (l/m)4A*}<. (2)

If we now substitute the values s = 1, 2, 3, 4 in the last equation,

we are able to determine all the differences of the new sequence
in terms of the differences of the old sequence :

(6)

(G)

When the differences are thus calculated, the entries tv t2 , tB

may be derived in the usual way by simple addition. The

values of tm,
t2m,

*t3m, . . . formed in this way should agree

with the tabulated values T
lf
T2,

T3,
. . .

jjg.
The logs of the numbers 1500, 1510, 1520, 1530, 1540 being

given io nine places of decimals, to find the logs of the integers between 1 500

The difference table of the original values is as follows :

A4
.

-4
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Here w= 10.

^i
4"

TrA^ 4)= - 0-0004 in the ninth place, which is negligible,

* ;

1505 3-177536500

ind the final value of log 1510 agrees with the original value.
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32. An Alternative Derivation. It is frequently convenient when

dealing with a function whose degree is known to insert values of

the function, intermediate to those already tabulated, by the following
method :

Suppose, for example, that a function f(x) may be represented by a

polynomial of the third degree, and that values of the function are

tabulated at intervals w= 10 of the argument. Let it be required to insert

values at an interval w= 1. Using the notation of the last section, we
have (by the Gregory-Newton formula)

TO-'*
Ti
= '10= 'o + 10

T3 fo= f + 30ZV + 435A1% + 4060A!%.

Differencing these equations, we see that

AT = 10/Vo + 45Aj% + 120AX%,

AT2
= 10A^ + 245A1% + 2920AX%.

Similarly A2T

/. A3T =1000A1%
The leading term and its differences for the subdivided intervals are

seen to be .

-OlA2T - -009A8T
,

A^ = -1AT - -045A2T + -0285A3T ,*

from which the values t
ly t^ t^ . . . are formed by addition.

Kc. Having given a table of values of log x at interval* of the argument
w= 5, to insert between log 6250 and log 6255 the intermediate values of
the function at intervals w=l.

Entry. A. A*.

Put T = log 6260 = 3-7958800
3473

T1==log 6255 = 3-7962273 -3
3470

T
2
= log 6260 = 3-7965743 -2

3468
T3
= log 6265 = 3-7969211

The differences of the second order are approximately constant, so we
assume log a? to be a polynomial of the second degree.

T =f = 3-7958800,

3473,
.

-3.
* These are precisely the set of equations of 31 when A8

^, the third

differences of the tabulated function, are assumed to be constant.
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From these equations we obtain the values

Ax%= *.
0-12, A1

= 694-84,

expressed in units of the seventh decimal place.

Forming the difference table for the subdivided interval*,

log 62 50 = 37958800-00
694-84

log 62 51 = 37969494-84 - 0-12

694-72

log 62 52 = 37960189-56 - 0-12

694-60

log 62 53 = 37960884-16 - 0-1 2

694-48

log 62 54 = 37961578-64 - 0-12

694-36

log 62 55 = 37962273-00

We may now insert these values of the function in the table of values, thus:

log 6251 = 3-7959495

log 6252 = 3-7960190, etc.

We may obtain without difficulty formulae for subtabulation based

on central-difference formulae, or on Everett's formula. These are

frequently to be preferred to the subtabulation formulae based on the

Gregory-Newton formula-

Owing to the rapid accumulation of error in the higher orders of

differences, care must be taken to include additional places of digits in

the computations, as in the above examples

33. Estimation of Population for Individual Ages when

Populations are given in Age Groups. We shall now find

the values of a statistical quantity, such as the population of

a given district, for individual years, when the sums of its

values for quinquennial periods are given.*

Let . . ., u_ 2, u.v U
Q>

uv u2, . . . be the values of the

quantity for individual years, and let the quinquennial sums

be . . ., Wr W , W-p . . . , so that

W =%
W_! = W_ 3 4- M-4 + U-s + U_Q -f U^ 7.

It is required to find the value w in terms of the Ws.

* G. King, J.I.A. 43, p. 109 (1909). See also 50, p. 32.
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The Newton-Stirling formula may be written

If we denote v>n + U-n by yn and neglect the differences of

the fourth and higher orders, we may write

Therefore W = MO + #1 + #2

and

Eliminating A2^ from the two last equations, u may be

expressed in terms of the Ws :

or, writing A2W-! for (W^ - 2W +Wx), we obtain the result

or u = 0-2W - 0-008A2W_r (1)

Ex. To fmd the value of the quantity for the middle year of the second

quinquennium, when the following are three consecutive quinquennial
sums: 36556: 39387: 41921.

Denote the given quinquennial sums l>y W.j, W , Wj respectively,
and form a difference table.

W. !=36 556
2831

W =39387 -297
2534

W1= 41 921

The required quantity UQ is therefore, by (1),

MO= 0-2 x 39 387 - -008 (
- 297)

= 7877-4 + 2-4

= 7879-8,
so M =7880.

The above formula may be extended to include the fourth

differences of the Ws when we neglect the differences of the u'a

of the sixth and higher orders.* We have now
* When the groups are unequal, wo can proceed in a similar way, using

divided differences. '
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(2)_ 2,

W2

Eliminating w from the three last equations, we have

and AWX
- AW. 2

= SVSA2^ + 4250A%. 2>

and eliminating ^2u-i &ODI these two equations we find that

A%_ 2
= 0-00032A4W_ 2

and A2
*/,.!

= 0-008A2W_ 1
- 0-00096A4W_ 2.

If we now substitute these values in equation (2), we obtain

the result

or ^ = 0-2W - O-OOSA'W-! + 0-000896A4W_ 2.

This value of UQ was also given by G. King.*
The following demonstration of a more general formula is cine to

G. J. Lidstono
r r+l

Let W =2tfA Wi=i)^, etc.,

and let yx
/*

where p is some number independent of x From these definitions we
have at once

In Bessel'H formula,

y . ._ = *

.,

' + wA?/ +
,

~
-f -

,

A3
// _i + . . .

^ '"
is Z I ^ o l

Pllt W=
2(2r+l)'

Form the difference yi+m yi-m and in the result substitute W and its

* J.LA. 43, p. 114.
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differences for Ay and its differences. We thus obtain the required
formula.

The result is

which, when 2r + 1 = 6, becomes

as found above.

34. Inverse Interpolation. We shall now consider the

process which is the inverse of direct interpolation, namely, that

of finding the value of the argument corresponding to a given

value of thefunction intermediate between two tabulated values,

when a difference table of the function is given. This is known

as inverse interpolation.

Let f(a + xw) denote a particular value of the function of

which the differences are tabulated. We now wish to find the

value of the argument x corresponding to f(a + wv) ;
for this

purpose it is best, if - \<x< J, to use Stirling's formula *

f(a + xw) =J

Dividing throughout by i{A/() + A/(a-w)}, the coefficient

of x, equation (1) may be written in the form

x =m - J^D! -
lx(a?

-
1) D2

-
,\x*(x*

-
1)D,

-
. . . (2)

where m - {/(a + xw) -/(a)}/{A/(a) + A/(a
-
w)},

Dx
= {A/(a - M/MA/() + A/(a

-
IP)},

D2
- [&f(a -w) + &f(a -

2w)}/{kf(a) + kf(a - </>)},

and so on. We have now to solve equation (2) by successive

approximations.
1st approximation : x = m.

Substituting this value in equation (2) we obtain the 2nd

approximation :

This value of x is now substituted in equation (2) to form the

3rd approximation for x, and so on for further approximations.
* If J<aJ<i, Bessel's formula should be used.
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Instead of solving equation (2) by successive approximations we may
arrange it in the form

m= x + JO^D! + J4*
2 - 1)D2 +^2

(o;
2 -

1)D8 + , . .

We have merely to reverse this series to ohtain a formula from which x

may be found by direct substitution, namely,

id +"&,

As an example of inverse interpolation, suppose we wish to find the

positive root of the equation
*

7 + 28s4 -480 = 0.

Writing 2/
= 37 + 28!i'

4
-480, and finding by a rough graph that the

coot is a little over 1-9, we construct the following difference table :

. y-

1-90 -25-7140261

1-91 -14-6254167

1-92 - 3-3074639

1-93 8-2439435

1-94 20-0329830

Evidently the root lies between 1-92 and 1-93, and therefore if the root

be I -92 + 0-01SB, we have by Stirling's formula in equation (1) :

= - 3-3074639 + 1 1 -4346801a; + 0-1 167273./;2 + 0-0006907(tf
3 -

a),

0= - 3-3074639 +ll-4339894a+0-1167273./ 2 + 0-0006907ce3.

Dividing throughout by the coefficient of z,

x= 0-28926595 - 0-0102088a:2 - 0-0000604ar>.

1st approximation : x=* 0-28926595,
2nd approximation : x - 0-28926595 - 0-0102088 x 0-083675

- 0-0000604 X 0-0242
= 0-28841027,

3rd approximation : x=* 0-28926596 - 0-0102088 x 0-0831805
-0-0000604x0-0240

= 0-28841533.

The required root is 1-9228841533, correctly to 10 decimal places.

* This equation was suggested by W. B. Davis (Ed, Times, 1867, p. 108)

bttt solved otherwise by him.
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35. The Derivatives of a Function. From the Gregory-

Newton formula

/(a + a) =

we have at once

x(x- 1) (x- 2) A ,, x /1X+ ~v--M_^A/() + . - (I)

xw

If x is taken very small so that xw->Q, the left-hand side of

the equation is of the form {f(a + h) -/(&)}/&. The limiting

value of this expression when A->0 is the derivative of the

function f(x) for the value a of its argument. We thus

obtain

The successive derivatives of the function may be obtained

by the use of the differential calculus in the following way.

Differentiating (1), we obtain

AA) +^~AWO +
:>>a;2

"

3̂

+ 2

Also

(a + aw)
- Aa

/() + (x
-

and so on for derivatives of higher order.

Tutting x = in this set of equations, we obtain the results

wf'(a)
=A/W
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Ex. To find the first and second derivatives of loge x at #= 500.

A4
.

550 6-309918

Here w= 10 and

10/'(500)= 0-019803 + i(0-000385) + J(0-000015)
= 0-020001.

Also 100/"(500) = -0-000385- 0-000015 --J-J(O-OOOOOl)
= -0-000401.

Neglecting the last figure, which is liable to error, we obtain the results

/'(500)= 0-002000

/"(500) = - 0-0000040.

We may find the formula for the ?ith derivative of a function other-

wise, by using symbolic operators and expanding the function f(a + w) by

Taylor's Theorem.

Thus f(a + w) =/(a) + wf(<i) +
1*/

+ . . . (1)

If we denote
,
the operator for differentiation, by D, equation (1)

becomes

and l + A = e
wD

. (2)

Taking logarithms of each side, of this equation,

zrW-A/[a)-JAV[) + lA9(a)-. -

(3)

Also ;2D2={log(l+A)j
2

Therefore t&f"(a)- (A - JA
2 + JA3 -

. . .)
a
/(a)

+ . (4)
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.and in general

(A - JA
2 + JA - A + . . .)"/() (5)

36. The Derivatives of a Function expressed in Terms
of Differences which are in the same Horizontal Line.

By differentiating Stirling's formula,

f(a + xw) =/() + 4{A/(rt) + A/fa - w) + JzWyfa -
w)

!/fa
-
w) + A8

./fa
-
2w)}

~ I2
) (*?

- 2a
H{A6

/(
-
2w)

+ , J a!V - la
) (&

- 2a)A/(
-
8w),

the differential coefficients may 1)6 represented by a rapidly

converging series in terms of the horizontal differences. Thus

wf(a + mo)

(rt
-

2i0)

- w

-
2w)

+ xw)
a - 2w) + a;J{A

8
./1(

-
w) + A8

/(a
-
2w)}

Putting x = Q in these equations, we have

(
a - 8w)| + . . . (1)

3w) + . . . (2)

These equations give the value of the derivatives in terms of

differences which are symmetrical as regards the direction of

increasing and decreasing arguments.
In order to extend these results to derivatives of higher

order we shall write Stirling's formula in the central-difference

notation of 20 as far an differences of the eighth order.

f(a + xw) = ? + XII&HQ + JaWw'o + %x
+T^V -

1) (x*
- 4)8%

-
4) (* -

-
4) (x

2 -
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When the right-hand side is arranged according to ascending
powers of a?, we obtain

f(a + xw)~u + x(p$u
-

lfJL&u + -aVp^
2 ^8% + T^SX, ~

r i

nf*o + T!uf

il

+ AT*08% -
27rWS%)- (3)

If both sides of this equation are differentiated and we

substitute the value x = 0, we obtain the value of wf(a) as in

equation (1) ;
and the higher derivatives of f(a) are formed by

differentiating wf(a + xw), uPf"(a + xw) t and so on.

The successive derivatives of f(a) correct to differences of

the eighth order are given by the following equations :

wf'(a)

We see that wf(a) is equal to the coefficient of x in (3) and,

in general, wn
f^

n
\a) is equal to the coefficient of xn in the

equation (3) multiplied by nl This result might have been

obtained at once by comparing (3) with Taylor's expansion
off(a + xw).

3*7. To express the Derivatives of a Function in Terms

of its Divided Differences. We shall first find the derivative

of a function f(x) for the particular value of the argument x

in terms of its divided differences. As shown at equation (3),

13, we may write

where the divided differences of order beyond the wth are

supposed negligible. If we put u =% we have

i) +K -

1^) . . . (a
- an-

CD 3)
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Bat in 16 we found that

f(u) =/K) + (
u -

and by Taylor's expansion,

M =/(<>) + (
-

ol/"K) + (
-

so that/'(rt ) =/K, ^o)> iTK) =/K' o ft
o)> and in general

which gives the wth derivative in terms of the divided differ-

ence of the rath order with repeated arguments.

Equation (1) thus becomes

/K) =/Ka
i) +K -

which gives /'(a ) in terms of its successive divided differences.

As a special case of this formula when ax= a 4- w,

or M/'(ao)
- Afa,)

-
^/(a,,) + JA/(a )

- ...
which is the formula of 35.

A more general expression for the derivatives of a function

in terms of its divided differences may be obtained from

Newton's formula :

f(x) =/(rt ) + (x
-
tfol/K, j) + (x

- a
) (x

-
ct^f(a& av a

z)

+ (x- a
) (x

-
j) (x

- a2)/(a ,
o
1, ^, ^3) -f . . .

Denoting the factor (x
- an) by an, this equation becomes

f(x) =/K) + a /( , aj + a a
a/(a , ^ a2) + aoa^/fao, flj,

^2,
ag)

+ . . . + a a1a2 . . . an _j/(n! , rt^ a2,
. . ., Cln). (3)

Differentiating both sides of this equation, we see that

f'(x) =/K, aj + (a

("O*1! + ttOa2 + aOa3 + al2 + a
l

j,
a2,

a3 , a^ + . . . (5)

(a +
ttl
+ a2 4- a8 + "^K, ^ ^, ^

3, % ^) + - (6)

emd 90 on.
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In these equations the coefficient of the divided differences of order r

is a symmetric function of the quantities CIQ, a^ aa,
. . ., ar_ x. In

equation (3) this coefficient is of r dimensions, and after each differentia-

tion its dimensions decrease by unity ; so we see, therefore, that the

coefficient of /( ,
a
x, . .

.,
ar) in the equation for /<

r
>(a?)/r!

is unity

(i.e. zei-o dimension in a^ a
1} . .

.,
ar_^ and all differences of lower

order vanish.

If we suppose a = al = a2= a9= . . . = an,
we obtain the values given

above : f(a^f(a^ a
), f\a$ =2^ a^ a

),
and so on.

Substituting in equation (4) the value x=
,
we obtain equation (2),

namely,

/H) =/(ao a
i) + (

ao
~ aiWav n

i> i) + (o ~ "i) (ao
- a

a)/(
ao an az as) +

The latter equation is used when the derivative of a single value of

the function is required ; but when the derivatives of several values of

the 'function are to be computed, we use equation (4),

ftx. From the following table of values compute the third and fourth
derivatives of f(9) when the argument 6 has the values 5, 14, and 23

6 2 4 9 13 16 21 29

/(0) 57 1345 66340 402052 1118209 4287844 21242820

We first form a table of divided differences :

The function is evidently a polynomial of the 5th degree.

Tabulating the values of o
, a^ Og, . .

.,
we find

0=5. 0=14. 0=23.

a 3 12 21

aj 1 10 19

a
2

- 4 5 14

as
- 8 1 10

a- -11 -2 7
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From equation (5) we have at once

/'"(#)_ 556 + (a + a
t + a2 + 3)45

+ (0al + aOa2 + "Oa3 + ttOa4 + ala2 + ala3 + ala4 + a2a3 + a2a4 + aSa*)
1

so /'"(5)= 1 626, /"'(14)= 1 2 102, /'"(23)= 32 298.

From equation (6) we have

aV
1Y
(0)
= 45 + (a + at + a

2 + as + fl|)l,

so /
1V
(5)
= 624, ^(14) =1704, ^(23) = 2784.

EXAMPLES ON CHAPTER IV

1. The logs of the numburs 400, 410, 420, 430, 440 being given to

seven places of decimals, find the logs of the integers between 400
and 410.

log 400= 2-6020600

log 410 = 2-6127839

log 420 = 2-6232493

log 430 = 2-6334685

log 440 = 2-6434527

2. If ArT is the last non-zero difference of the original sequence, so

that Ar+1T =0, Ar+2T = 0, . .
.,
show that the formulae for sub-

tabulation are :

(r-8)(f -

The differences of order higher than the rth in the new sequence

are, of course, all zero.

3. The following are three consecutive quinquennial sums :

44133, 41921 and 39387.

* Mouton, an astronomer of Lyons, in 1670 noticed that if in a sequence
whose rth differences are constant, say=c, intermediate terms are inserted

corresponding to a division of each interval of the argument into m equal parts,

then the new sequence has its rth difference constant and equal to c/m
r
.
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Find the value of the quantity for the middle year of the second

quinquennium.

4. The populations for four consecutive ago groups are given by the

table of values

Age Group. Population.

25 to 29 years (inclusive) 458572
30 to 34 years ( ) 441424
35 to 39 years ( )

423123
40 to 44 years ( ) 402918

Estimate the populations of ages between 32 and 33 years, and between

37 and 38 years respectively.

5. Show that if

WQ

and in general

then the individual value u
r/t may be found from the groups of * indi-

vidual values WQ, Wj, Wg,. . . and their differences by the formula

W AW

where third differences are neglected.*

6. In the following set of data h is the height above sea-level, p the

barometric pressure. Calculate by a difference table the height at which

j?=29 and the pressure when ft =5280.

h= 2753 4763 6942 10593

2>=30 27 25 23 20

7. Form a difference table from the following steam data, where p is

pressure in Ibs. per square inch.

0C 93-0 96-2 100-0 104-2 108-7

p 11-38 12-80 14-70 17-07 19-91

Calculate p when 0=99-l and determine by inverse interpolation the

temperature at whioh p= 1 5.

8. Calculate the real root of the equation

by inverse interpolation.

* 0. H. Forsyth, Quarterly Publications of the American Statistical Associa-

tion, December 1916.
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9. Find the differential coefficient of loge x at = 300, given the table

of values

x. lpg a.

300 5-703782474656

301 6-707110264749

302 6-710427017375

303 5-713732806509
304 5-717027701406
305 6-720311776607

306 5-723685101952
307 5-726847747587

Find from the above table the differential coefficient of log x at x= 302,

10. Given the values

x. y.

858-313740 095

1 869-645772 308

2 880-975826 766

3 892-303904 583

4 903-630006 875

dPv
find the value of -~ when rc= 0.

dx*

11. Find
--|

when z= 1, given, the following values :

. y.

1 0-198669
2 0-295520

3 0-389418

4 0-479425

5 0-564642

6 0-644217

12. Apply the central-difference formulae of 36 to compute the

first and second derivatives of loge 304, having given the table of values

of Ex. 9.

13. From the following data compute the first four derivatives of the

function y corresponding to the argument #= 11 :

a, y.

2 108 243 219
5 121 550 628
9 141 158 164

13 163 047 364

15 174900628
21 214 358 884



CHAPTER V

DETERMINANTS AND LINEAR EQUATIONS

38. The Numerical Computation of Determinants.

In this chapter we shall consider the problem of finding the

numerical value of a determinant, say,

a4

b*

<*&

6'a

d2 d* d,

when the elements %, az ,
. . . are given numbers. The method

generally adopted, which is due to Chi6,* is as follows :

We first notice whether any element is equal to unity; if

not, we prepare the determinant for our subsequent operations

by multiplying some row or column by such a number p as

will make one of the elements unity, and put 1/p as a factor

outside the determinant. This unit element will henceforth

be called the pivotal element. Thus in the above ^determinant

we shall suppose that &3 = 1 and take 68 as the pivotal element.

We shall show that the above determinant is equal to the

determinant

(-1),2+3

C2
- C5

-
(B)

* F. Chi6, Mtmoire sur les fonctions connues sous le nom de rtsultantcs ou de

faterminants, Turin (1853).

71
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The law of formation of this new determinant (B) may be

expressed thus: The TOW and column intersecting in the pivotal

element of the original determinant, say the ith row and sth

column, are deleted; then every element y is diminished by the

product of the elements ivhich stand where the eliminated row

and column are met by perpendiculars from y, and the whole

determinant is multiplied by (
-

l)
r
+*.

The advantage gained by substituting the determinant (B)

for the determinant (A) is that (B) is of order one unit lower

than A
;
and therefore by repeated application of this method

of reduction we can reduce any determinant to the second order,

when its value may be written down at once.

To prove this theorem, we first divide the columns of the

determinant (A) by blt 62,
. . ., 65 respectively, so that it takes

the form

r/
l

1

6

1

CE

&4

1

^

since 63 = 1 : then (subtracting the elements of the third column

from those in the other columns) we write the determinant in

the form

"
d*

h
-rfa

^
h"

*' f
'

64

33
l\

-tl*

%

V

e*

i>&

-
3
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This determinant may now be written

&i

^-rfa

&4

4 *5

which is obviously equivalent to the form (B).

It is usually advisable to prepare the determinant for computation by
forming ztro elements 111 the row and column containing the pivotal
element. For example, in the determinant (A) of Ex. 1 below, zero

elements may be introduced into the first row by adding three times the

third column to the first column to form the new first column ; then

adding the third column to the second column, to form the new second

column, and so on. In this way the subsequent calculations aro simplified.

In performing the computation of a determinant it will be found

convenient to draw pencil lines through the row and column which

intersect in the pivotal element; this helps the eye in finding the

elements at the feet of the perpendiculars.
Instead of first dividing some row or column in order to obtain a

pivotal element equal to unity, we may eliminate the row and column

intersecting in any element (not necessarily unity) as follows : Delete the

row and column in question by drawing pencil lines through them ; then

the rule is

product of elements at feet of perpendiculars
New element =* old element- . -.-- ~ r ~^rr- >

element at intersection of pencil lines

tlifi new determinant being multiplied by the element at the intersection

of the pencil lines and- by the factor (- l)
r+

*, where, r and s denote the

numbers of the deleted row and column respectively.

The above method of computing the value of a determinant

enables us at the same time to compute the co-factors of the

elements corresponding to the surviving elements; for these

co-factors are actually equal to the co-factors of the correspond-

ing elements in the reduced determinant.

For example, the co-factor of Cj in determinant (A) is
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which, since &8
= 1, is equal to

<*4
-

</4
-

the latter determinant being the co-factor of
(fj
- c36j), which is the

element in the reduced determinant (B) corresponding to Cj in (A).

Ex. 1. Evaluate

3

-2

1

5

-1

1

3

4

-2

1

-1
1

2

-3
2

1

3

1

-1
2

(A)

We may select as pivotal element the nuiiiber 1 at the intersection

of the first row and the fifth column ; the rule then gives

= (-!) -11
- 2

8
- 7

3

-1
1

4

3

-4
4

1

7

-1

Taking as new pivotal element the unit at the intersection of the

second row and last column, we obtain

(-1)6+6 -15 6 10

22 -22 -25
-9 2 7

(C)

As there is now no unit element in this determinant, we may
divide the second column by 2 and so form n unit pivotal element. The
determinant becomes

-15
22

- 9

3

-11
1

10

-25
7

12 -11
-77 52

= 446, the required value.

If it were required to determine the co-factor of (say) the element

in the fourth row and first column of the above determinant, we
should have the co-factor of 5 in (A) equal to the co-factor of 8, the

corresponding element in the reduced determinant (B)
= the co-factor of 22 in the next reduced determinant (0)
= the co-factor of - 77 in (D)

Ex. 2. Evaluate the determinant for the Legendre polynomial of order

five :
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We eliminate the fourth row and fifth column, noting that

clement at the intersection oi these lines becomes a factor of

detei niinan t. Tlius

the

the

(eliminating the 1st row and 2nd col.)
= 41-

(eliminating the 1st row and and col.)= 8

= 94/>s5 - 1050s3 +225a.
So we have P6(s) . J(63s

5 - 70s3 + 15s).

39. The Solution of a System of Linear Equations.
Being now in a position to compute the numerical value of a

determinant, we can solve a set of linear equations in any
number of unknowns, x^ x%, Xs, . . ., xll9 say

l;*+^*;.':' +^IZ
by the formulae which are proved in works on determinants,

namely :

ff/12 fe!3

^22 <*23 -

^22 ^23

aln

32=
<*"nn

^22 ^23

and similar expressions for afc, aj4,
. . ., xn *

* Further remarks and examples on the solution of linear equations will he
fottnd in Chapter IX. in connection with the solution of the " normal equations"
in the Method of Least Squares.
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Ex. Find the values of , y, ,
w tliat satisfy the system of equations :

= 281

-276
-207

a

414_
"207

=

and in the same way we obtain the values 0=4, w=3.

EXAMPLES ON CHAPTER V
Evaluate the determinants

with (n~ 1) rows, is equal to nl.
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3. Compute the values of

(o) 1 1

3

4

5

6

1

2

4

5

6

1

2

3

5

6

1

2

3
4

6
i

i

2

3

4

5

1

2 1

3 3

4 6

1

4

(n+ 1) rows,

the constituents being binomial coefficients, when n= 2, 3, 4, . . .

5. Solve determinantally the following sets of equations :

(a)

y+ 2

y+ a

x 8

';
1 ~*" 3 "' 4 "*" 5

I

2^+200-2-1333+
31 -

- 2

1



CHAPTER VI

THE NUMERICAL SOLUTION OF ALGEBRAIC AND
TKANSCENDENTAL EQUATIONS

40. Introduction. In the present chapter we shall show

how to find the value of an unknown quantity which satisfies

some given algebraical or transcendental equation; or the

values of several unknown quantities which satisfy a set of

given equations, equal in number to the number of the

unknowns.

The methods in use may be classified as follows :

(a) Literal methods, in which the solution is obtained as a

general formula, so that nothing remains but to substitute

numerical values in the formula
; as, for example, the solution

of the quadratic equation y? + 2bx + c = by the formula

These literal solutions are valuable when they can be

obtained,* but in most of the cases we shall have to discuss,

they are unattainable, at any rate in a form involving only
a finite number of arithmetical operations.

(/?) Numerical or computer's methods, in which the working
is mainly arithmetical from the beginning. These are, on the

whole, the most useful, particularly when a high degree of

accuracy is required, and they constitute the main topic of

the present chapter.

(y) Graphical methods, in which the solution is obtained

by drawing diagrams. These are much used when a rough
* The solution of tho cubic discussed in 62 below, and the general formula

proved in 60, are examples of literal solutions.

78
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solution is all that is required or as a preparation for a more

accurate solution by numerical methods, but for many purposes

they have been superseded by the

(8) Nomographic methods, in which a diagram is prepared

once for all to serve for a wide class of cases, so that it may
be used over and over again with different numerical data.

(e) Mechanical methods, in which some mechanical arrange-

ment is applied; many ingenious machines have been de-

vised for the purpose of solving different equations, but on

account of their cost and complexity they have not come into

extensive use.

41. The Pre-Newtonian Period. A method for the ex-

traction of the square and cube roots of numbers, digit by digit,

was discovered by the Hindu matlTifiTiiat'
1'^anfl

r
ft"d by them

communicated to the AraT)s, who transmitted it to Europe.

This method was extended by Vieta in 1600* so as to

furnish the roots of algebraic equations in general. The

process was so laborious that a seventeenth-century mathe-

matician described it as "work unfit for a Christian," f but

it was in general use from 1600 to 1680.

In 1674 a method depending on a new principle, the

principle of iteration, was communicated in a letter from

Gregory to Collins ; t and independently, a few months later,

in a letter from Michael Dary to Newton. This principle we

shall now discuss.

42. The Principle of Iteration. As a first illustration

of the principle of iteration we shall consider an algorithm

suggested by Newton
||

for the determination of square roots,

which may be described as follows :

Let N le the number whose square root is required. Take

any number XQ and from it form x\ according to the equation

#1 = -a(#b + N/ ). From Xi form x% according to the equation

82 i (#i + N/a?i). From Xz form. #3 according to the equation

* De nwmerosA potcstatum adfectarum resolution e, 1600.

t Warner in Rigaud's Correspondence of Scientific Men of the 17th Century,

1, p. 248.

t Rigaud's Correspondence, 2, p. 255.

4 Rigaud, op. cit. 2, p. 365. For an account of Dary see Rigaud, 1, p. 204.

|| Op. tit. 2, p. 372.



80 THE CALCULUS OF OBSEBVATIONS

#3= H^-t-Nyizfe), wnd so on. Then the sequence of .numbers

%o, Xjj a?2 , afc, . . .,
tends to a limit which is

Thus, taking N= 10 and a^= 1, we have

!=(! + 10) = 5-5,

&2=iJ(5-5+ 10/5-5) =(5-5 +1-8) = 3-7,

33= |(3.7 + 10/3-7)
= |(3-70 + 2-7) = 3-2,

a4= |(3-2 + 10/3-2)
= |(3-2 + 3-1 25)= 3-163,

aj6
= |(3-163+ 10/3-163) = ^(3-1 63 + 3-161555) = 3-1622775,

ae
= |(3-1622775 4-10/3-1622775)= (3-1622775 + 3-1622778)
= 3-1622777,

which is the square root of 10, correctly to Beven decimal places.

In order to prove the validity of the process, we proceed as

follows :

The equation xp = i (<fy - 1 + ^lxi>
- 1)

may be written

Xp+
whence we have

From this equation it is evident that if*

250 < 1. then Ltn_^ x, = JX ; (1 )

>1, then Lt.^.aw- - VN. (2)

The limiting case is when

If we write XQ = re'
9
,
N = Xe1a

,

this becomes

|
/ cos ^ - X* cos Ja + ir sin - iX* sin Ja |

=
|
r cos + X* cos Ja + *r sin 6 + iX* sin Ja |,

or, squaring both sides,

SO COS (0
-

Ja)
= 0,

or ^

which is the equation of a straight line through the origin in

* If z is a complex number, say equal to u+v\/- 1, where u and v aie real

numbers, then ^/ (w
2+^) is denoted by |

z
|
and is called the modulus of 2.

*
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the plane of the complex variable XQ, perpendicular to the line

joining the points /N and -
^/M". Denoting this line by I,

we regard it as dividing the plane into two half-planes ; and

we see from (1) and (2) above that the algorithm leads to the

value JN, as long as the initial number XQ is taken in that

half of the plane which contains ,yN ;
and the algorithm leads

to the value - ^/N, as long as XQ is taken in that half-plane

which contains - JN. Ifx$ is taken exactly on the line I, the

sequence XQ, x^t x%, . . .,
does not tend to a limit.*

A pleasing characteristic of iterative process may be observed in

(joniiection witli this example, namely, that a mistake in the. performance
of the numerical work does not invalidate the whole calculation. If, for

example, a mistake were made m calculating %i from r
,
the erroneous

value o^' obtained might have been obtained correctly by starting from

a different value
ay,' ; and since a is to be taken arbitrarily, the true

solution may be reached by way of a\ as well as by way of xv The

correct result is obtained whenever the numbers xn ov41,
xr+2,

. .
., are

obviously tending to a limit, ho\\ever many errors may have been com-

mitted in obtaining these numbers. This valuable feature of iterative

methods has made them very popular.

43. Geometrical Interpretation of Iteration. The nature

of iterative methods may readily be illustrated t geometrically.

Let f(x) = be the equation. Write it in the form/a(a;) =/2(a),
as may usually be done in many ways ; thus, if the equation ia

3a* - 8x + a = 0, we can take ffa) = 3z2, /,() = Sx - a. Draw

the curves y /i(a?) and y =/2(a) ;
the real roots of f[x)

= are

evidently the abscissae of the points of intersection of these

two curves An iterative process for finding them may be

devised as follows : select any point XQ on the axis of x so that

the value of XQ is nearly equal to that of the abscissa of one of

the points of intersection of the curves. From XQ draw a

straight line parallel to the axis of y until it meets the curve

which has the slope of lesser magnitude. Suppose, for example,

when a?=3b that |/i'()M /'(*)! and that the line x=x<> meets

the curve y =fi(x) at the point (XQ, y )-
From this second point

draw a line parallel to the axis of x until it meets y =/2(s) in

the point fa, y*). From the third point draw a line parallel
to

* For further work on iterative solutions of quadratic equations and their

connection with geometry of. 0. Nicoletti, Rend, di Palermo, 42 (1917), p. 73

t Cf. R. Ross, Nature, 78 (1908), p. 663.
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the axis of y until it meets the curve fi(x) =y in fa, yi), and

from this fourth point a line parallel to the axis of 0, and so on.

FIG. 7.

Then the abscissa of the first and second points is 0b, that of the

third and fourth points is g^ and in general xn approaches nearer

to the point of intersection of the two curves for increasing

values of n
; i.e., xn converges to a root of the original equation.

There are two main types of diagram resulting from frhis
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process according as the slopes of the two curves have the same
or different signs for the abscissae afo BI, afe, . . .

In Fig. 6 the abscissae x
l9

sc2, 03, ... are all on the same side of

the root x and the lines approach the point of intersection of the curves

111 the form of a " staircase." In Fig. 7 the lines approacli the inter-

bectiou spirally. The staircase solution is obtained when the derivatives

of the curves f-^x), /2(sc) liavc the same sign near the point of inter-

section and the spiral solution occurs when those derivatives have

opposite signs.

Ex. 1. To fmd the real roots of the equation

x5 - x - 0-2 = 0.

The real roots are the three intersections of the curves y =

s=ie + 0-2 as shown in Fig. 8.

We can iterate to each of the three i-oots as follows :

For the positive root

y= 0-2+x

y~=T-200~

and

s = 1-000

^=1-037
*,- 1-0434

0-3
= 1-0445

^ 1-04472

1-237

1/2
= 1-2434

?/3
= 1-2445

1/4= 1-24472

(The root is x= 1-0447616.)

For the larger negative root

^0= - 1-000

<r
lS==

-0-956

2
= -0-9456

0-3
= -0-9430

j-4
- -0-9423

o-5
= -0-94214

jre
= -0-94210

(The root iy x

For the smaller negative root

= -0-756

2
= -0-7456
-- 0-7430

4
= -0-7423
= -0-74214

- 0-94209.)

% - 0-000
- 0-00032

= - 0-0003225

a- = -0-000
a-

1
= -0-200

a^= -0-20032

(CoiTectly to five places.)

-Find, correctly to five decimal places, the foot of the equationEx. 2

by iterating the formula %>+j
= 0-5 -Iog10?/y,.
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By inspection of a log table we see that y = 0-68 is an approximate
value of the root. So we take

2k
= 0-5 - log100-68 = 0*6675,

y2= 0-5 - log100-6675 0-6756.

As the iteration evidently furnishes values alternately less and greater

than the root, we take (yi + y%)/% or 0-6716 as the next approximation

2/3,
and then we have

y4 = 0-5 -Iog100-6716 = 0-6729.

y5
=

(y, + y4)/2
= 0-6723,

ye a 0-5 -log100-6723 = 0-672437,

y7 = 0-5 -log100-672437 = 0-672347.

ys = (ye + ?/7)/2
= 0.(572392,

y9 = 0-5 - log100-672392 = 0-672377,

y10,
the mean of the last two value^ = 0-672385,

yn= 0-5 - log100-672385 0-672382.

The root, correctly to five decimal places, is 0-67238.

Ex. 3. Find (using only Harlots table of cubes) the smaller positive

root of

Take

Take

44. The Newton-Raphson Method. It is evident that in

iterating towards any root we are not bound to proceed by

FIG. 9.

rectangular steps, as we have done in the preceding article ;
we

might just as well have proceeded by oblique steps, as in the

following method :

Let QiP be an arc of a curve y =/(#), intersecting the axis

of x at A, so that the abscissa of A is a root of the equation
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f(x)
= 0. Suppose that the arc AP is convex to the axis of x,

and that P is a point on this arc with abscissa XQ. At P draw

a tangent to the curve meeting the axis of x in M and let

OM = Xi. Let Q be the point on the curve whose abscissa is Xi,

and at Q draw a tangent to meet the axis of x in N
;
write

ON = #2- Let E be the point on the curve whose abscissa is #2,

and similarly at K draw a tangent to the curve to meet the axis

of x. It is evident that the points L, M, N, . . ., tend to A, or,

in other words, the values XQ, Xi, #2, x$, . . ., form a sequence

tending to the root of the equation f(x) = 0. If, however, we

start on the other side of A, where the curve is concave to the

axis of x, at Qi say, the first step of this method carries us

to the other side of A, where the arc of the curve is convex to

the axis of a?, after which the sequence tends to the root as

before.

Now wo have

x<>
-

xj,
= ML - LP cot PML =/fa>)//(ob),

so X1 ^x -f(x )/f(x ) >

and in general xr u = xr -f(xr)lf'(xr). (1)

The process is therefore an iteration based on the equation (1).

In substantially this form it was given by Kaphson*in 1690;

but the method is commonly called Newton's, because Newton

had previously f suggested a nearly related process.!

The preceding discussion is really based on two assumptions :

1. That the slope of the curve does not become zero along the arc

QX
P ; i.e. that the equation f'(x)

= has no root between
ay,'

and OQ,
the

abscissae of Qa and F.

2. That the curve has no point of inflexion along QjP.

The rule of Newton becomes more precise if we make use of the

observation that we can determine which of the two abscissae <r
'

and a-

corresponds to the part of the curve which is convex towards the axixis

from the condition that at points where the curve y=f(x) is convex

towards the axis of x, we have the relation

*
Analysis Aequationum Universalis, London (1690).

f Wallis' Algebra (1685),' p. 338.

{ The difference between Newton's process and Raphson's is that Newton

calculated a set of successive equations, whose roots were the successive residuals

hotween the ahove quantities vn and the true value of the root, whereas in

Raphson's form of the process this is unnecessary.
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Hence we see that if /(a?) Juts only one root between two bounds ir
'
and

x
Qt

while f'(x) and f"(x) are never aero between these bounds, then the Newton-

Raphson process will certainly succeed if it be begun at that one of the

bounds for which f(x) andf(x) have the same sign.

We might have derived Newton's method by the aid of Taylor's

Theorem as follows :

Let 05 be an approximate value of a root of the equation f(v) = 0.

Put 05=830+2), where p is small. Then by Taylor's Theorem

=/(a; +#) ^/(ao) + Pf'(xo) + terms involving higher powers of p ;

so approximately we have

and therefore if
' s=a;0-/(af

'o)//(
irl
o)

which is Newton's formula.*

Ex. l.l^-Let the equation be

Here it is obvious that an approximate value of the root is 2.

Taking # = 2, we have

Next

0*061"
11-23

= 2<1 " '0054 Dearly)- 8-0946.

so a3 2-094600000 - -000048517
= 2-094551483.

The required root is 2*09455148 correctly to the first nine digits. We
postpone for the present (cf. 50) the answer to the question, how we
know the number of places to which our result is correct.

Ex. 2. Find correctly to four decimal places the greatest root of

* On the formulation of conditions under which Newton's method of ap-

proximation leads to a root of an equation cf. Cauchy, OSwnres, Ser. a, 4, p. 573 ;

a. Faber, Journ. fur Math. 138 (1910), p. 1.

f
" The reason I call gs -2a--6=0a celebrated equation is because it was the

one on which Wallis chanced to exhibit Newton's method when he first published

it, in consequence of which every numerical solver has felt bound in duty to

make it one of his examples. Invent a numerical method, neglect to show how
it works on this equation, and you are a pilgrim who does not come in at the

little wicket (vide J. Bnnyan)," [de Morgan to Whewell, 20th January 186!].
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Ex. 3. Find by Newton's method, correctly to six places of decimals, the

root of the equation

selogjflicrr 4-7772393.

From a table of logarithms we have, by inspection, the values

6 Iog106 = 4-67 and 7 Iog107 = 5-92,

so we take as a first approximation sr =6.

The next approximation is

Now /(^o)
= (6x0-77815) -4-7772= -0-1083,

f(x) = log10SB + Iog10e
= 0-778 + 0-434 = 1-21 2,

*> V/W= 0-825 (nearly),

and ^=6-089.

The next approximation is

Now f(x = (6-089 x 0-7845460) - 4-7772393 = - 0-0001387,

so .T2
= 6-089 + (0-0001 387 x 0-825),

r < 2
= 6-089 11 4, which is correct to six places.

45. An Alternative Procedure. Instead of following

Newton's rule strictly by forming /(XQ) and /'(XQ), etc., we may
proceed in a somewhat less elaborate way as follows :

Suppose we have found (graphically or otherwise) a first

approximation to the root of the equation f(x)
= 0, which we

will call ai. Let x denote the required root of the equation
and put

a: = a1 + 8, (1)

where S is a small quantity. We now substitute this value of

x in the original equation, neglecting powers of 8 greater than

the first. We solve the simple equation in 8 so formed and

denote the value obtained for 8 by Si. Then the second

approximation to the root x is ax + oV Now denote ai + 8i

by 02, and write

S = a2 + 8, (2)

and substitute this value of x in the original equation. Pro-

ceeding as before, we find an approximate value of the 8 of

equation (2) ;
let it be 82,

so a2 + 82 is a third approximation to

the root
;
then we denote a2 + 82 by a3 ,

and write

(3)
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and similarly for further operations. The sequence alt a2,
. . ., an,

converges to the root x. This procedure is essentially equivalent

to the Newton-Eaphson process, as is evident from the

connection pointed out above between the Newton-Eaphson

process and Taylor's Theorem
( 44).

Ex. Find the root of the equation

lOx -a? =3-1462644,
which is near 0-3.

Ifx**Oi + 8 where 8 is small, we have approximately

3-1462644 - 1 Oc^ + af*-- -

To~_3a1
2~~~ '

Put ^= 0-3, then

0-17326
S= -

,70" =0-17326 x 10277 =0-017806.
i7* I tJ

The next approximation is 02= 0-3178, from which we have

3-1 462644 - 3-178 + 0-0320968 __ 0-0003612
~"

10-3 xOaOl ~~~9-697~~~

= 0-000037,249,

so aa= 0-317837,249.

The required root of the equation is 0-3178372, correctly to seven places.

It may be remarked that the above method is theoretically applicable
to complex as well as to real roots, but in the case of complex roots the

numerical calculations are generally so laborious that other methods to

be described later are preferable.

46. Solution of Simultaneous Equations. As a further illustra-

tion of the method of the last section we shall find a solution of the

simultaneous equations,
,/
3 + 27/

2 =l, (1)

503 +/2_ 2^ = 4. (2)

We first trace the curves rcprevented by these two equations. In the

first equation we find, corresponding to given values of x, the following
values of y .

x + 1 >1 -1-2 -3 -10-0

y ^0-71 imaginary ^ 1 rp2-12 qp3-74 ^22-4,

and iu. the second equation similarly

y 0-5+1 > + l -1 -2 -3
x -2 -1-4 +1 imaginary -4-16 -8-93 -15

+ 2 +2-4 +2-16 +4-93 +9.

There is evidently only one real root of the equations, represented by
the point G in the diagram. From the diagram we see that the owhnate
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of G lies between -f 0-7 and + 0-9. Introducing the three values y= 0-7,

2/
= 0'8, # = 09, into equations (1) and (2), we obtain

y. x ly (1). x ty (2). Difference.
0-7 +0-27 -0-95 +1-22
0-8 -0-65 -0-64 -0-01
0-9 -0-85 -0-18 -0-67,

so if in the two curves x were to vary proportionally to y we should
deduce that y would be near 0*799. If we now try the three values

0-797, 0-798, and 0-799, this time using logs to five places of decimals,

we obtain

from which it is seen that the true values are nearly

x= -0-6494 and y= +0-7981.

We therefore substitute in equations (1) and (2)

x= ~0-6494 + 8a; and </= +0-7981

neglecting squares of 8x and 8y. Using units of the third decimal

place, we have

1265&E+ 3192% =-0-0621,
2895&B - 10853&/ = 0-0959,
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whence &c= -0-0160, %= -0-0131,

so o:= - 0-649416, y= + 0-798087,

which is the required solution.

47. Solution of a Pair of Equations in two Unknowns by
Newton's Method. A more formal and general treatment of the

topic of the last section is the following. Let two equations be given,

from which the unknowns (#, y) are to lie determined.

Let (i^ // ) be an approximate solution of the equations. Write

Then by Taylor's Theorem, neglecting powers of h and k above thy first,

we have

-

glvnig _ &_
j/ fy _ jf

&.-&
t_ _1^._J5L

Therefore an improved pair of values for the roots is

These formulae may be iterated as in Newton's process for equations

in one variable.

48. A Modification of the Newton-Raphson Method.

The computations required for the Newton-Eaphson method

may be simplified in the following way.
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Instead of

we may take as the formula on which iteration is based

This means that in the successive steps of the process of

44, we replace the tangents at Q, R, . . . by lines parallel to

the tangent at P. By this method we are saved the trouble of

calculating f'(xr) at each stage, while the number of approxi-
mations required is practically no greater than in the Newton-

Raphson method.

E'jr. 1. To find the root of the equation

f(x)
=

.-/
5 + 4^4 - 2;/

3 + 100,2 _ 2t/
. _ 9(52

which lies between 3 and 4.

Here/(3)= -
365, /(4)= 1110, so by proportional parts we may take

ir =3-3 an a first approximation to the loot.

The next approximation is

Now
f(jQ)

. _ 65-85, /(u )
- ft*4 + 16.** - 6o-2 + 20J- - 2 - 1 1 6-6,

and 1//> )
= 0-000857 (nearly).

Therefore ^= 3-3 + (65-8 x 0-000857)
= 3-356.

The next approximation is

^^''i-MV/^i)-
Instead of calculating /'(jq), we may use /'(o) aga-
Now

^ + 4= 7-356,

.,^ + 4^-2= 2^-6867,
= 86-137,

sf + 4^4 - 2^ + 10
tj
2 - 2 r

x
- 962 = 1 -44,

and therefore /(^i)~ I'44 -

We have at once

a^a^-O -44x0-000857)
= 3-3560-0-0012
= 3-3548.

This is correct as far as it goes, the value of the root to seven places

of decimals being 3-3548487.

Ex. 2. Compute the root of the equation

:c+

correctly to five places of decimals.



92 THE CALCULUS OF OBSERVATIONS

49. The Rule of False Position. Another iteration pro-

cess belonging to the same class as Newton's for finding the

root of an equation is the following.

Let f(x)
sr- be the given equation. We find (by trial or

otherwise) two values a and "b near the root of the equation
such that /(a) and f(b) are opposite in sign. Let the arc

CED in the diagram denote the curve y =/(#), the abscissa

of E being the root of the given equation, and suppose that

the equations f(x) = 0, f'(x)
= have no root between a and

o

FIG. 11.

J, the abscissae of C and D. The curve is therefore constantly
concave to the axis of x along one of the arcs CE and ED,
and constantly convex to the axis of x along the other of

these arcs. Let ED be the arc which is convex to the z-axis.

The equation of the chord CD is given by

a

and the abscissa a' of the point A', where the chord cuts the

axis of x, is given by

Then a' is evidently a closer approximation to the root of the

equation than a.
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We now draw the ordinate at A' to cut the curve in C' and,

as before, we draw the chord C'D intersecting the g-axis in a

point A" which lies between A' and E. The abscissa a" of the

point A" is evidently a closer approximation to the value of

the root than ', and its value is

and so on for further approximations to the root of the

equation.

It is evident that the computation of the root may be simplified if in

equation (2) we replace b by b'
t
the abscissa of any point on the curve

between II and D, as in Ex. 1 below.

Equation (1) may also be written in the form

The iterative process based on this equation is known as the

rule offalse position.

The rule of false position is essentially inverse interpolation

( 34) when differences above the first are neglected. The

above iteration to the root is valid even when the initial points

0, 1) are on the saw* side of the root E, provided the arc

ED is convex to the o?-axis.

Ex. 1. To solve the equation

<K
3 - 2<r - 5 = 0.

Here we can take a = 2, 6 = 3, and

i.e.,
rt/=2-06.

We now take a' = 2-06, &' = 2-10, then

(2-10 -2-06) (-0-378184)-

i.e., a =2-094.

Instead of taking 7/ = 2-10 as hefore, we may take 6 =2-096 since

/(2-096) is positive. We have

0-002 (-0-006153416) 9nQARMfl"
== 2 '094 -

0.01 6180736 + 0.006153416
~ 2 '094551 -

* The required root is 2-094551 correctly to seven significant figures.
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When the rule of false position is wiitlen in the form

_ _ ___ _
6 a of a, a' 6 (3)

we may express the rule as follows :
*

Assume two number$ as near the true root as possible, and find the error

arising from the substitution of each of these quantities instead of the

unknown quantity in the proposed- equation ; then as the difference between

the two errors is to the difference of the assumed numbers so is either error to

the correction of the corresponding assumed numbei.

Assuming this new value a' instead of a and another quantity b'

differing from a' only by one unit in the last place so that b' is greater
or less than a according as a' is found too small or too great, we then

find a new approximation a" and so on to any required degree of

accuracy.

Ex. 2. Solve in this way the above equation

50. Combination of the Methods of 44 and 49. It

was remarked by Dandelin f that by combining Newton's rule

with the rule of false position we are in possession of a method

of solving equations in which upper and lower bounds to the

value of the root are obtained at every stage of the process,

so that any digits common to the two bounds certainly belong
to the correct value of the root.

Thus using the figure of the last section, and still assuming
that ED is the arc which is convex to the sc-axis, we draw as

before the chord CD to cut the axis of x in the point A'

whose abscissa a' is given by the equation

where a, b are the abscissae of the points C, D. Then of is a

closer approximation to the root of the equation than a. We
now draw the tangent at D to cut the axis of a? in B'. If 6

is the abscissa of D, then V, the abscissa of B', is given by
Newton's rule in the form

*--$ -

Bind V is a closer approximation to the root of the equation
* Barlow's Mathematical Tables (1814), p. xxxvi.

t Mem. de FAcad. Eoyale de Bruxclle*, 3 (1826), p. 30.
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than J. It is evident that the root of the equation must lie

between the bounds a' and V.

We may now operate on a' and V as on a and 6, to find

two new bounds of the root, namely,

which envelop the root more closely than a' and &', and so on
for further approximations to the root.

It may be remarked here that at the conclusion of the process it is

best to take, as our final value for the root of the equation, the arith-

metical mean of the pair of values last calculated for a and b

Ex. Consider again the equation

for which /(x) has a loot between 2 and 2-1, while /'(a) hus no root

between these limits.

Now /(2) x/'()< and /(2-1) x/"(2-l)>0,

so if a = 2, 6=2-1, the curve y=f(r) is convex to the axis when x= b.

The next approximations are :

a _ a.i _ -ft* 1 )
g.i

- 61
1

/'(SM)
21

~U.230
= 2-09457,

, /fS) X (2-1 -2)

Comparing 6' and a', we see that 2-094 are digits of the true root.

Now take
' = 2-0943, // = 2-0946

and we get

f(a')(b'-a) . 0-000000,841949,4579
rt" = a - --_ = 2-0943 + o^03348048729

"

= 2-094551,475,

0-000541,550536
6" = &' -/(&')// (6')

= 2-0946- n . 162047f48

= 2-094551,483,

so the first eight digits of the root are 2-094551,4.

The arithmetic mean between a" and b" is

2-094551,48,

whi<h gives the first nine digits correctly.
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51. Solutions of Equations by the use of the Calculus

of Differences. We have already seen in 34 how equations

may be solved by inverse interpolation. We shall now show by
an example how divided differences (Chap. II.) may be applied

for this purpose.

Suppose it is required to solve the equation

The coefficients -10, -12, 3, 1, are of course the divided

differences of y for the set of coincident arguments 0, 0, 0, 0, so

we can write down part of a table of divided differences thus :

x.

-

1

3

-12
-10

and this we shall now extend downwards. The third differ-

ences of y are constant, and therefore if we take as the next

argument x= 2, we have

x. y.
-

1

3

-12 1

0-10 5

-2
2 -14

Here the number 5, which is the new divided difference of the

2nd order, is obtained from the equation (p
-

3)/2
= 1 giving

p = 5 : then the new difference of the first order is obtained

from (q + 12)/2
= 5 giving q = - 2 ; and lastly the value of the

function corresponding to the argument x = 2 is obtained from

(r + 10)/2
= - 2 giving r = - 14. In this way we construct

the following table of divided differences, taking arguments

suggested by the sequence of values of ?/ already obtained :
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Having found that 2 7 is near the root, since y is com-

paratively small, we repeat the interpolation and thus obtain,

(16)

y = - 0-847 + 26-07(3
-

2-7) + -
2-7)

2
nearly,

giving x - 2-7 = 0-03 approximately ;
so we take 2-73 as our next

approximation. "We continue this method until the approxima-
tions are sufficiently accurate for our purpose.

If we require the approximation correctly to four digits, we

have x = 2-732 and the next digit is found to be 0, so the

required root is 2-732.

Having obtained this root, we proceed to find approximate

values for the remaining roots of the equation. Thus we first

transform y into a polynomial in (x- 2-732),

<D 3x1)
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80

y - 26-783(z
-
2-732) + lM96(s -

2-732)
2 + (

-
2-732)

3
(nearly)

We may now divide out the factor x - 2-732 and solve the

quadratic so formed,

26-783 + 11-196 (x
-

2-732) + (x
-
2-732)

2 = 0.

The remaining roots are found to be

/ x= -5000
lands-- 0-732,

which are correct to four significant figures.

(The actual roots of the above equation are 2-7320508,
- 0-7320508, and -

5.)

JEx. Find correctly to four significant figures the root of the

equation

which is between + 4 and +5.

52. The Method of Daniel Bernoulli. In 1728 Daniel

Bernoulli * devised a method wholly different in principle from

any which were then known. Though hardly now of first-rate

importance, it is interesting and worthy of mention.

Let it be required to solve the equation

a&n + OiX"-
1 + . . . + an = 0. (1)

Consider the difference equation

a<y (t + n) + an/ (t + n - 1) + . . . + any (f)
= 0. (2)

The solution of (2) is known to be

y(t)=W1 X1
t + W2 XJ+ . . . +WnXrf, - - (3)

where wlt w2 ,
. . ., wn are arbitrary functions of t of period

1, and #1, . . ., xn are the roots of equation (1).

* Commentarii Acad. Sc. Petropol. III. (1732) ; Of. Euler, Introductioin Analy.

Inf. I. cap. XVII. ; Lagrange, Resolution des Citations num&rfyues, JTote 6.
v
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If
|

i
|

is greater than the modulus of any other root, the

first term on the right in (3) becomes very large compared with

the other terms when t is large ;
and therefore we have

y

This leads at once to Bernoulli's rule, which is as follows :

In order to find the absolutely greatest root of the equation (1),

we take any arbitrary values for y(Q), y(l), y(2), . . ., y(n
-

1) ,

from these by repeated application of equation (2) we calculate in

succession the values ofy(n) } y(n + l) t y(n + 2), .... The ratio

of two successive members of this sequence tends in general
* to

a limit, which is the absolutely greatest root of the equation (1).

Ex. 1. Find the absolutely greatest root of

Consider the difference equation

and write down arbitrarily the values y(0) = 0, y(l) = 0, ?/(2)
= 0, #(3) = 0,

". By means of equation (1), we have the following values of

[>),
etc. :

13

- 1,937,500

t 8

625 ~3,12~0

10

15,575

11

-77,750

12

388,125

Also #(14) = - 5y(13) + 5*/(9),

. -4-091948.

The absolutely greatest root of the equation is therefore given by this

method as approximately
- 4-991948 ;

this value is as a matter of fact

correct to the last digit, If we had stopped earlier, we might have

obtained, e.q. :

rtlg) 8B8,185

-77,750

which is in error only in the sixth significant digit

Ex. 2. Find the smallest root of

correctly to seven places by Bernoulli's method.

(Note.Piit %**-- and solve for x.)
N x

.* If the ratio does not tend to a limit, but oscillates, the root of greatest

modulus is one of a pah of conjugate complex roots.
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53. The Rufflni-Horner Method.* As we have men-

tioned in 41, the method of Vieta was the common method of

solving algebraic equations until it was superseded by Newton's

method of approximation. The reason why the Newtonian

approximation was found to be less laborious than its pre-

decessor was that the earlier method contained no provision for

making the steps of one part of the process facilitate those

which succeed.

In 1819 W. G. Horner discovered a rule t for performing

the computations necessary in Vieta's method, by which that

method was made preferable to the Newtonian, and so restored

to favour.

Homer's contribution was essentially a convenient numerical

process for computing the coefficients of the equation whose

roots differ by a given constant from the roots of a given

equation. We shall first consider this process.

Let /(re)
= be a given equation where /(a?) is a polynomial in

xy
and let it be required to find the equation whose roots are

the roots of this equation, each diminished by r. This equation

will be/(z + r)=0 or

-flr) + xf'(r) + *]f"(r)
+ ^"(r) + . . . (1)

The expressions y(r),/
r

(r),/
//

(r)/2!,/'
//

(r)/3I, . . . may now be

found in the following way. Suppose for example that

Write down the coefficients A, B, C, D, . . ., F in a horizontal

row and form from them the following scheme in which a new

letter below a line stands for the sum of the two immediately
above it, e.g. P = Ar + B.

*
Ruffini, JSopra la determinazione delle radici, Modena (1804) ;

and Memoric

di Mat. e di Fis. della Hoc Italiana delle Scienze, Verona (1813).

Horner, Phil. Trans. (1819), Part I. p. 308
;
and The Mathematical, 1 (1815),

p. 109.

t So far as the cube root is concerned, it had been given previously by
Alexander Ingram in the Appendix to his edition of Button's Arithmetic

(Edinburgh, 1807). A method based on the same principles had been discovered

in the thirteenth century by the Chinese mathematicians.
*
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It is seen at once that the values of 0, <, ^, x , w, thus

obtained at the feet of the columns, have respectively the

values

,

10AH + 4Br + C - *y (r),

6B7'2 + 3Cr + D =
(r) f

x - 5A?-4 + 4Br* + 3Cr2 + 2Dr + E -/(r),

o> = Ar6 + Br4 + C?*3 + Dv2 + Er + F =/('>),

and therefore the equation (1) whose roots are the roots of the

equation f(x)
= 0, each diminished by r, becomes

= Ax5 + Otf + ^E
3 + fa

2 + \x + co. (2)

The above scheme therefore enables us to find readily the

equation whose roots are the roots of a given equation, each

diminished by a given number.

This process is first applied in order to diminish a root of

the proposed equation by its first digit ;
then it is again applied

in order to diminish the corresponding root of the resulting

equation by its first digit, which is the second digit of the

required root of the original equation ;
then again in diminishing

the root of the equation last obtained by its first digit, which

is the third digit of the required root
;
and so on.

Note that r-- is the same as r-/;J, and this is the

X J(r)
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quantity which would be given by the Ifewton-Kaphson
method as an improved approximation to the root, after r had

been found as a first approximation. This property is used at

each stage of the process in order to obtain the next digit of

the root
;
in fact, we use the two last terms x% + w of equation

(2) to suggest the next digit.

We shall apply this method to find the smallest positive root of the

equation

By means of a graph of the curves y= ap, y= 4x2 - 5 it is readily seen

that the required root lies between 1 and 2, so we shall first diminish

the roots of the given equation by unity.

1-4 5(1
1 - 3 - 3

^3 ^~3 ~~2

_ 1 -2
-~2

~
5

1

^7
The equation whose roots are the roots of the original equation diminished

by 1 is therefore

0. (1)

We now form the equation whose roots are ton times the roots of this

equation ;
it is

jc
3 - 1 0.c2 - 600x + 2000 = 0.

We want the root of this equation which lies between 1 and 10, the

other roots being numerically greater than 10. It is found to be between

3 and 4,* so we diminish the roots by 3, thus :

so the transformed equation is

a,3 _ X2_ 533a+ 437= 0. (2)

*
By the principles explained above, viz. that the two last terms of this

equation have the chief influence in determining tlie root, the two first terms

being evidently small compaied with the two last terms, when x lies between

1 and 10.



ALGEBRAIC & TRANSCENDENTAL EQUATIONS 103

Multiplying the roots of this equation by 10, it becomes

a* _ j Ou 2 _ 533QO.I + 437000 - 0.

This equation has a root between 8 and 9 (as is seen by the .in-

spection of the last two terms since 437000/53300 = 819 . . .), so

we diminish the roots by 8.

14

The transformed equation is therefore

a3 + Use2 - 532680 + 10472 = 0, (3)

and, multiplying the roots by 10, it becomes

#3 + 1 40a2 - 5326800& + 10472000 = 0, (4)

for which an approximate value of the root is

10472000

1*26800
r

Thus, finally, we obtain for the required root of the original equation
the value

1-3819659,

which is in error only by one unit in the seventh place of decimals.

We may note that approximate values of the other two roots may
be obtained from the equation at this stage m a very simple fashion.

For if a cubic equation has two roots M and N, which are numerically

very large in comparison with the third root
,
the cubic is nearly

a* - (M + N)a;
2
-fMN - MNc= 0.

The other two roots of the cubic (4) will therefore be approximately
the roots of the quadratic

a;
2 +140o;- 5326800 = 0,

which are a;= 2239-05

and x =-2379-05,

and therefore the two corresponding roots of the original cubic are these

values divided by 1000 and increased by 1-38 (the part of the root

already found), viz.

a= -0-999
and x- 3-619.

Tfiese are in error by one unit in the third pkce of decimals.
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We may uote that Hornet's Process is really the formation of a table of

divided differences. Thus taking the last example again, suppose it IB

required to find the equation whose roots are the roots of

each diminished by unity. We note that the coefficients 5, 0,
-

4, 1 are

the divided differences of X for the set of coincident arguments 0, 0, 0, 0,

HO we win write down the following table of divided differences :

x X

1 2

whence, by Newton's formula for interpolation with repeated arguments

( 16) we have

X = 2-S(^- !)-(,- l)
2 + (,o- I)

3

or

which is equation (1) above.

Therefore the equation whose roots are ten times the roots of the

reduced equation is

X= 2000 - 500x - lOa 2 + x3= 0.

Now diminish the roots by 3. This is done by the difference table

a: X

3 437

so that X s 437 - 533(0 - 3)
-

(x
-

3)
2 + (x

-
3)

3

which gives us precisely equation (2) above ; and so on.

Ex. 1. Find to six significant digits the positive root of the equation

by performing three Homer's transformations and tfwn
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First, diminish the roots }>y 2,

Therefore the new equation is

Multiply the roots by 10,

-j? + 90^;2 +

Diminish the roots by 7,

1- 14 = 0.

- 1 4000= 0.

Therefore the new equation is

x*+ Ilia;2 +2607^ -847 = 0.

Multiply the roots by 10,

a;
3 + 1 11 0,c

2 +260700C- 847000 = 0.

Diminish the roots by 3,

Therefore the new equation is

a,-
3 +1119tf2 +267387a,-. 54883 = 0.

Moreover, . - 0-205 (nearly),

so'that the required root is 2-73205.
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To get a better approximation, \\o have from the last initiation,

approximately,

54883 1119
2

'';~
267387

~~

267387^
= 0-205257 ~(0-0041849)(0-205)

2

- 0-205257 - 0-000176
= 0-205081,

so the required root is 2-732050,8.

Ex. 2. Find correctly to seven significant digits that root of the equation

which is between + 4 and + 5, by performing three Homer's transforma-
tions and then approximating.

Ex. 3. Find by Homer's method a root of the equation
*

54. The Root-squaring Method of Dandelin, Loba-

chevsky, and Oraeffe. We shall next consider a method

of solving equations which was suggested independently by
Dandelin f in 1826, Lobachevsky } in 1834, and Graeffe in

1837, and which is frequently of great use, especially in the

case of equations possessing complex roots. It has the

advantage (when performed completely) of finding all the

roots at once and of not requiring any preliminary deter-

mination of their approximate position. Its principle is to

form a new equation whose roots are some high power of the

roots of the given equation : suppose we say the 128th power,
so that if the roots of the given equation are #1, #2, #3.....
then the roots of the new equation are a^

128
, o?2

128
, a

128
,

. .

These numbers are widely separated ;
thus if Xi were twice #2 ,

then a?!
128 would be more than 1038 times a^

128
, and, as we shall

see, an equation whose roots are very widely separated can be

solved at once numerically.
* A pupil of De Morgan by Homer's method found the root of Wallis's well-

known example
9^-2as=5

to 51 places to be

=2-094 551, 481 542, 326 591, 482 386, 540 579, 302 963, 857 306, 105 628 239.

This was subsequently extended to 101 decimal places ; cf. The Mathematician,
3 (1850), p. 290.

f M6m. de VAcad. Eoyale de Bruxelles, 3 (1826), p. 48.

} Algebra or Calculus of Finites, Kazan (1834), 257.

Auflosung der JwJieren numerischen Gleichungen, Zurich (1837).
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Suppose it is required to solve the equation

tf
l + a1#*-

1 + a^ |
- a + a

!^M - 3 + . . . + au = 0. (1)

In this equation we shall denote the roots, which will for the

present be assumed to be real and unequal, by -
a,

-
&,

-
c,

-
d, . . ., the order being that of descending numerical magni-

tude, so that |a|>|6|>|c|>|d| , . . The values a, &, e, d, . . .,

which are the roots of the equation reversed in sign, will bo

called the Encke * roots. Equation (1) may now be written in

the form

xn + [a]x
n - l + [a&]#

|
- a + [ate]#-

s + . . .
=

0, (2)

where [a] denotes a + b + c + d + . . ., that is, the sum of the

Encke roots, [a&] denotes ab + etc + be + . . ., the sum of the

products of the Encke roots taken two at a time, and so on.

If, moreover, we denote the sum am + bm + cw + dm + . . . by [a"'],

then the equation whose roots are the mill powers of the roots

of the given equation will evidently, if m is even, be

z + [<<]a;
w - 1

+[a"'Z^^ . .
= 0. (3)

The problem before us is to construct the equation (3) when

the equation (2) is given, and m is some prescribed number.

In practice m is a large number in the equation (3) which is

ultimately formed, but we do not attempt to construct this

equation at a single step of the process ;
instead of this we first

take v/& = 2, that is to say, we form a new equation whose

Encke roots are the squares of the Encke roots of the original

equation ; then, having done this, we repeat the process,

forming a new equation whose Encke roots are the squares of

the Encke roots of the equation just obtained that is, the 4th

powers of the Encke roots of the original equation and so on.

Thus our immediate problem is to construct the equation

('>) when equation (2) is given and m has the value 2. This

we do in the following way. Rearrange the given equation

af
l + o1af

| - 1 + a^- 2 + ttrff
| - + . . . + an = 0, (1)

so that the terms containing the even powers of x are on one

side of the equation, and the terms containing the odd powers

Encke Journalfar Math. 22 (1841), p. 193.
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are on the other side. Squaring both sides of the resulting

equation, we have at once

or, putting
-& =

y,

^-f-(a1
2 --2a2)r"

1 +(22 -2a1 3 + 2a4)y-
2
4-. . . =0. (4)

Since the roots of equation (1) are -
a,

-
6,

-
c, . . ., and

-x2 =
y, the roots of equation (4) are - a2

,
- &2

,
- c2

,
. . .

;
that

is to say (writing x in place of y), the equation whose Encke roots

are the squares of the Encke roots of (1) is

xn+ a
l
z
\x

n- l + aj* \xr-~ + a3
*

^aj-
8+ a4

2
^aj-

4+ . . .=0 (6)
- 2aa/ -

aojoj [
- 2a2a4 I

- 2a
rf
a + 2a2a6 1

+ 2a4 J +2a1
a8 f -2aiaY f

-2a J +2a8 J

The law of formation of the coefficients in equation (5) may
be stated thus : The coefficient of any power of x is- formed by

adding to the square of the corresponding coefficient in the

original equation the doubled product of every pair o/ coefficients

which stand equally far from it on either side, these products

"being taken with signs alternately negative and positive.

Having thus formed the equation whose Encke roots are the

squares of the Encke roots of (I), we repeat the process, thus

obtaining an equation whose Encke roots are the squares of

the Encke roots of (5), that is to say, the 4th powers of the

Encke roots of (1). The next stage yields an equation whose

Encke roots are the 8th powers of the Encke roots of (1), and

so on.

Now consider the equation which is obtained when the

process has been repeated several times, so that we have calcu-

lated the equation (3) where m is (say) 64 or 128 or 256.

Since a is numerically larger than &, therefore am is enormously

larger than bm or cm or dm . . ., and thus the sum [a
w
] bears

to its first term am a ratio which is very near to unity. Simi-

larly [a
mbm] bears to its first term ambm a ratio which is very

near to unity, and so on.

If, then, the ratio of [a
m
] to am is 1 + e, where e is small, we

have

log [a
m
]
=m log |a|

+ log (1 + c)
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or log |a|
- -

log [a~]
- ~

log (1 + e).

Since we have calculated [a
m

], the right-hand side of this

equation is known except for the small quantity log (1 + c),

which we may neglect ;
and thus

|o|
is determined.

Next, since [a
mbm] =ambm (l +y), where y is small, we have

lg \

al
>\
=~ log [>

m&m], neglecting
-

log (1 + y),

and therefore

log |&|
= ~ log [aB~] - ~

log [a-],

which determines the modulus of the second root J, and so on.

In solving an equation by this method, it is all-important

to know when to stop. Obviously the time to stop is when

another doubling of m would give a result not different (in the

digits we wish to include) from the result which would be

obtained by stopping at once; that is to say, when the

coefficients [a
2m

], [a
aw'62m

], ... of the new equation are

practically nothing but the squares of the corresponding
coefficients [a

m
], [a

n?6m
], ... in the equation already obtained.

Ex. 1. To solve the equation

Tlio liquation whose Enuke roots arc, the squares of the Enrke rootw

of thia equation is

ir
3 + 35u;a + 277/+ 196 = 0.

The equation whose Enoke roots are the squares of these ib

3 + G71u;2 + 63009o; +384 16 = 0,

and proceeding 111 this way we obtain the following equations :

,r
3 + 324223j-2 4 3-91858 x 109cc+ 1-475789 x 109 = 0.

a3 + 9-72834 x 1010,/
2 + 1-535431 x 1021a;+ 2-177953 x 1018 = 0.

a3 + 9-43335 x 1021^2 + 2-357548 x 10^ + (2-1 77953 x 1018
)
2 = 0.

-898762 x 1043,r2 + (2-357548 x lO38
)
2
^-*- (2- 177953 x 1018)

4 = 0.
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Stopping at this stage, we have

log (a
64

)
= log (8-898762 x 1043)=43 9493296,

whence log |a|
= 0-6867083,

so the numerically greatest root is 4'860806.

Also log
64564= 2 log (2-357548 x 1038)

= 76-7449212,

so log \b\= ^(70-7449212 -43-9493296) = 0-51 2 4311
= log 3-2541015.

The next root ia therefoie 3-2541015.

Lastly,

log ttMflMf* = 4 log (2- 1775)53 x 10 18
),

BO log |t |

= ^(73 352 1936 -76-74492 12)= 1 94<>9886
= log 08850924.

The umiierically smallest root is therefoie + 0-8850924

A rough graph shows that all the root* are negative, ; they are

therefore

-4-860806, -3*2541015, and -08850924.

We do not usually require to compute each of the routs of an

equation to the same degree of accuracy, although we may require

to know the approximate values of all the roots. We shall

therefore give here a more rapid way of computing the roots to

two or three significant figures, in which we use a 4-place table

of squares, such as Barlow's Tables, and 4-place tables of

logarithms. We shall denote by p
m the equation whose roots are

minus the wth powers of the roots of the original equation, and

we shall write, e.g., 1896* for the number 1/896 x 10".

Ex. 2 To solve Iry this method the equation of Ex. 1 :

We first arrange the coefficients of the equation in order :

<r. A x. ,.

1 9000 23001 14001

Squaring these coefficients and adding the doubled products as in

equation (5), we compute ^2
,
then p\ ps

,
and so on, arranging the values

of the successive equations in tabular form, thus :
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pit

Examining tlie coefficients of p
64

,
we see that if the coefficients of

pl28 were formed they would be (to four significant digits) the squares of

the coefficients of j^
64

,
HO we stop the process here and compute the roots

of the equation a& in Ex. 1, using, however, 4-place tables. We have

whence

log a64 =43-9496,

= +4-861.

In oi-der to determine the sign of the root a, we note that /(
- 4 8)

= + 0^368 and /(- 4-9)= -0-259, where f(x)
= ^ + 9a;2 -H23j;; + 14. The

equation has therefore a root between - 4-8 and -
4'9, and we have

a= -4-861.

Also log a
64^64 = 70-7444 ; subtracting log a

84
,
we find log \b\

= log 3-254,
whence

6= -3-254.

Again, log a647)
64c64 = 73-3530 ; subtracting the value of log

find log |e|
= log 0-8851, whence

e= -0-8851.

The required roots correctly to four significant figures are

-4-861, -3-254, -0-8851.
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Ex. 3. Apply thff root-squaring method to approximate to the roots of

the equation

to thiee significant digits.

Ex. 4. Find correctly to seven digits the roots of the equation

55. Comparison of the Root-squaring Method with Bernoulli's

Method. The root-squaring method may be regarded as belonging to

the same general type as that of Bernoulli, with which it may be connected

in the following way.
Let the equation whose roots are to bo determined be

xn + a1x-'
L + a4C

n ~ z+ . . . + (* = <). (1)

Bernoulli's principle ( 52) is that, if we select arbitrarily any values for

2/(0) UWi > y(n 1)> and tnen determine y(n), y(n+ 1), etc., in succes-

sion by the equation

!K* + ) + iV(* + w-l) + . - . + a/#(0= 0, (2)

then the ratio of two successive members of the sequence of y'n tends in

general to a limit, which is the absolutely greatest root of the equation.
Now let sp denote the sum of the pila. powers of the roots of equation

(1), and take |/(0)
= s

, y( l)= sv . .
., y(n~ l)

= sn_ l. Since each root

of equation (1) satisfies the equation

xt+n + ajx'+n-
1 *. . . + ana/ = 0, (3)

it is evident that if we form n equations by substituting in this equation
the different roots in succession, and then add these n equations, we have

at once

so that ty, considered as a function of t, satisfies the difference equation

(2). We see therefore that with the values we have chosen for the first

n of the y's, y(t + n) will be equal to st+n ,
aud Bernoulli's formula yields

the result that the absolutely greatest root of the equation (1) is

Lt *

This is obviously closely related to the result of the root-squaring method,

by which the root in question is given in the form Lt

* The value of the numerically greatest root of an equation in the foim

(a
att

+/3
2n+7a + . . O1/2

", where a, 0, 7, . . . are the roots, and a>/3>7, had
been given as early as 1776 by Waring in his Meditationes Analyticae, p. 311.

Euler used the method to find the roots of J () in 1781.
r
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56. Application of the Root-squaring Method to deter-

mine the Complex Roots of an Equation. If the roots of an

equation are not real the method of 54 is equally applicable.

Suppose, for example, that the equation is of the 5th degree,
the roots in Encke's sense being a, re'*, re- 1

*, b, c
t where a, 6, c

are real and |a|>r>[6|>|c|, so that the equation is

(x + a)(x + rel

*)(x + re~^)(x + b)(x + c)
= 0.

The equation whose Encke roots are the wth powers of these is

(x + a
m
)(x + rmem^)(x + rme- wl*)(x + b >n

)(x + c"')
= 0,

and if m is a large number, and we retain only the dominant

part of the coefficient of each power of x, this reduces to

a?
5 + am& + 2amrm cos m<f>a? + amrz 'x2 + amrzmbmx

+ amrZl"b'
ncm = Q. (1)

The root a may be computed at once by the method already

given in 54. We now proceed to find the other roots.

It is evident from equation (1) that, corresponding to a

pair of complex roots, there will be one coefficient, namely,
2amrm cos m</, which fluctuates in sign when m takes in succes-

sion a set of increasing values (owing to the presence of the

cosine factor). We also see that the value of rz corresponding
to the pair of complex roots may be computed from the

coefficients in the terms immediately preceding and immedi-

ately following the fluctuating term: in the above equation

r2 = (ttr
2w

/M
w

)
1/m

. Having found the value of r2, we now find

the values of the Encke roots 6, c from the two last coefficients

in equation (1). Let a', b', c' be the actual roots
(i.e.

roots with

their proper sign) corresponding to the Encke roots a, 6, c.

In order to compute the complex roots r#V9 re*
1
*', we write

them in the form u + iv and u -
iv, where u = r cos <', v = r sin <f>,

so that re**' + re-W = 2u. If the original equation is written

a3
2 + 0140? + a6 = 0,

we see at once that the sum of the roots satisfieH the relation

frdin which u may be found. Since u rz are known, v may
CD 3 ) 9
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now be found from the relation r2 = u2 + v2. The two complex
roots are thus determined.

Ex. 1. Solve the equation

Jfl

- 28 = 0.

It is evident that further equations are obtained by simply squaring
the corresponding coefficients of the previous equation with the exception
of the coefficient of x (which fluctuates in sign, thus indicating the

presence of a pair of complex roots). The process of forming new

equations may therefore be stopped here.
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Taking logs, we obtain the results

Ioga
128 =: 64-5363, whence log |aU 0-5042 and a3-193(-).

log a
1286128= 108-1724, whence log |& =0-3409 and &= 2-193(-ir)fooiioo oca -..-.___._._ . _ ** '

J. \ ' /'

and ra= 4-000.

It may be remarked here that the most important numbers in

determining the values of the quantities a, 6, r2 are the indices

representing the powers of ten in the factor of the coefficients in the
final equation. For example, in the equation denoted by ^128 we obtain

practically the same value of the roots a, 6, if we neglect the last two
digits of the numbers 3430 and 1487 ; but an error in the indices

64, 128 would give quite a different result. Since the above numbers
cannot be relied upon as regards the accuracy of the fourth digit, we
shall consider the final values of the roots to be correct only to three

significant figures.

In order to compute the values of the complex roots u iv
9
we see at

once, from the coefficient of a? in the original equation, that

2^-3-193 + 2-193 = 2,

whence w= 1-500, v= ^/(r
2 - w2)= 1-3228,

and the complex roots are 1-500 f 1-32 3*.

Thus the required roots o the equation correctly to three signifi-
cant digits are -3-19, 2-19, l-50l-32i. (As a matter of fact the
above values of the roots are correct to four significant digits, the roots

correctly to six places being- 3-192582, 2-192582, 1-5 l-322876)

Ex, 2, 'Find the roots of the equation

57. Equations with more than one pair of Complex
Roots. The case where the given equation possesses two

pairs of complex roots presents little additional difficulty.

Suppose the process is applied to the equation

a?
n
+aifc

n - 1 + o2a?
n - 2 +. . . + aw .i* + an 0, (1)

and that the coefficients of two of the powers of x are found to

fluctuate in sign, thus indicating the presence of two pairs of

complex roots. Denote these complex roots by rew,
re"1

*, r'e**,

r
'
e -i4t ^e ghaii a8sume that the values r2

,
r*2

, together with

the actual real roots of, V, c'
t
have been computed as in the

last section.

Writing u r cos 0, vr sin 0, u'r* cos <, v' r' sin
</>,

the
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complex roots are denoted by uiv, and u'iv't and their sum

is 2(u + u'). Writing equation (1) in the form

(x-a')(x-V)(x-c
r

). . . (a?-2^ + r2
)(a;

2-2^ + /2
)
= 0, (2)

we see that the coefficient of x in this equation is a linear

function of u, u' which we shall call
<f>(u, u').

Then
<f>(u, ^')

= a -i- (
3)

"By comparing the coefficients of xn ~ l in equations (1) and (2),

we find

-o1 :=rt
/
+ &' + c' + . . . + 2^ + 2^'. (4)

The two last equations express the unknowns u, u' in

terms of the known quantities a', V, c', . . ., v2,
r/a and may now

be solved for u, u'
;
the values of v, v' being then determined

from the equations v2 = r2 - u2
,
v'* = r'2 - u'2. The two pairs of

complex roots are thus known. It is evident that a similar

method to that given here may be applied to solve equations

with more than two pairs of complex roots.

Ex. To solve the equation

119^-451 =

As in Ex. 1, 56, we first form the equations for p*9

follows :

The coefficients of a;
4 and sc

2 fluctuate in sign, whence we infer the

presence of two pairs of complex roots. Taking logs, we have

256 log a = 141-6037, whence log |a|
= 0-5531 and a' =

256 log a&= 279-6495, log |6|
= 0-5392 7/=

256 log 6r2 = 504-6311, log r2= 0-8788 2=
256 log ffferV2 =688-3908, log r/2 = 0-7178 r/2=
256 log a&eW2 = 679-4651, log |c|

= 1-9652 c'=

- 3-574.

-3-461.

7-565.

5-222.

0-S23.
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In order to compute the values of t*, u'9
we write down the value of

the coefficient of &6 in the original equation,

- 7 = - 3-574 - 3-461 + 0-923 + 2u + 2w', (1)

and then the value of the coefficient of jc,

119 =rVV&' + &V + cV) + 2a'&V(i*r* + i*'r). (2)

Substituting in these equations the known values of a, 6, c, r2,

r'2,
we have

it 0-881, w' = -1-125,

whence v = 2-665, v' = 1 -989.

The required roots of the given equation are

-3-574, -3-461, 0-681 2-665*,
- 1-125 1-989% 0-923,

in which values the last digit is uncertain.

[The roots correctly to four significant digits are 3-578, 3-458,
0-684 2-664*, - 1 -128 1-987*, 0-923.]

58. The Solution of Equations with Coincident Roots

by the Root-squaring Method. When the root -squaring

process is applied to an equation possessing coincident roots, it

does not lead ultimately to an equation in which every co-

efficient is the square of the corresponding coefficient in the

preceding equation. We shall now consider in what way the

process may be applied to solve such an equation.

Suppose that the Encke roots of the given equation f(x)
=

are a, 6, &', c, d, . . . where &, V are coincident roots, and

where \a\ > j&|> \c\>\d\ . . . The equation, whose Encke roots

are the rath powers of those of the given equation, will be

denoted by
xn + [a

m
]x

n -* + \a
ml^ . . = 0, (1)

and, retaining only the dominant term in each coefficient, for

large values of m this equation reduces to

a?
w + amxn ~ l + 2rtw&wzn - 2 + amb*mxn -* + w&2lwcxn - 4 + . . . = 0. (2)

We see that the coefficient of xn ~* does not follow the usual

rule, viz. that when m is doubled the coefficient is approximately

squared. Here, on the other hand, when m is doubled, the new

coefficient is approximately half the square of the old one.

This observation enables us to detect the presence of a repeated

root. It is evident that the value of J may be computed in

much the same way as r2 in the case of complex roots, namely,
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by forming the quotient of the coefficients immediately follow-

ing and immediately preceding the irregular coefficient. Thus

from equation (2) we have

the remaining roots, a, c, d, . . . being computed as before by
the method of 54.

Ex. 1. Solve by tlw root-squaring method the equation

a3 + 7<B2

The successive equations are

0.

p* a* + 1 13ic2 + 2848.Z + 20736 = 0.

p* x3 + 7073 2 + 3-425 x 106^ + 4-300 x!08 =0.

p
u .^+4.318 x 10W+ 0-565 x Wisx+ 1-849 x 1017= 0.

p j?+ 1-853 x 1015a2 + 1-651 x 1025tfH- 3-419 x lO^^O.

It is evident that the coefficients of the equation j>
64 would be the squares

of the corresponding coefficients of p92 except in the case of the coefficient

of x. We therefore denote the Eucke roots of the equation by a, 6, &',

where 6, 6' are approximately equal, and where
|a|
>

\b\. Taking logs,

we have

log a32= 15-2679, whence log |a|
= 0-4771 and

|a|
= 3-000,

log a*W-i 34-5339, whence log |ft|_ 0-3010 and
|6|
= 2-000

The actual roots of the given equation are - 3,
-

2, 2.

Ex. 2. Calculate by tlie root-squaring method the greatest root of the

equatwn
_ 7^.4. 7 = 0.

Use the remit to prove that the other three roots are nearly equal in modulus,

but that only one of them is real.

59. Extension of the Root-squaring Method to the Roots

of Functions given as Infinite Series. The root-squaring

process depends essentially on the fact that the coefficients of a

polynomial (in which the coefficient of the highest power of x is

unity) are the elementary symmetric functions of the roots
; or,

if the polynomial is divided throughout by the term independent
of x, so that the term independent of x becomes unity, the

coefficients are the elementary symmetric functions of the

reciprocals of the roots. This, however, is true not merely for
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polynomials, but for all entire transcendental functions of genre

zero,* and hence we can readily see that the root-squaring

process is applicable to any entire transcendental function of

genre zero; and, indeed, as has been shown by Polya/f the

method may be used in connection with functions of any finite

genre.

##. i. To find by the root-squaring method the lowest roots of the Fourier-

Bessel function.
The Fourier-Bessel function may be defined by the power-series.^

_. +_. + +^ + JL_ + -* +__ +
(2 !)

2
(3 !)

2
(4 !)

2
(5 !)

2
^(6 ')

2
(7 !)

2
(8 !)

2
'

where x= -
J

2
. Evaluating the terms on the right side of this equa-

tion, and retaining eleven places of decimals, we have

J (fj)==l+ a + 0-25x2 + 0-027777,7777803
+ 0001 736,11 Ilia-4

+ 0-000069,44444j,
5

+ 0-000001,92901tt
6

+ 0-000000,03937tf
7

+ 0-000000,00062^.

The equation whose roots (in Encke's senbe) are the squares of the

roots of this equation is

1 + 0-5x+ 0-0104 1 6,66660
2 + 0-000038,58024^

3

+ 0-000000,04306.^ + . . .

Therefore the equation whose roots are the 4th powers of the roots

of the original equation is

0= 1+ 0-229 166,66667a; 4 0-000070,01 283x
2 + 0-000000,00060^ 4 . . .

and the equation whose roots are the 8th powers of those roots is

= 1 + 0-052377,3351 7x + 0-000000,0047 7#
2

.

Evidently we can take

a=----- = 1 9-0923,
0-052377

whence sc= - 1-4458 and s= 2 *f^lr= 2-4048.

* On the subject of yenre cf. Borel, Leyms sur les functions entities

(Paris, 1900).

f Zeitschrift fiir Math. 63 (1915), p. 275.

t Whittaker and Watson, Modern Analysis, 17.1.
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Therefore the lowest root of J (s) is 3= 2-4048.

Ex. 2. Calculate ir from the property that TT/%
is the lowest root of the

series for cos x, i.e.

- ...
2T41 61 8!

60. A Series Formula for the Root. A method published
in 1918 * is somewhat different in character from those which

have been described hitherto, since it furnishes a literal formula

by mere substitution in which the root is obtained. The

result may be stated thus :

The root of the equation

a4pP + . . . (1)

which is the smallest in absolute value, is given by the series

V

1 a2 o ai "2 a
s

iaj

-
. - (2)

As a numerical example, consider the equation

Here ff = -321, 2
= -4, a3 =l.

: 103121, -33127121, = 337.

The smallest root of the equation is therefore

20 _ 202 x4
,

203 x337
327

or

or

321 x 103121 103121 x 33127121

0-062305,30 - 0-000048,36 + 0-000000,79,

0-062257,73 correctly to seven decimal places.

The series converges rapidly when the ratio of the smallest

root to every one of the other roots is small. In calculating

* Whittaker, Proc. Edin. Math. Soc. 36 (1918), p. 103. Of. De Morgan,
Journ. Inst. Act. 14 (1868), p. 353.
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any root of a given equation by the formula, it is therefore

advisable in many cases first to transform the given equation

by two or three root-squaring operations each of which re-

places the equation operated on by an equation whose roots

are the squares of its roots
;
or else, if an approximate value of

the root is known, by Homer's process to reduce the roots of

the given equation by a, where a is an approximate value of

the required root, so that the required root of the new

equation is small compared with any of the other roots.

Proofof the Formula. Let the roots of equation (1), supposed
for the present to be of degree n, be xlf o?2, . , xn. Then if z

be any number whose modulus is smaller than each of the

moduli of the roots, we have

.+a)t
zn (l-z/xn )

where Pr denotes the sum of the homogeneous powers and

products of the reciprocals of the roots taken r at a time.

Therefore

Equating coefficients of powers of z, we have

whence '

02

,etc. (3)

Now since =
i
2 - a 2, we pee that the first two terms

* The formulae of equation (3) were known to Wroiiski, Introd. & la philos.

(1811), Paria.
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of the series (2) are equivalent to the single term

OQ Oi PI---- r
pa

- (4)

Moreover, by Jacobi's theorem on the minors of the ad-

jugate we have

02 03

OQ 0303

and this shows that the term (4), together with the third term

of the series (2), is equal to

0^03

Oo

Again, by Jacobi's theorem we have

o4

-g- (5)

OQ Oi 2

a Oi

Oo

and this shows that the term (5), together with the fourth

term of the series (2), is equal to

Oo Oi O2

Ool
Oi O2 Os 04

OQ X 2 Os

Oo Oi 02

Ooffli

which is therefore equal to the sum of the first four terms of

the series (2). Proceeding in this way, we see that the sum
of the first s terms of the series is equal to P^_i/Ps.

If now for simplicity we consider the case when w==2, so

that there are only two roots, #1 and o?2,
of which we shall

suppose Xi to have the smaller modulus, we have



ALGEBRAIC & TRANSCENDENTAL EQUATIONS 123

_

i i:

" "

___ j.__ i

Xj* Xi*-
1^

^ O
- 4- . . .

H
#2 #2 #2

and since I <1, this gives at once

TI
p-i

Lt -

Similar reasoning leads to the same result when n>2.
Thus the sum of the first s terms of the series is equal to

IVi/P,. As s increases indefinitely this tends to the limit xi,

where x\ is that root of equation (1), which has the smallest

modulus. Thus the theorem is established.

Ex. 1. J?'ind the /oof, which is smallest in absolute value, of the equation

x3 + 14x2 - 53268,1, + 10472 = 0.

Ex. 2. F'ind the numerically smallest root of the, equation

& - 25^4 + 200^3 - 600^2 + 1200a; - 500 = 0.

61. General Remarks on the Different Methods. The

process of calculating a root of an equation f(x)
-= may be

regarded as consisting in general of three stages :

I. Locating roughly the position of the root. This is, in

general, best done by plotting a rough graph ;
in the case when

f(x) is a polynomial, it may also be done by divided differences,

or by the rules of Descartes, Fourier, and Sturm, which are

explained in works on the algebraical theory of equations.

II. Transforming the equation so as to isolate this root from
the other roots of the equations. Let a?i be the required root of

the equation f(x)
= 0, and let a;2, 0%, . . . be the other roots.

Then, performing a transformation x = <l>(y),
where

<f>
is some

given function, we obtain an equation F(y)
= 0, which we shall

suppose to have roots ?/i, ?/2 > 7/3, . . . corresponding respectively

ttf the roots #1, #2 ,
a?3 ,

. . . This transformation is to be chosen



124 THE CALCULUS OF OBSERVATIONS

so that the root 7/1 hears to the other roots y2, y& . . . ratios

which are small in absolute value. The root y\ is then said to

be isolated. For this purpose we may use, for example, Homer's

process, or the root-squaring process or inverse interpolation.

III. Calculating the root of the transformed equation.

This may be done rapidly by one of the iterative methods, e.g.

Newton's ( 44), or Bernoulli's
( 52), or by Whittaker's series

( 60). Having found y^ the required root of the original

equation is given by the formula x\ = $(//i).

62. The Numerical Solution of the Cubic. For the

solution of cubic and quartic equations some special methods

are available which cannot be applied to equations of higher

degree. To one of these, known as the trisection method of

solving the cubic, we shall briefly now refer. The term in x2

may be supposed to have been removed in the usual way, so that

the cubic may be written in the form

y? - qx
- r = 0.

There are two principal cases to consider :

(i.)
If 27r2>42

3
,
the cubic has one real root and two complex

roots, which may be found by Cardan's formula

* - ftr + (I*
- Art }* + {& -

(If"
-
Art*}*. (1)

or else (if q and r are both positive) by finding <j>
such that

when the real root is given by formula (1)

2
cosh i0, (2)

or (if q is negative and r positive) by finding <f>
such that

31 r

when the real root is given by the formula

* (3)
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We can always suppose that r is positive, since changing the

sign of r merely changes the signs of the roots.

(ii.)
If 2*Ir

2<iq3
,
the cubic has all its roots real. In this

case we find the smallest positive angle < such that

32 r

when the real roots are given by

\
v ~~

i

v o 3
2 , 7T + <

--jg
COS

-g-

1. Consider the equation

Writing x= y 3 to remove the becoiid term, the equation becomes

?/-4>/-l=0. (1)

There are three real roots since 4.43 >27.12
.

We have at once

so that J<=2340'58"-8.

One value of y is now obtained by writing

log 2/x
= log 4 - i log 3 + log cos 23 40' 5&"-8

= 0-3252913
= ]og 2-114907,

so 2/j
= 2-1 14907. (2)

For the second root we have

log (
-

2/2)
= log 4 -

-J log 3 + log cos (60 - 23 40' 58"'8)
= 0-2697010
= log 1-860806,

so ya= -1-860806. (3)

Lastly,

log (
_

?/3)
= log 4 - i-

log 3 + log cos (60 + 23 40' 58"-8)
= 9-4050073
= log 0-254 1015,

so
1

y8= -0-2541015. (4)



126 THE CALCULUS OF OBSERVATIONS

The required rootH are therefore 2*1 14907, -1*860806, -0-2541015.

Ex. 2. Solve the equation

by the trisection method.

63. Graphical Method of solving Equations. We shall

now consider the solution of an equation /(a?)
= by a graphical

procedure. We first write the equation in the form

/!(*)-/(*)

(as may usually be done in several ways), and draw graphs of

the equations y=/i(#), y=/2(#)- For example, to solve the

equation a? - 4# + 6 = 0, the curves might be taken to be y\
= sc

8
,

y%
= 4:X- 6. The abscissae of the points of intersection of these

curves evidently satisfy the equation /(a?)
= 0, and are thus the

roots of the given equation.

Let one of these abscissae, as measured on the graph, be

denoted by ui; we must, of course, recognise that ai is only

an approximation to the root, since the accuracy of the reading

is limited by the usual defects of graphical representation.

To overcome this difficulty we now repeat the drawing of the

portion of the graph near the abscissa a? = ai on a larger scale.

From the new diagram we find a new value x = a2 such that a2

is a closer approximation to the root than aj, Proceeding in

this way, we form a sequence of values ai, a2, a3, . . ., which

approach continually closer to the correct value of the root of

the equation.

Ex Find the real root of the equation

cos x = x

correctly to seven places of decimals, having given

cos 42 20' 40" = 0-739108,82,
cos 42 20' 50" = 0-739076,16,
cos 42 21' 0* 0-739043,60,

and 7T/648000
= 0-000004,848137.

Suppose x= y", then the given equation becomes

000004,8481 37i/ = cosy. (1)

We first plot the curves

0.000004,848137i/\ ,.

COB y /'
W
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8. Apply the root-squaring method to approximate to the roots of

the following equations to three significant figures :

(a) 2./
3 -a;2 -7tt + 5 = 0, (/3) ^ + x2 - 5x + 2 = 0.

9. Find by the root-squaring method the numerically greatest root of

the equation

40J4 + 12&K3 - 95sc2 + 24o: - 2 = 0,

and determine the nature of the remaining roots.

10. Show that the root-squaring method may be applied to determine

the coincident roots of the equation

tt
2 - 50x + 25 = 0,

11. Determine from the equation

3= sin (n + z\

where e is the eccentricity of a planeft orbit,

n is the mean anomaly,

having given the values e= 0-208, w=30 = 0-f>23f>988.



CHAPTER VII

NUMERICAL INTEGRATION AND SUMMATION

65. Introduction. In the present chapter we shall show

how to calculate the numerical value of a definite integral

when /(a?) is a function whose numerical value is known for

values of x between a and b.

In works on the Integral Calculus it is shown that the

above definite integral can be found, provided we can first

find the indefinite integral of f(x), say F(x) : for the value

of the definite integral is then #(&)
-

F(a). This method is,

however, of very limited application : for even when f(x) is

given as a compound of the well-known elementary functions

xn,
ex

, logo?, its indefinite integral cannot in general be

expressed as a compound of a finite number of these functions :

and when f(x) is not given in terms of the known elementary

functions, but is merely specified by a table of numerical

values, the indefinite-integral method is altogether inapplicable.

The methods described in the present chapter, which are of

general application, are therefore of great practical importance.
The problem of calculating the sum of a sequence

^ + ^2+ ^3 + ^4+ . . . +Un

is closely connected with the problem of numerical integration,

and is therefore included in the discussion.

66. The Approximate Value of a Definite Integral.
A definite integral

fa+rw

\ /()&
Jo,

132
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may be regarded as the measure of the area included between the

curve y =/(x) , the ordinates x= a and x= a + rw, and the axis of x.

Let P and Q be the two points on the curve whose abscissae

are a and a+rw respectively, so that the area in question is

PLMQ in the diagram.

Let the base LM be divided into r parts each of length w,

at the points U, V, W, . . ., and let the corresponding points

on the curve be H, J, K, . . . Then we have

area of quadrilateral PLUH = %w{f(a) +/(a + w)} 9

HUVJ =W(a+w) +f(a+2w)}>

etc.,

Fia. 15.

and the sum of the areas of the quadrilaterals PLUH,
HUVJ, . . .

= w$f(a)+f(a+w)+f(a+2w) + . . . +f(a+lT-i.w) + $f(a + rw)}.

This sum may be regarded as a rough approximation to the

area PLMQ, so that we have

where T denotes certain correction-terms.

We shall now show how these correction-terms may
be found.
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67. The Euler-Maclaurin Formula. Let us consider the

case in which the function f(x) is &* where v ia independent
of x. Then the above formula becomes

-I edx=$tva + e'
l<a+w) + e'

t<a+M> + . . . + eW-(r-i)wD
WJa

*

+ J
t +wv+ T, (1)

where T denotes the correction-terms; or (performing the

integration)

_ 1 \

--'

80

Now we have

8=5 4(1
-^ + TO ffi + terms in 4

>

&\ 25 U

It is customary to write this expansion

1 1 1 .Bid -^2/33.^3/15= - + ~ + -- ' "

where the numbers B
9 which are called the Bernoullian

numbers, have the numerical values

u - 1 u ! ^ 1 -R
!

1^
5 ^ 691

^l-g,
K2

-.-^
153

=
, i34

=
^,

J35
~
6
-, B6

Comparing equations (2) and (3) we have

Now if/(&) = ^, we have /()=t;e
1ja!

, f"(x)= v*e, ... and

therefore when fix) =6, we have
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T- -

so that in the case wheief(x) = evx
>
we have the formula

-J_ j-a

-J

+,/i(o + r - 1 . w) + \f(a + rw;)

or, as we may more briefly write it,

1 /+" /i i \

-| f(x)dx = (i/o +/ +/, + ...+/. -i + /)

/-/o
y
)
+ . - - (5)

Now let /(a?) be an arbitrary function of a?. We shall

assume that it is possible to represent /(#) between the finite

bounds x=a and x=a + rw to a sufficient degree of approxima-
tion by means of a sum of terms of the form Aevx

,
where A

and v are independent of x : say let

where A
lf
A2, A3 ,

. . ., t^, v2, ^3, ... are suitably chosen

constants.

Applying formula (4) to each term of this sum, and adding
the results, we see that the formula (4) or (5) may be applied

to such an arbitrary function f(x) in general. It is known as

the Euler-Maelaurin formula, having been discovered inde-

pendently by Euler and by Maclaurin in the years 1730-1740.*

f
105

dx
Ex. To compute I correctly to eight places of decimals.

JlQQ *

In the Euler-Maclaurin formula put a =100, 10= 1, r 5, /M= ~'

* In both cases the publication was seveial years subsequent to the

discovery. Of. Euler, Comm. Acad. Sd. Imp. Petrop. 6 (1738), p. 68, and

Maclaurin, Treatise of Fluxions (1742), p. 672.
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Thus
'm

dx I I 1 1 1 111
x 2 100

'

101
+

102
+
103

*
104

+
2 105

_V_JL
i +
J \ + J_(

L
i+

]

= 0-005000 000 J_/ 0-000100 000\

0-009900 990
""

12\ - 0-000090 703/
0-009803 922
0-009708 738
0-009615 385
0-004761 905

= 0-048790 940 - 0-000000 775
= 0-048790165

The calculated value of the integral is therefore 0-048790,165.

This result may be verified by computing loge (105/100) from the

logarithmic series, as follows :

105 5 1 52 I 53 1 fi* 1 55 1 56
1 Off 1 ___^_ - - - - I

, __ _._, __ __. t,
** 100 100 2 100* 3 1003 4 1004 6 1005 6 1006

" "

= 0-050000 000 - 0-001 250 000
+ 0-000041 667 - 0-000001 562
+ 0-000000 062 - 0-000000 003

= 0-050041 729 - 0-001251 565

= 0-048790,164

which agrees with the previous result to one unit in the ninth place of

decimals.

68. Application to the Summation of Series. The Euler-

Maclaurin formula is often used in the computation of sums,

when the integral which occurs in it can be calculated by
other methods

;
the method will be obvious from the following

examples :

Ex. 1. If it is required to obtain correctly to nine places of decimals

the value of 111 1

we have from the Euler-Maclaurin formula with a = 201, 10= 2, r=50,
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so

_1_ 1_ == v~-- 1
\

L
f - l

\
2Q1 2 + - +

2992 ~2\201 301/
+
2\20T""3biV

3\201 3 3013

= 0-0008264325
0-000006 8575
0-000000 0288

= 0-000833 319, which is the required value.

Ex. 2 To compute the sum of the infinite series

_1 +_L +.
l

+J. +
101* 103* 106 107*

' "

If in the Euler-Maclaurin formula we put f(x) 1 /x
2
,
w 2, r= oo ,

we have

1 _ 1 1 1 1 14
2a

"~
2 2

(a + 2)
2

(a T4)2
+

so that

Putting as 101, this gives

1 1

= 0-004950,49505 -
0-000000,00003

+ 0-000049,01480
+ 0-000000,32353

0-004999,83335, which is the required sum.

<j>t 3. Calculate correctly to ten places the sum of the infinite series

1111
. The Sums of Powers of the Whole Numbers. The

sums of the first, second, and third powers of the first n whole

numbers are, as is well known,

1 +2 +3 + . . . + n = \i& + ^n,

We shall now show that the Euler-Maclaurin formula

enables us to find readily the sum of the ^pth powers of the

first r whole numbers, where p is any positive whole number.
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For taking a = 0, w = 1, J\x)
= x? in the formula

we have

7--
y

and therefore

30240

the last term being that in r or r2.

This is the general formula for a sum of positive powers : it

was first piiblished in James Bernoulli's posthumous work, Ars

Conjectandi, in 1 713.*

Ex. Shout tJiat the sum of the 1th and 5th powers of the first n whole

numbers is double the square of the sum of theii cube*.

We have at once

Similarly

We have therefore only to prove that

-
2
7X + 1>2

) +(K +

which is evidently true.

70. Stirling's Approximation to the Factorial. In the

Euler-Maclaurin expansion

* Ars Conj. p. 97.
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write w = 1, /'(x)
= log x. The formula then gives

r
r

I

A

or

I/ 1__ I\
360V(a + r)

3 aV

Writing w for (a + r), this becomes

(n + o)lg
n "

(
a +

5) lg a - w + a = lg (^ !)
-
log (a !)

-l^-^+JL/i.
12V a/

+
360\ 8 a8/

We have therefore

. . . (1)

where C is independent of n.

In order to determine C, we refer to Wallis' formula

2 24466 2n 2n_ \

l

'

3
"

3
"

5
"

6
"

T
" ' "

2n-T 2n + I/

or
2

and therefore

log ^ = Lt [4w log 2 + 4 log n\ - 2 log (2w!)
-
log (2n + 1)].

a *>

Substituting for the loga of the factorials from (1), we have

log ^= Lt r4log2 +
4[(

+
|)log7i-M

+
cJ

-
2{(2n

+
1) log (2w)

- 2 +
CJ

-
log (2n + 1)]

= -21og2 + 2C,

so
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and finally

or ?i\

This formula is due to Stirling:* it is of great value for

computing the factorials of large numbers.

Ex. 1. To compute log 10(79 !).

In Stirling's formula, replacing log (71!) by {log(/&- l)! + logw} we
obtain

~ 1
) ! =

(
n ~

2)
log **>

n +
2 log lo(27r^

f 1 1
\fJ _ M i________i

\ 12tt 360'/i3

1_ ___
l

1680717

where M = log 10?= 0-434294,481903,251828.

Taking n= 80, Iog 1080= 1-903089,986991,943586
and 79-5 Iog 1080= 161-295653,965859,515

then

1 ^

= 151-295653,965859,515 -
34-743558,552260,146

0-399089,934179,058 -
0-000000,002356,198

0-000452,390085,316 -
0-000000,000000,000

0-000000,000000,105

= 151-695196,290123,994 -
34-743558,554616,345

= 116-951637,735507,649.

This is the required value correctly to fifteen places.

Ex. 2. Show that

a+rw ...

if
t*/.

*-(
5760

71. The Remainder Term in the Euler-Maclaurin

Expansion. We shall now investigate the error committed

by truncating the Euler-Maclaurin expansion at any term.f

* Methodus differentmlis (1730), p. 137.

t Jacobi, Journ.fUr Math. 12 (1834), p. 263.
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Let a set of polynomials <fa(t), fa(t), fa(t), ... be defined

by the statement that ^n(t)
is the coefficient of sn/n\ in the

et8 - 1
expansion of s . -^y in ascending powers of s. We readily

find

*i(0 - *> *(*) - t(t- 1), <tff)
= P- yt + #,...

The polynomials <j>n(l) are called the polynomials of
Bernoulli*

From the defining equation

we see on putting =
0, and =1 successively, i&ol aW /Ae

Bernoullian polynomials vanish when = 0, and all of them

after the first vanish when 2 = 1.

Moreover, by differentiating equation (1) with respect to ty

we see that

s _ 5 Bi^
"-"l""

1
2
+

2!

Eemembering that

s _
^"-"l""

1

and equating coefficients of powers of 5, we have

Bi. (3)

(4)

'Bi. (5)

and so on.

Now denoting by /(a?) an arbitrary function, we have

r
n

j-(x)dx=wfJa JO

* The name was given by Raabe in honour of James Bernoulli, the author of

Ars Gonjedandi.
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and, by repeated integration by parts,

f+w

4/1 4/>2 rl

J\x)Jx = J/(o
+ w) +/()} - W

2 Jo
(2*

-
l)f(a + w1)dt

wt)dt. (6)-o
But by (3) we have

. (V)

OH substituting from (7) in (6) we have

) -.' '()!

. (8)

But by (5) we have

-/"(a)]
-

(9)

Substituting from (9) in (8) we have

-/(a)}

-/"()} + *()/"( + *)*
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This is the Euler-Maclaurin formula with a remainder-term

expressing the error committed when the series is truncated at the

terms involving the third derivatives. By proceeding in the

same way we can find the error committed in truncating the

Euler-Maclaurin expansion at any assigned term.

TfJ[x) is a polynomial, the Euler-Maclaurin series terminates

and/is exact.

v/72. Gregory's Formula of Numerical Integration.

The earliest formula of numerical integration to be discovered

was one in which the correction terms were expressed in terms

of differences instead of derivatives. This formula, which is of

great use in practice, may be derived from the Euler-Maclaurin

formula in the following way :

In the Euler-Maclaurin formula

let us substitute for the derivatives from the equations

etc.

It may l>e remarked thai the formulae for the derivatives of / are

given in 35, and that the formulae for the derivatives of fr may be

obtained by forming a difference-table in which, the entries arc reversed

in order, i.e.fn fr_ lt /r_2/r-3 > /i> /o and applying the equations
of 35.

Thus we obtain

+rw /I

J(x)dx
=
g/. f/,

-
(Ay,_, + Ay.)

-
(Ay,_.

- A%) - (Ay, _ 4
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This formula was discovered by James Gregory:* like his

formula of interpolation ( 8), it does not require ordinates

beyond the limitsf and/r in order to form the differences.

On taking /(&)
= cox

,
10= 1, <t= 0, the formula becomes

1

which evidently breaks up into the expansions

and

_ ___ ____"!-- 2 12 ' 24 ' 720

whicli are tlie expansioiiH of

-T and -
,

respectively. Tlie numerical coefficients in Gregory's formula are therefore

the same as those which occur in the expansion of
-

{log (1 -#)}
~ 1 in

ascending powers of x.

That this must l)e so may be seen at once by symbolic reasoning ;

for if D denotes the operation of differentiation, so that D"" 1 denotes

integration, we have ( 35)

and therefore

~

whence Gregory's formula may be derived symbolically.

Expressions for the remainder after n terms of several formulae of

numerical integration of this type have been found by H. P. Nielsen,

Arkivfor Math. Astron. och Fysik, 4 (1908), Nr. 21.

Ks,. 1. Shoio that the coefficient of
-

[A/,._ H A%} in Gregory's

formula is

1

1

1

4 1

[(n+ 1) rows]

and that it may also be written

/m ., x'dx. (Glaisher.)

* Letter of Gregory to Collins of date 23rd November 1670, printed in

Rigaud's Correspondence, 2, p. 209.
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Ex. Z.To calculate .

/NTJ,

I
dx

/1 00 *

correctly to seven places of decimals.

By Gregory
J

H formula, the integral is equal to

J i <JCT
+ i JT + TF-T+ i is + 1 o r * i i J-g-

""
i^ (A/io4

~
A/ioo)

/ A. A2
. A3

.

1^=0-0 10000 oo
-9901

I
.I
T=== 0-009900 99 194

-9707
T J.,

= 0-009803 92 189

-9518
r= 0-009708 74 183

- 9335

r = 0-009615 39 177
-9158

1 J 5
= 0-009523 81

SubHtittitmg in (1) the required differences, we have

--''-= 0-005000 00 -
jlX

- 9158 + 9901) - .,\(177 + 194)
fioo

X
+0-00990099
+ 0-009803 f)2

+ 0-009708 74

+ 0-0096 J 5 39

+ 0-004761 91

= 0-048790 95 - 62 - 15

= 0-048790 18

The requiied v.ilue is therefore 0-0487902 correctly to seven places.

Ex. 3. Given the table

/(.t).

1 287626,699801
2 287757,439208
3 287888,218227
4 288019,036864
5 288149,895125
6 288280,793016
7 288411,730543

compute I f(ri)dx by the Gregory formula.
J\
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Ex. 4. Calculate

rJw
73. A Central-Difference Formula for Numerical Integra-

tion. The formula of Gregory

-
(A/,-i

-
A/o)

-

utilises differences which lie in lines sloping towards the centre

of the difference table. Evidently there must exist a corre-

sponding formula in which central-differences are used, and

which will therefore be of the form

+rw 1 \

, -1 +
2/r)

1

l~ 2"
~ "

+B{Ay,. 1 -Ay. 1}

2

+ (1)

where A, B, C, D are coefficients as yet unknown. To

determine these coefficients, we may transform the derivatives

in the Euler-Maclaurin formula, or more directly, we may
write f(x)

=* 70 = 1 when formula (1) becomes

or

or
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Equating coefficients of powers of v we obtain

and thus we have the formula

J- /4/L+ A-/U _ 4/o4/'-i\
12l

"

2 2
"

/

l 2 2

This formula, which is extensively used by astronomers in

the calculation of perturbations, is in general more rapidly

convergent than Gregory's; but it involves values of/outside
the range of integration.

Ear. 1. tfhow that the above formula may he obtained by intecfratiny

with respect to ?*, between the limits and 1, the interpolate on -formula

3! -'-l- 4! ' 2

Ex. 2. To calculate TT from the formula

TT T1 dx

4
=
J 1+z2

'

Taking w= ,V, r- 10 we have

J F+p2
=
g^i^O

+
i-81

+
1-64

+
i-4"9

+
1-36

+
1^25

+
TO6

+ b09

+
T-04

+
1-01

+
2HM

"
f2 1 r

+
720l T"~ 2

[TABLE
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/. A. A*. A8
.

/--r-oi"'
9eifi885

_t= 0-9900990

285605

99010

- 186596

fn =_ = 1-0000000 -198020
1-00

--

/2 = - -

-11425

-99010 11425

= 0-9900990 -186595

- 285605

= 0-9615385

/8
=

/9 = = 0-5524862

/10= =0-5000000

0-4624887

-572699

-524862

-475113

-426526

/us 2-44
= 0-4098361

47837

49749

48587

1912

-1162

We have therefore, neglecting differences of order higher than the third,

dx _ if

10 -

0-2500000 -
ig(

- 499988 - 0) + ^(375 -
0)

0-5524862
0-6097561
0-6711409
0-7352941
0-8000000
0-8620690
0-9174312
0-9615385
0-9900990
0-5000000

= 7-8498150 +41666 + 6

= 7-8539822.
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Therefore

v = 4 x 0-78539822 = 3-141592,88
whereat* the correct value of TT IH 3-141592,65 . . .

74. Lubbock's Formula of Summation. In the Euler-

Maclaurin formula
1 ra,M
Ax

// w f "'\
(/r -VO )- -

suppose that each interval is subdivided into m parts: the

Euler-Maclaurin formula corresponding to the division is

^ M+TW J

___'"' //"__/") + _^ //""_/"")

Eliminating the integral between these two equations we have

//* /

^
This formula enables us to deduce the sum of a large number

of values of the function taken at any interval from a smaller

number of values of the function, taken at intervals m times

greater.

If the derivatives in this formula are replaced by their

values in terms of differences, as in 72, we have what is known

as Lublock's formula*
A>1 _ 1

/O +/I +/+ +fr = (/O + /I + .-+/.)-- O- (/r +/o)

-
3)"

( /r ' 3 /oj

"12m

(rn^-

*
J. W. Luhbock, Camb. Phil. Trans. 3 (1829), p. 323. The formula as

given originally by Lubbock involved advancing differences of/r ;
the formula

here given, which does not require a knowledge of fx for values of x greater

than r, is duo to A. de Morgan, J)i/. Int. Ca?c., pp. 317-318, 191. It may be

obtained readily by the use of symbolic operators ; cf. T. B. Sprague, J.LA. 18

(1874), p. 309.
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JEsc. 1. To calculate the sum

1

Let w = lO, w=10, and form tlie difference table of f(n)
= -^

beginning with the value / =
-g.

/ = 0-00010000

/5 -^= 0-0000444 4

By Lubbock's formula we have

= 10(/ +/! + --
' " 9" ' " "

99 x 81)9

= 406710 - 64998 - 889-33 - 236-36 - 1 7-76 - 12-61
= 340556.

The required value is therefore 0-0034056.

Ex. 2. Evaluate to seven places
'

Ex. 3. ^^ow /^* Gregory's formula may be obtained by making m in-

crease indefinitely in LubbocJe's formula.

75. Formulae which involve only selected Values of the

Function. If the function which is to be integrated is such

that its differences beyond a certain order n may be neglected,

r-f

nu

f(x)(Jx in
__

terms of the values of/ and its differences as far as order n
t

at selected values of x. But these differences can in turn be

expressed in terms of selected values off by reductions such as

A/o =/i -/o, A% =/2
- 2A +/ , etc.,
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fd+rw
and therefore it is possible to express/ f(x)dx entirely in

Ja

terms of values of / at selected values of x. Among formulae

of this class may be mentioned specially the following,* which

are accurate for functions whose fifth differences are constant :

+io

f

(Weddle.)

= 0-28(/a +/+) + H*'2(/ff+1 -t/,+6) + 2-2/a+3.

(G. F. Hardy.)

(Shovelton.)

These formuke may be proved directly, without reference

to Gregory's formula, in the following way :

Let it be required, for example, to prove the second of them

(G. F. Hardy's formula). Since fx is a function whose fifth

differences are constant, we can represent fx by a polynomial
of degree 5 in x, and therefore by a polynomial of degree 5 in

the variable z
9 where z = x - a -

3, say

/=/.+8 ^oZ + /fc
2 + y3

8 + Sz4 + 635, (1)

where a, /?, y, 8, are independent of z.

Therefore
3

+ + aZ + /fc
2

(2)

Now let us see if this can be represented by an expression

of the type
+ BU+i +/. f5) + C/K* (3)

where A, B. C are absolute constants. By (1), (3) may be

written

A(2/a+8 + 18/3 + 162S) + B(2/tt+3 + 8/J + 328) + C/,+3. (4)

Since the expressions (2) and (4) are to be identical, we may
* A valuable discussion of formulae of this typp is given by W F. Shepiard,

Proc. Lond. Math. Soc. 32 (1900), p. 258 ; and a detailed elementary treatment

by A. E. King, Trans. Fac. Act. 9 (1923), p. 2ia
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equate the coefficients of fa+a, /3, and 8 in them, and thus

obtain the equations

J ISA + 8B = 18

[l62A + 32B = 486/5.

These equations give
*7 1

A =^ = 0'28, B-jji-1-62,
= 2-2,

so (3) becomes

and thus Hardy's formula is established.

Weddle's formula may be deduced at once by adding the

zero quantity 57^% to the right-hand side in Hardy's formula.

Ex. 1. Evaluate

f-n^-f
/O N '

Weddle's formula may be written

r3w10
._

Let a = 0, w=^ and/a;
=

I/ J(l-x
2
)

rdx
1____ = -~a -000000 4- 5-017452 + 1-01 4185 4- 6-196773

1-0606CO + 5-50019] +1-154700)

= 0-5235990.

The true value of this integral is
-J-;r

or 0-5235987 correctly to seven

places.

Using Hardy's formula we have

1 dx 1

-y/T 2v= fo{('
28 x 2-1547005) + (1-62 x 2-1035285)

+ 2-2 x 1-0327955) = 0-5235985.

Ex, 2. Evaluate

u&iny seven ordinates.

76. The Newton-Cotes Formulae of Integration. Among
formulae of the type discussed in the last section, the oldest
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and best known are the Newton-Cotes formulae, which we
shall now derive from first principles.

Let- it be required to calculate the integral of a given
function between limits x = a and x = b. By the transformation

a + b b-a*
X ~~

2
+
~2 *

we can reduce the integral to one in which the limits are - 1

and + 1. Let A
, ^i, - -

> AH be numbers intermediate between
- 1 and + 1 : we shall try to find a sum of the type

where H , HI, . .
., H are constants, which will closely

represent

(2)f
J -

We are thus trying to represent the value of the integral by
a kind of weighted average, in which weights H , HI, . . ., Hw

are attributed to the values of the ordinate/(cc), corresponding

to the abscissae 7t
, h^ . . .,

An. In order to secure that the

sum (1) shall represent closely the integral (2) we shall lay

down the condition that the sum (1) is to be equal to the

integral (2) exactly so long as f(x) is any polynomial of degree

less than (n + 1).

Denoting the product (x
- Ji Q) (x

-
hi) . . . (x-hn) by F(o;),

we see that the sum (1) exactly represents the integral (2)

when

yw-.lfelt/v ' x-kr

since this function is a polynomial of degree n. The sum (1)

then reduces to

Hr(A,-*o)(A*.-*i) - (*,-*).

where the factor (hr
-

/&,.)
is omitted

;
and this may be written

This gives at once

H *
(3)-

a formula which determines the H's when the 7t's are known.
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This formula might have been derived by remarking that

when f(x) is a polynomial of degree less than (n + 1), it may be

represented accurately by Lagrange's formula of interpolation

( 1*7), which may be written

The required formula is obtained from this at once by

integration.

Let us suppose that the A's are chosen at equal intervals

apart so that

= -1, Aj= -1+-, 7*2
= -1 + -,

Then

where < = %n(x *

1) and

We have at once

where

-'- 1
)

' ' ' <'-">*

w is known as the Newton-Cotes formula of integration.*

More generally, writing Ar = a + r/^, we have

T
n

'a

-I- .

*
Newton, Letter to Leibnitz of date 24th October 1676 ; Principia, 3 (1687),

Prop. xl. Lemma 5
; Cotes, ffarmonia mensurarum (1722) ; James Gregory had

given the formula for w= 2 in Exercit. geom. (1668).
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where

-r-l) . . . (t-n)dt.

The values of the coefficients Hr in a number of cases are given here

for reference :

For ?& = !, w= 1

H = H1
=
J

For ?i = 2, w=\
H =H2 =j, HI=H

For n= 3, w= J
HC^ES^' Hi

= H2
=

For ft= 4, tp =s
J
H =H4= TV, HJ-H.-.H.H.-T",

For ?i= 6, w= i
H_T4 _ 10 TT - TT _2R TJ TT_J16

__F_, tlj-jT^ ^j Jlg-Jig
For n = 6, w = J

Note that we must always have HQ + Hj + H2 + . . . + Hw= nw.

A formula making use of the ordinates at the middle of the intervals

(instead of the ends of the intervals) was given by Maclaurin, Flujaiona,

2 (1742), p. 832.

An expression for the remainder after n terms in the Newton-Cotes

formula lias been given by J. F. Steffensen, Skandinavisk Aktuarietidakrift

(1921), p. 201.

Ex. Calculate

dx

by the Newton-Cotes formula with eiyht ordinates.

Let w = J so that n = 8, and write

<#0 = *(*- 1) . . . (<-8

The coefficients Hr may be written

and we have the values

H =H
8
= .M$v Hi

-H7
= iViVk- Ht

- H. - -

Since /(z)
= r-v~. we have

o t i a it 411**)!** r
8
T I T"K f A I

U175ff 494-5 2944 - 4'64 5248 -2270 5248 -464 2944 494-5
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Then

^ _H 1.L.H J.H J.H _-_l_W-_H..l J-H... J.H..-J.H J.M..-J.H J-"-

1

192 48 192 2 1
4 '5xi^^

= 0-69314721,

whe/eas the true value is 0-09314718.

x/77. The Trapezoidal and Parabolic Rules. The simplest

cases of the Newton-Cotes formula are the following :

1. n = l.

f
+ w

J\x)dx = I wf(a) + lwf(a + w).
w

This is known as the trapezoidal rule. It is exact when

/(a?) is a function whose first differences are constant. When

f(x) is a function whose first differences are not constant, the

difference between the two sides of the above equation may
be written

where 0<0<1.

2. n = 2.

-a+Sw

I f(x)dx
---

%wf(a) -f
*
wf(a

'a

This formula was first given (in a geometrical form) by

Cavalieri,* and later by James Gregory | and by Thomas

Simpson t ;
it is generally known as Simpson's or the parabolic

rule. It is exact when f(x) is a function whose third differences

are constant; when/(oj) is a function whose third differences

are not constant, the error involved in the use of Simpson's

formula, i.e. the difference between the first and second members,

may be expressed in the form

where 0<0<1.
* Cenluria di varii problemi, Bologna (16.39), p. 446.

t Exercit. geom. t
London (1668).

t Math. Dissertations, London (1743), p. 109.

Peano, Application* geom. del calcolo infin., Turin (1887), p. 208.
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3. n = 3.

f+3wf(x)dx
= fw{J(a) + 3/(r6 4 w) + 3/(o- + 2w) +/( + 3w)}.

This is generally called the three-eighths rule.

In practice, when it is required to compute an integral, we
first divide the range of integration into a number of intervals

and then apply one of the above rules to each of the intervals

and add the results so obtained. Thus when we use Simpson's
rule after dividing the range (say from a to a + 2pw) into p
intervals, we have for the value of the integral

--
\wf(a 4- w)

or

^w[f(a) + 2{f(a + 2w) +f(a 4

4- 4(/(^ 4- w) ff(a 4 3/r) 4- . .
.} +f(a + 2pw)],

whence the form in which Simpson's rule is generally stated :

Form the sum of the txrtreme ordinates, twice the sum of the

even ordinatcs, and four times the sum of the odd ordinales;

and multiply the result by one-third of the interval of the abscissa.

Ex. 1. Calculate

rl

jb_
L 1+">'

by the Simpson formula, using nine ordinate*.
\

Let /(en) = ,
a = 0, and w = - . We have the values

1 4- x 8

//.\ 1 H482848
J(x/

l ^ Tl ^ T.T 7 T.T

Then

2 4\ /8 8 8

=
{
1-6 4- 4-076190 5 -I- 1 1-05951 8 3}

= 0-6931545.

The value obtained is 0-693155, whereas the correct value is

log 2 = 0-693147, correctly to six places.
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Ex. 2. Show that if in evaluating the area between the ordinates

x= 1 and x= 2 of the rectangular hyperbola xy = 1 the formula of

Simpson with 11 ordinates is employed, the error is 0*000003.

78. Woolhouse's Formulae. A number of integration formulae

akin to those which have been considered in the last three articles were

given by Woolhotise in Journ. Ifiat. Act. 27 (1888), p. 122. He recom-

mended the two following specially for their "high and persistent

approximation."

5875
, x

4625 41 ^

+
tig)

(where the numbers in square brackets are the logs of the coefficients},

and

r( 7
/ v

16807
, x 128, v

71
^|

udt = 14
\T96

(wo + > + 66690 ( *2 + u^ + 285>* + <%) + y3r;*14j

= [9-701 1914](M + Mga) + [0-5475575](w2 + u^
+ [0-7984931](w7 + )

+ [0-867052 6>,u.

79. Ohebyshefs Formulae. If, instead of laying down the

condition in formula (1) of 76 that the intervals h^
- h

Q,
h
2
- h

L9 etc.,

are to be equal, we lay down the condition that the coefficients

H , Hj, . .
.,
H?l

are to be equal to each, other, we obtain a set of

formulae first given by Chebyshef,* which have found acceptance chiefly

with naval architects. They have a certain advantage when the ordinates

are experimental data liable to unknown errors; for if we have a

number of quantities which are equally liable to be affected with error,

and if a linear function of these quantities is formed, the sum of the

coefficients in this function being fixed, then the probable error of the

function is least when the coefficients are all equal.

Chebyshefs general formula is that if f(x) is a function whose

(n + l)th differences are negligible, then

where xv x^ . .
.,
xn are the roots of a certain polynomial, which is, in

fact, the polynomial part of the expansion of
1 n n n_

^"2.3*2-4.5*4 0.7.S6-
' '

in descending powers of x.

Thus, when f(x) is a function whose sixth differences are negligible,

we have

7-1

* Joum. de moth (2), 19 (1874), p. 19 : Assoc. Fran?. 2 (Lyon, 1873), p. 69.
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where xv x^ . . .,
x
&
are the roots of the equation

so that - x
1
= 0-832437 = sc5

-
2
= 0-374542 = <e

4,

^3
= 0.

*

Chebyshefs formulae were biiggested by a formula due to Broiiwin

namely

j&r[""'

which is rigorously true when /(a) is a function whose 2wth diflerencefe

are zero. Thus if f(x) is a function whose sixth differences are negligible,

we have

80. Gauss's Formula of Numerical Integration. Suppose
now that instead of prescribing the numbers A

, AI, . . ., hn of

76 by the condition that they are to be at equal intervals

apart, we determine them by the condition that the formula is to

have the highest possible degree of accuracy ;
since there are at

our disposal (2n + 2) constants hQt hlt . . .,
hn , H , HI, . . ., Hw,

we can choose them so as to make the formula rigorously true

when f(x) is any polynomial of degree (2?n-l). Denoting
the product (x-h )(x- hi) . . . (x-hn) as before by F(&), we

must therefore have in particular

.i
where

</>(#)
denotes any polynomial of degree less than (n + 1

)

Now it is a known property j-
of the Legendre polynomial

Pw+1(a?)
that

so long as <(#) is any polynomial of degree less than (n + 1).

We see, therefore, that the stated conditions are satisfied

by taking

* Phil. Mag. 34 (1849), p. 262.

t Whittaker and Watson, Modern Analysis, 15-14.
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so the numbers A
, AI - -> A are the roots of the Legendre

polynomial of degree (fi + l).* The H's are then given by
formula (3) of 76.

In the simplest cases we obtain the following values for

the A's and H's :

75'
"*

. 3 2
'~76'

H
"~i'

2=,;, 2 = ?_2 V

18 -
,/30 w

8

Converting to decimals and transforming the variable so that

the range of integration is from to 1, we have

f
1

I

Jo

where v and Ar are the transformed values of hr and

respectively, and in fact

71-3

scb
= 0-211324 87

% = 0-788675 13

a* = 0-11270167

zi = 0-5

^ = 0-887298 33

sec- 0-069431 84

% = 0-330009 48

afe
= 0-669990 52

xa = 0-930568 16

A - 0-5

= 0-173927 4
= 0-326072 6

~A4
= 0-118463 4

= A3
= 0-239314 3

= 0-284444 4

3b = 0-046910 08

xi = 0-230765 34

2
= 0-5

ss = 0-769234 66

a!4 = 0-953089 92
*
Gauss, "Methodus nova integralium valores per approx. inveniendi," Qott.

Oomm. III. (1814)= Werke, 3, p. 163.
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Ex. 1. Find by Gauss's method, with n = 4, the value of

rlog
(1 +)_

-TnT-*
Writing

we may arrange the working in the form

1+sc

togio^+a)
A

1 +a 2

Iog10 2-302585 09

Iog10

We thus obtain the values

1-04691008
0-019909 38
0-1184634
1-00220056

0-362215 69
8-299057 73
9-073584 20

17-734857 62
0-000954 64

7-733902 98
0-005418 80

SB,.

1-230765 34
0-09017526
0-284444 4

1-053252 64

0-362215 69
8-955087 40
9-378968 65

18-696271 74
0-022532 56

8-673739 18

0-047177 96

= 0-005418 80
= 0-047 177 96
= 0-092265 82
= 0-085781 36
= 0-041554 03.

Filially we have

= 0-2721980,

whereas the correct value of this integral f =- log 2J
is 0-272198 3

Ex. 2. Show that a degree of accuracy equal to that of Gauss's formula
is obtained by the use of

the mm being extended over all the roots h of the equation

that is, over +1, 1, and the roots of Pw'(x)
(Radau.)

12



162 THE CALCULUS OF OBSERVATIONS

MISCELLANEOUS EXAMPLES ON CHAPTER VII

1. Show that if fifth differences are negligible

= <>-28(/a + 2/a+e + 2/ f 12 + . . . +/+*)

+ l-62(/a+i+/f+8 + . . + 0-58(/fl+8 +/fl+ 9 + . 0-

(Shovelton.)

2. Show that if fifth differences are negligible

(Shovelton.)

3. Show that the integral

T #)(!
'-i

may be represented by the mini

exactly so long as <(#) is a polynomial of degree less than *2n, provided
the abscissae h^ hv . . . are the roots of the equation F(.c)

= 0, where

F(o;)
is defined by the relation

and the H's are defined by

(Radau.)

4, The values of a function f(x) are given by the table

Using the Gregory formula, calculate

100

)50
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5. The values of a function f(x) are given by the table

x. Ax).
41 395 254 161
42 406 586 896
43 418 161 601
44 429 981 696
45 442 050 625
46 454371856
47 466 948 881.

Evaluate

6. If /(#) is a function whose fourth differences are negligible, prove
that

and, more generally, if f(x) is a function whose 2ftth differences are

negligible, obtain a formula

/"Jo

dn
where ici, a/2 ^n are tne roots of the polynomial

(A. Eerger.)

7. If /(x) is a function whose sixth differences are negligible, prove
that

and more generally, if f(ju) is a function whose 2?itli differences are

negligible, obtain a formula

dn
where j-i, a*2, , *n ai ^ the roots of the polynomial &* ,

l

(A. Berger.)



CHAPTER VIII

NORMAL FREQUENCY DISTRIBUTIONS

81. Frequency Distributions. In statistical investigations'

attention is directed to a group of persons or objects, and an

enumeration is made of the individuals in the group who

have some particular attribute: for instance, we may con-

sider the group consisting of all the inhabitants of Edinburgh
and enumerate those who are widowers. In the most important

and interesting cases the attribute is one which is capable of

being expressed by a number
;
thus the attribute might be tho

height of the individual, which is expressible as a number of

inches. In such cases the whole group may be partitioned

into classes or sub-groups according to the value of this

number : thus the whole group of the inhabitants of Edinburgh

may be arranged in classes according to the number of inches

in their stature
;
one class, for example, might consist of persons

whose height is between 68i inches and 69J inches. Now let

Xi be the number of inches in the height of the shortest person
in the city, and let the number of persons whose height is

between Xi - J and x\ + \ inches be yi ;
let x

l
+ 1 be denoted

by x* and let the number of persons whose height is between

X2
-
i and 052 + be y2 ;

let a2 + 1 be denoted by a& and let the

number of persons whose height is between afe
-
\ and #3 -h \ be

denoted by y& and so on. Then we may regard a?i, xz> 0:3, ...

as successive values of an argument and y\, ya> 2/3,
as the

corresponding values of a function of this argument. The

table of values thus obtained specifies the distribution of the

heights among the inhabitants of Edinburgh : such a distribu-

tion is called a frequency distribution.

164
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As an example of a frequency distribution, we may take the follow-

ing results of measurements of the chests of 6732 soldiers in Scottish

regiments.
1*

Chest measure in inches 33 34 35 3G 37 38 39 40
Number of men . .3 19 81 189 409 753 1062 1082

Chest measure in inches 41 42 43 44 45 4G 47 48
Number of mm . , 935 646 313 168 50 18 3 1

The type of frequency distribution which is most familiar

to the worker in experimental science is the distribution of

the measures obtained by repeated measurements of the same

observed quantity. Let the true measure of an observed

quantity be a. Since measurements made of this quantity

by the same or different observers are affected by errors of

observation, the measures actually obtained will not all be

equal to a, but will form a group of measures a^ a2, a$, a4, . . .

not differing greatly from a. The practical problem is to obtain

the best possible estimate for a when we know the measures

oi, #2, #3, . .
>
and also to estimate the error to which this

value is liable. In order to solve these problems, we must

study the type of frequency distribution to which the group

i, ft2, 3, belongs.

82. Continuous Frequency Distributions. In the above

numerical example we have grouped together in a single class

all the 753 men whose chest measure is between 37^ and

38J inches. Supposing that full information regarding the

individual measures is at our disposal, we might have divided

this class into two classes, one consisting of men whose chest

measure is between 37 \ and 38 inches, and the other whose

chest measure is between 38 and 38 1 inches; and in this way
we might subdivide each of the original classes, thereby

evidently doubling the total number of classes and so producing
a more detailed statement regarding the chest measures of the

men. Further, we might divide each of the new classes into

two, thus quadrupling the original number of classes. But

evidently if we attempt to proceed very far in this direction

we shall meet with practical difficulties : thus no statistician

would think of trying to arrange the men in classes each of

*
Edinburgh Medical Journal 13 (1817), p. 260.
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which comprehends a variation of only one-thousandth of an

inch in height, partly because the measures cannot be relied

on to such great accuracy, and partly because the numbers of

men in the classes would become small and irregular, and

would cease to present to the mind a clear picture of the

frequency distribution.

For theoretical purposes, however, we may disregard these

practical difficulties and consider an ideal case in which the

measures are supposed perfectly accurate, and the number of

individuals in the whole group is supposed very large, so that,

however narrow we make the qualification for membership of

a class, there will always be enough members in it to make

the sequence of the numbers of members of classes a regular

sequence. Now consider the class constituted of individuals

whose measure is between x and x + e, where e is a small

number. The number of members in this class will evidently
be approximately proportional to , since doubling the range
of qualification for the class would approximately double the

membership; and it will also be proportional to the number

N of individuals in the whole group, since, if twice as many
soldiers were measured, the number of soldiers in each class

would be approximately doubled. Let us then denote the

number of individuals whose measure is between x and x + e by

"Sey ;
then the number y depends on x, and in fact the way

in which y depends on x specifies completely the frequency
distribution. We shall often express the dependence of y on x

by writing </>(#)
for y, and we shall use the differential notation,

writing dx for
, so that in a group of N individuals the number

whose measure is between x and x + dx is denoted by N<l>(x)dx.

Expressing the same idea in other words, we may say that

$(x)dx represents the probability that an individual chosen at

random in the whole group has a measure between x and

x + dx', and hence if the frequency curve # = <(#) be drawn,

the measure of any individual is equally likely to be the

abscissa of any point taken at random within the area bounded

by the curve y = <l>(x)
and the axis of x.

The earliest mathematical discussion of a frequency distribution seems

to have been that of Simpson (1756) in connection with the Theory of



NORMAL FREQUENCY DISTRIBUTIONS 167

Errors of Observation. Simpson assumed that the probability of a positive
error lying between x and x + dx was <t>(x)dx, where <(*)= mx + c,

m and c being pobitive constants : the probability of a negative error

was assumed equal to the probability of a positive error ot the same

amount, and errors of greater magnitude than c/m were assumed to be

impossible. The frequency curve for the errors is therefore, in this case,

two sides of an isosueles triangle, together with the prolongations of the

base outside the triangle.

83. Basis of the Theory of Frequency Distributions.

We shall now approach the discussion of frequency curves from

the theoretical side. The considerations on which the theoretical

investigation is based were first put forward by Laplace, and

may be described as follows.

Consider the frequency distribution of (say) the chest

measures of the soldiers
( 81). If we fix our attention on an

individual soldier, we may say that a great many different

factors have contributed to make his chest measure what it

actually is. For, owing to heredity, it will have been influenced

by the chest measures of his father and mother
;
but the chest

measure of his father will in turn have been influenced by
those of his father and mother, and so on, so that ultimately

the chest measure of the indi \idual soldier we are considering

may be regarded as influenced by the chest measures of a very

large number of individuals of a remote generation, each of

them singly making only a very small contribution to the total

effect. Moreover, other factors will enter: for example, his

nourishment and exercise at different ages of life. Thus the

deviation of the actual chest measure of an individual from the

average may be regarded as the sum of a vert/ great number of

very sjnall deviations positive or negative) due to the separate

factors in the heredity and environment of the individual. These

multitudinous small component deviations will be assumed to

be independent of each other, in the sense in which the word
"
independent

"
is used in the Theory of Probability.

84. Qalton's Quincunx. An interesting piece of apparatus

was devised by Galton* to illustrate the formation of a

frequency distribution from the joint effect of a large number

of small and independent deviations.

* Natural Inheritance, p. 63 ; for experimental results cf. 0. Gruber, Zeits.

fur Matli. u. Phys. 66 (1908), p. 322.
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Into a board inclined to the horizontal about a thousand

pins are driven, disposed in the fashion known to fruit growers
as the quincunx, i.e. so that every pin forms equilateral triangles

with its nearest neighbours. At the top of the board is a

funnel, into which small shot is poured. The shot in descend-

ing strikes the pins in the successive rows, each piece being
deviated to right or to left at every encounter with a pin. At
the bottom of the board are about thirty compartments into

which the shot ultimately falls. It is found that the middle

compartment receives most shot, and that the falling-off in the

amount of shot received by the compartments, as we proceed

outwards from the middle compartment, resembles closely the

falling off in the number of men having corresponding devia-

tions from the average chest measures
( 81), or the falling off

in the number of measurements which have corresponding devia-

tions from the average of the measures of an observed quantity.

In fact, the curve formed by the outline of the heap of shot is

a frequency curve of a commonly occurring type.

85. The Probability of a Linear Function of Devia-

tions.* We shall now proceed to the analytical discussion of

frequency distributions. We start from the fact that a measured

quantity, such as the chest measure of a soldier, is liable to

vary from one individual to another, or, in other words, to

exhibit a deviation from its average value
;
and we shall suppose

that this deviation is the total effect of a vast number of very
small deviations, due to causes which operate independently of

each other : denoting the small deviations by v 2, . . ., w, we
shall suppose that the total deviation is their sum, or, more gener-

ally, is a linear function of them, say, A^ + X
2 2 + . . . 4- Xn n.

We want to find the probability that in the case of a given
individual soldier this total deviation shall have a value

between (say) w^ and w
z , where w^ and w2 are given numbers.

In the present section we shall not require to make use of

the assumptions that the deviations v e
2 , . .

., cw are very
small or very numerous.

Let I
<j>r(x)dx be the probability that the rth deviation er has

Ja
*

Laplace, Tfttorie anal, des prob., livro II. chap, iv.; Poisson, Connaissance

des temps (1827), p. 273.
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a value between a and 6, so that $r(x)dx is the probability that

it has a value between x and jr. + dx. Now the probability of the

concurrence of any number of independent events is the product
of the probabilities of the events happening separately; and

hence the probability that the first constituent deviation has a

value between
x
and

x + dcv while the second has a value

between 2 and e2 + tfe
2, and so on, is

and the probability that A^H- . . . + Awe has a value between

u\ and w
2 is therefore the integral of the expression (1), taken

over the field of integration for which A^ + A
2 2 + . . . + Anen

lies between w and wv
Now by Fourier's Integral Theorem * the expression

i r pv
^Ty-ao Jwi

has the value unity when x lies between v\ and w
2,
and has the

value zero when x does not lie between these numbers. So

instead of integrating the expression (1) over the field for which

^i<A1 1 + A
2 2 + . . .+ *,< Vj, we can first multiply the

expression (1) by

i r
^wy-oo

and then integrate the resulting expression over the field of all

values of p 2>
. . ., M.f The probabilitythat A^ 4- A2 r2 + . . . 4- \ncn

has a value between v\ and w% is therefore

1
- -,- - ,*

^-^---...
&TTJ -taJwiJ-ttJ-tt J -

5

^( 7i

* The theorem in question is that under certain conditions (for which of.

Whittaker and Watson, Modern Analysis, 97), the integral

1
r~

;/
'n

has the value f(x) when x lies between i^ and wai
and has the value zeio when

x does not lie between these numbers.

f This device is due to Cauchy, Campks Ssndiu, 137 (1853), pp. 109, 264,

334.
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Writing 12r(0) for I e~**<k(x)dx, the required probability is
J -00

therefore

or, performing the integration with respect to r, the probability

that A.^ + A
2 2 + . . . + An lies between so - c and # + c is

where 12(0) is written for i2
1(A10)122(A2<9)

. . . i2,,(An0); and

therefore the probability that A
1
e1 + . . . + An n lies between x

and a? + flfo is <t>(ai)dx, where

de. (2)

From the last equation we have, by Fourier's Integral

Theorem,

(3)

so !2(#) bears to
^(,7;)

the same relation that Qr(x) bears to fcfo).

It appear^, therefoi'e, that when deviations are added to form an

aggregate deviation, the corresponding functions 12r(Ar0) are multiplied

together to form the function 12(0). The underlying reason for this is

that when the 12's are multiplied together, the arguments of the

exponentials add together in precisely Ihe same way as the deviations.

f*Now write s
fc
for I

ei*</>r (,/')rf,^, so that s
fc

is (in the language
'-GO

of the Theory of Probability) the expectation of the &th power
of the rth deviation. Then by the definition of !2r(0) we have

(ft

Now let the logarithm of the scries on the right, when

expanded in ascending powers of 0, be denoted by

-3 t

so that

A- -
i

1 A- i
1

<SA ^-| <Sn <S JL
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The quantity pk is called * the seminvariant of order Tc. By
(4) the fundamental formula

0(0) -0^)0,^0) . . . O^A,*),

or log 0(0)
-
log fl

l(A1fl)
+ log fl

2(A20) + . . . + log O^A.*),

may now be expressed by the simple statement that the kth

seminvariant of a sum of deviations ex + ca + . . . + n is the sum

of the kth seminvariants of the individual deviations, with the

further remark that the Ath seminvariant of Ae is A* times the

seminvariant of e.

86. Approximation to the Frequency Function. We shall

now derive from the result of the last section a formula of

great practical importance by introducing the assumptions

(which have not as yet been used) that the constituent devia-

tions r 2,
. .

., n are very numerous and are individually very
small. It is easily seen that by shifting the zero-point from

which the deviation er is measured we can secure the vanishing
of its first seminvariant : we shall suppose this effected for

each of the constituent deviations v e
2 ,

. . ., cw.

Let 0, p2V p3v ju41,
. . . be the seminvariants for the devia-

tion p let 0, jp22 , JP32, Pip ... be the seminvariants for the

deviation e
2 ,

and so on; then, as we have seen, the semin-

variants of the aggregate deviation are P
lf
P2, . . ., where

We shall suppose that P
2

is finite; and v\e shall further

suppose that the constituent deviations are very numerous and

are approximately of the same order of magnitude (or at any
rate that a very large number of them are of the same order of

magnitude and the rest are smaller than these), so the condition

that P2 is finite implies that each of the quantities A,*p2r is a

finite quantity multiplied by 1/n, and therefore Xrjp* is of

the order of %-*. This being so, A,
8^ will be of the order of

P3rp2r~*n~~*, and P3 will be of the order of #sjtar~
5fl-*, and so

will at any rate in a large class of cases be small compared
*

Thiele,^4Imvndclig Jagttagclseslaere, Copenhagen, 1897: Theory of Observa-

tions, London (C. & E. Layton), 1903.
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with P2, on account of the factor n~*. Similarly, P4 will ]>e

small compared with P3 , and so on. Thus for the aggregate

deviation we have

where P
2,
P3, P4, ... are a rapidly decreasing sequence of

quantities, and indeed in a large class of cases P3, P4 , . . . are

negligible compared with P
2

. The probability that the aggre-

gate deviation lies between x and x + dv is therefore <t>(x)dx

where, by equation (2) of the last section,

Writing

*# a*

where A, B, . . . are in a large class of cases negligible compared
with P2 (as follows from what has been said above), we have

*(')
=
i/" '""*** & +A

1

Now

and therefore

In the large class of cases to which we have referred, when
A, B, C, . . . are negligible, this becomes

The formula (B) is due to Laplace, and the more general
form (A) to various later writers.* These formulae specify
the nature of a frequency distribution in which the deviations

* The first of the additional terms was found by Poisson, and the rest by
J. P. Gram, Om RaekkendvikUnger (1879); Thiele, Forelaesmnyer over

Almindelig lagttagelseslaere (1889) ; EltmentoAr lagttagelseslaere (1897) ; Edge-
worth, Phil. Mag. 41 (1896), p. 90 ; Bruns, Ast,. Nach. 143 (1897) col. 329 ;

Charlier, Arkivfor Math. 2 (1905), No. 20.
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from the average measure are due to the joint effect of a very

large number of independent causes, each of which singly has

only a very slight influence; the deviation of an individual's

chest measure from the average, for instance, being thought of

as affected by inheritance from a very large number of remote

ancestors.

87. Normal Frequency Distributions and Skew

Frequency Distributions. Formula (B) of the last section

shows that, at any rate in a large class of cases, when a devia-

tion is constituted by the summation of a wry large number of

independent deviations v e2,
. . ., ent the, probability that e lies

between x and x + dx is

1
--

(ariyr
-"'

where P2
'is independent of ,r. This is called the normal law of

deviation.

Now consider a frequency distribution consisting of N
individuals (where N is a very large number), and suppose that

the number of these individuals whose measure is between x

and x + dx is denoted by N(#)d*t', so that </>(#) is the prob-

ability that an individual taken at random in the whole group

has a measure between x and x + dx. Let a denote the average

value of x for all the individuals of the group, so that (x
-

a) is

the deviation of the measure of an individual from the average.

Then on the assumption that the deviation is due to the

operation of a very large number of independent causes, each

of which makes only a very small contribution to the total

deviation, we have seen that the probability of a total devia-

tion between x-a and x-a + dx is (at any rate in a large

class of cases)

where P2 is independent of ,r. Frequency distributions to

which this applies are called normal frequency distributions.

Other distributions, for which the law (B) must be replaced by
the more general law (A), are generally called skew frequency

distributions.
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As the subject of the present chapter is normal distributions,

we shall say nothing more about skew distributions except

that formula (A) leads to an expression for a skew frequency

function as a series of the functions which are called parabolic-

cylinder functions* or Hermite's functions. In most cases two

or three terms of the series are, adequate to represent the

function with sufficient accuracy.

As an illustration of the way in which a great number of frequency
distributions in nature conform to the normal law, we give the following
data relating to 1000 observations made at Greenwich, of the Eight
Ascension of Polaris. Let x denote the deviation of one such measure

from a value near the mean of all the measures, expressed as usual in

seconds of time ; let y denote the number of measures for which the

amount of the deviation is x ; let y' denote a value calculated from the

theoretical equation of a normal frequency distribution,

The agreement of y and y' is, generally speaking, good.

fix. r measurements are made of a certain quantity, each measure

being liable to an error which may have any value between e and e, all

such values being equally likely. The sum of the r measures is denoted by s.

Show that when tends to zero and r increases indefinitely in such a way
that ,Jr tends to a finite value k, then the probability that s lien between x

and x + dx tends to

/3\^ ~fp

W; *

* For an account of these functions of. Whittaker and Watson, Modern

Analysis, 16*7.
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88. The Reproductive Property of the Normal Law
of Frequency. Consider a frequency distribution which is

normal, so that if c denotes the deviation of an individual

measure from the average, then the probability that chas a

value between x and /; + dx is
(writing

h2 for ^ J

The constant h was called by Gauss the modulus of precision.

The function 12(0) is, by equation (3) of 85,

f e'
' 00

02

so

The only seininvariant is therefore of order two and has the

value fcT^. From the additive property of seininvariants it

follows that a deviation which is formed by the summation of

any number of partial deviations, each of which obeys the

normal law, has all its seminvariants zero except the second
;

and therefore this aggregate deviation itself obeys the normal

law. This is the reproductive property or group property of the

normal law of frequency; an aggregate deviation, formed ly

the summation of any number of dcmations which obey the

noi^nal law, itself obeys the normal law.

89. The Modulus of Precision of a Compound Devia-

tion. Let a deviation be given as a linear combination

Vi + V2 + + ^ of a number of deviations v 2, . . ., w .

each of which obeys the normal law, so that the probability

that e, lies between x and x + d.r is

where hr is the modulus of precision for
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Then by the last section, the seininvariant for er is ,-^, and
2tiif

therefore the seminvariant for A^ + . . . + A^,, which is also

of order two, is

Now, as we have seen, also obeys the normal law of

frequency; let the modulus of precision for be H, so the

probability that lies between x and x + dv is

then the seminvariant for is
^p^. Equating this to the valu6

obtained above, we have

This important formula gives the modulus of precision of a

compound deviation in terms of the moduli of precision of its

constituent deviations, when these are of the normal type.

90. The Frequency Distribution of Tosses of a Coin.

The earliest example of a normal distribution of frequency was

discovered by De Moivre in 1*756 * in considering the following

problem: A coin is tossed N times, where N is a ve?y large

number (which for convenience we suppose even and equal

to 2n) : to find the probability of exactly (%N-p) heads and

(|N +p) tails. The probability of exactly n heads and n tails

is, by an elementary formula of probability, ^ y Re-

placing the factorials by Stirling's approximate value ( 70),
/ o \

namely, !--V+l(2ir)*, this becomes (wri)-* or (^) The

probability of exactly (n-p) heads and (n+p) tails is-J1

; ; denoting the ratio of this to the former
22w (n-p)\(n+p)r

5

probability by E, we have therefore

p_ _n\n\_J ~
(n-p}\(n+p)T

* Doctrine of Chances, 3rd ed. (1756), p. 243.
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so log E - 2 log n\ - log (n -^;) !
-
log (n +p) !.

Replacing the factorials by Stirling's approximation, we have

log E = (2n + 1) log n
-

(n -p +
) log (n -p)

log(n+p)

--*-
Combining these results, we see that /M prolndrility of exactly

s

whence the probability that the number of heads will "be "between

JKT+a5,/N and %N + (x+dx)JN is apprO'Mmatelt/ (
~J

e^^dx.

This is evidently a case of a normal frequency distribution.

Ex. 1. Show that the probability that the number of heads will be

2 &
between N + J^/N awd iN ~WN j-J^e^dy or 0-6827.

v 11
"

o

^a;. 2. ^L coin is tossed 1000 femes. Khow that an absolute majority

of tie 21000 possible sequences gives the difference between the number of
heads and n umber of tails less than seven.

91. An Illustration of the Non - Universality of the

Normal Law. The following example* shows that a great

number of causes, each producing a very small deviation, do

not always by their collective operation give rise to a frequency

distribution of the normal type.

Suppose the law of frequency for each of the small con-

stituent deviations r 2 , e3 ,
. . . is ^(,r)

= ie~ fa'
1

, so

<(/;)
= \e~

x when x is positive,

*
Hausdorff, Leipzig Ber. 53 (1901), p. 152.

(D 3> 13
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and
<l>(x)

= \& when x is negative.

In this case we have
( 85) for each of the constituent

deviations

( -^r()dfcJ/ e-^-
J-oo '0

Let the compound deviation be defined to be e, where

2/11

Then
( 85) the probability that e has a value between x and

'

x + dxis <f>(x)dx, where

and

1 1

-2202
'

22 8

0~0 *- ~^ C-9 9

__ _
cosh ff

1 /"
Therefore

<f>(#)
= I

9 ^.

pWX
This integral may readily be evaluated by integrating -g ^

in the plane of the complex variable 6 round a rectangle of

height TT and indefinitely great breadth, one of whose sides is

the real axis of 0. The result is

Thus ^/fte probability that the deviation has a value between x

and x + dx i

normal law.

and x + dx is
-^r-

-^JLr..
This is clearly different from the
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Theory asserts, and observation con firms the assertion, that the

normal law is to be expected in a very great number of frequency

distributions, but not in all. This state of things led in the past
to much confusion of thought regarding the validity of the normal

law, which was wittily referred to in Lippmann's remark to Poincare*.*

"Everybody believes in the exponential law of errois : the experi-

menters, because they think it can be proved by mathematics; and

the mathematicians, because they believe it has been established by
observation."

92. The Error Function. Having now established the

theory of normal frequency distributions on a theoretical basis,

we proceed to investigate the properties of these distributions.

Denoting the modulus of precision by h, the probability that a

deviation lies between x and - x is

rt /&

M e
~

or

where

On account of its importance in the Theory of Errors of

Observation, &(#) is called the JErw Junction.

If the probability that a deviation lies between x and - x is

given, $(fc) is known, and therefore hx is determinate: so

the deviation x corresponding to this probability decreases

as h increases; that is to say, in the case when the devia-

tions are the errors occurring in a set of measurements of

a quantity, the precision of the measurements increases as

h increases. This is the reason why h is called the modulus of

We must now see how the function &(x) can be computed.!

1. First we have

*
Poincare*, Oalcul (fa prob. p. 149.

f For the analytical relations of the Error Function, cf. Whittaker and

Watson, Modem Analysis, 16.2.
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and, integrating this,

-. , . 2 a? of a?

This series converges for all values of x.

For example, when as= 0*5, we have

x 3? a5 x7 a9

2 24 320 5376 110592
' "

= 0-50000-0-04167
0-00313 0-00019

0-00001

= 0-46128,

so *(sc)
= 0-461 28 X 1-12838
= 0-52050,

2. Next, write

T

Jo

Differentiating, we have

or

Now y evidently begins with a term x. So substitute

y=x + a,i? + h*? + cx7 + . . . in the last equation and equate co-

efficients of powers of x
; therefore we obtain 3a - 2 = 0,

56 - 2a = 0, ?c - 26 = 0, etc., and therefore

2 ^ 22 e 23

Therefore

This series converges for all values of x.
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For example, when x= 0-5, we have

(;)= 1-12838 x<T 25 x

"

3
'

2 3.5
"

!

JL 1_
11

.5 7 '23
+

3.5.7.9 24
~

l-l888x0.778801xix{l
+
J
+^ +^ +

I^ + . .

.}
- 0-56419 x 0-778801 x 1-000000

0-166667
0-016667
0-001190
0-000066
0-000003

= 0-56419 x 0-778801 x 1-184593
= 0-52050.

,co

3. Next, since ^ = 21 e-*dtv, we have

where

I e-vy-Wy,
J

/,

-*r* + -**-"]" +

and therefore

1.3 1.3.5
I

"""
i C\ n\O '

This is an asymptotic eivpansion.

computation when x is large.
A table of values f is

* which is convenient for

x.

0-0

0-1

0-2

0-3

0-4

0-477

0-5

0-0000
0-1125

0-2227

0-3286

0-4284
0-5001

0-5205

x.

0-6

0-7

0-8

0-9

1-0

1-1

1-2

*(*).

0-6039

0-6778

0-7421

0-7969

0-8427
0-8802

0-9103

x.

1-3

1-4

1-5

1-6

1-7

1-8

1-9

0-9340
0-9523

0-9661

0-9763
0-9838
0-9891

0-9928

x.

2-0

2-1

2-2

2-3

2-4

2-5

0-9953

0-9970
0-9981

0-9989

0-9993
0-9996

* Of. Whittaker and Watson, Modern Analysis, ch. viii.

f More extended tables will be found in a memoir by J. Burgess, Trans. Roy.

Soc. Edin. 39 (1898), p. 257. Cf. also W. F. Sheppard, Biometrika, ii. (1 903), p. 174.
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Ex. 1. Show that the probability that the deviation is greater than x

is slightly less than 0-001 when 3>(/Mc)
= 0-9981 or free= 2-2.

Ex. 2. Obtain the formula

1+-

93. Means connected with Normal Distributions. With

the normal law of deviation

the arithmetic mean of the nth powers of the absolute values

of the deviations is

Writing h2jp = y, this becomes

or 1

In particular, writing o- for -0, we have

Arithmetic mean of the absolute values of

1 /o
Firat powers of the deviations=-5^ =*./- <r,

h^jie V T

Second
1

Third

Fourth

. .

" " ~
2Aa

~
'

1 2^2

* Of. Whittaker and Watson, Jforferw Analysis, 12.2.
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From the above we see that the syunre of the mean of the

absolute deviations, divided 6y the mean of their squares, has the

2

Ex. 1. Show tfiat in the curve y = -, e-* 2 *2 the product of the abscissa
tjif

and the suHangent is constant.

h
Ex. 2. Show that in the curve y= j-e-W**

the abscissae of the points

of inflexion are cr.

94 Parameters connected with a Normal Frequency
Distribution.

1. Let the curve which represents graphically a normal

frequency distribution be written

y ,*a-MC-)PB

VTT

Then the arithmetic mean of all the observations

7i

-
/

e~"

o s/W

2. The quantity o- which has been introduced in the last

section is (as we have seen) the square root of the arithmetic

mean of the squares of the deviations, and has the value

<r is called the standard deviation, or the quadratic mean devia-

tion or the error of mean square.*

In terms of cr, the normal law is that the probability of a

deviation between x and #*f <Lc is

By the formula which gives the measure of precision of a

linear function of deviations we see that the square of the

standard deviation of a sum of quantities is the sum of the

squares of the standard deviations of the separate quantities.

* It was called by Gauss the mean error.
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Hence the standard deviation of the arithmetic mean of n

quantities is n~* x the standard deviation of one of the quantities.

3. The arithmetic mean of the absolute values of the

deviations is called the mean absolute deviation* Denoting it

by i),
we have (as we have seen in 93)

2

The arithmetic mean of all the observations that are greater

/2
than the mean a is a + ./ -

or, so, denoting this by A, we have

This formula is convenient when the observations are given in

the rough, not arranged in order of magnitude ; for then, after

adding them all and dividing by their number so as to obtain

a, we have merely to add all that are greater than a and divide

/2
by their number in order to obtain

4. The probable error or quartile f is defined to be such that

the chances are even whether the deviation exceeds it in

absolute magnitude or is less than it. So if Q denotes the

quartile, we have

which gives

Q/i = 0-476936 = p (say),

or ^ = 0-67449 (roughly f),
(T \ U/

so o- = l-4826Q, Q = 0-67449tr.

Q is connected with
v\ by the equations

7?
= M829Q, Q = 0-84535-17.

Q is evidently that deviation which stands in the middle of the

sequence when the deviations are arranged in order of absolute

* It was called by Laplace the mean error.

f The name is due to Galton.
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magnitude. It therefore furnishes a means of determining the

parameters h or o- of the curve as follows :

Let there be n measurements. Take n equidistant points

along a base-line, and at these points erect ordinates pro-

portional respectively to the measures arranged in order of

magnitude. We thus obtain a curve as in the diagram :

A*

c'

A C D E B

Fm. 16

Divide the base AB into four equal parts by points of division

C, D, E. The ordinate at D is the mean value a of the

measures. The ordinate at E is such that there are as many
measures greater than it as lie between it and a. The difference

DD' - EE' or CO' - DD' is the Quartile Q.

More generally, we can determine the parameter h or or of

a curve by finding a measure u\ such that (say) p per cent of

all the measures fall within the interval between the mean a

and XY In order to obtain cr, we have only to multiply (a\
-

a)

by a known numerical factor depending on p.

The degree of accuracy of this and the other methods of

determining o- will be considered later
(

1 03).

For expressing results in terms of probable error, the following
form of tlie table of the function #(-) is useful :

*

0-5000000 = #(0-4 769363) = #(/o), where p/h is the probable enor

0-6000000 = #(0-5951161) = #(l-247790p)
0-7000000 = #(0-7328691) = #(l-536618/>)
0-8000000 = #(0-9061939) = #(l-900032/>)
0-8427008 = #(1) = #(2-096716/>)
0-9000000 = #(1-1630872) = #(2-438664p)
0-9900000 = #(1-8213864)= #(3-818930p)
0-9990000 = #(2-3276754) = #(4-8804 75p)
0-9999000 = #(2-7510654) = #(5-768204/o)
1 =#(oo)

* It is due to Gauss, Werke, 4, p. 109.
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We see, therefore,

The probability that the error exceeds

2-438664 times the probable error is^
3-818930 TJW etc.

Ex. A number of bodies similar in shape and density differ slightly
in size, their lengths being groped about a mean a with standard deviation

o-. If the weight of a body of length x is cic
8
,
show that the weights are

grouped about a mean ca3 with the standard deviation 3ca2o-.

95. Determination of the Parameters of a Normal

Frequency Distribution from a Finite Number of Observa-

tions. In the preceding section we have shown how to fiiid the

parameters a and o- (or v\
or h or Q) of a normal distribution,

assuming tacitly that the observations are infinite in number
so as to furnish continuous distribution. In reality, however,

the number of observations is finite, and we have to determine

the best values of the parameters from them.

Suppose there are n observations giving the values xv #
2,

x& . . ., xn respectively for x. The a priori probability of the

value
,7'j

is

and therefore the a priori probability that the observations will

give the set of values actually observed is

The most probable hypothesis regarding a and a- is that

which makes this quantity a maximum when acv r
2, . . .,

xn are

supposed given. Taking logs, we see that

n iog . + far J! torj?+^fe-A2

,

or II say, must be a minimum, and therefore ~- = 0, which gives
Off'

=
(x^

-
a) + (,>'2

-
a) + . . . + (,r%

-
^),

or -(ai+<V. - . +
). (1)
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Moreover, ~- = 0, which gives

n fa -q)t+ fa -)! + . . , + fa-ft)
2

U_-
f

and therefore

,* . Kzl']i
f fee ")_

+ (*"-*)*
f2)

w
'

* '

Thus the formulae (I) and (2) for ft and o- are determined

directly from the theory of Inductive Probability. This is,

strictly speaking, the only correct method when the number of

observations is finite.

Ex. 1. Numbers which are given as decimals to some definite number

of places are usually forced, i.e. the last digit retained is increased by

unity when the first digit not retained is 5, 6, 7, 8, or 9. Find the

standard deviation or mean error to which a number is liable, due to

abbreviation with forcing.

Denoting the standard deviation by <r, we have

3

giving 0- = 0-2887.

Ex. 2. Hence show that the mean error liable to occur in the sum
of 1000 numbers, each of which has been abbreviated with forcing, is

less than 10 units of the last place.

EJU. 3. A quantity is repeatedly measured
,
the measures being subject

to errors of observation. Assuming the law of facility of error to be such

that the probability of a value between x and x + dx is

where b and k are constants, determine the most probable values of the para-
meters b and k when n observations give the values xv #2> i a;w for x >

the values xv &
2,

. . . being arranged in ascending order of magnitude.
Here the a priori probability that the observations will give this set

of values is proportional to
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The most probable hypothesis regarding 6 and k is that winch
makes this quantity a maximum, when xv ie

2,
. .

.,
xn are supposed

given.

Taking logs, we nee that

-ft| + . . . +
|

jrn.- ft
| }

is a maximum, and therefore -rr- 0. Suppose that ft lies between vr
of)

xr+i. Then

= (! + ! + . . . + 1
)r teims + (

- 1 - 1 . - .
- 1 \n-t) terms,

and therefore 757- is zero when r = n r or r = ^n. We see, therefore, that

the most plausible value of ft is that one of the quantities xv x^ . .
.,

xn
which stands in the middle of the sequence when they are arranged in order

m~T

of magnitude. This value is called the median. The condition
-^r

=

then gives for the determination of the most probable value of k the

equation

96. The Practical Computation of a and o-. In calcu-

lating a and <r, when we are given that the measures x^ ,r
a, x# . . .

have occurred yv y2, y& . . . times respectively, we generally

find it convenient to subtract some fixed number c from each

of the a?'s in order to have smaller numbers to deal with.

Write x
l
- c v #

2
- c = g2, etc.

Then we form a column of the quantities lf ^2, ^3,
. . .

then

then .

the value of y^r
2
being obtained by multiplying y r by .,

and sum the column of I/B and the last two columns. We
then have
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and

or

Thus a and <r are determined.

As a control for the computation of a, we may use the

equation
Sum of all positive residuals ^ Sum of all negative residuals,

and as a control for the computation of <r, we may use the

equation

or no2 =SM2 - 2a2M + aSM. = 2M2 -

where 2M denotes the sum of the measures and 2M2 denotes

the sum of the squares of the measures.

97. Examples of the Computation of a and a-.

Ex. 1. Tlie chest measurements of 10,000 men arc yiven below, x

being the measure in inches and y being the number of men who have these

measures. Find the two constants a and or which specify the frequency

curve, obtaining the standard deviation firstly from the mean-square of the

deviations, and secondly from the mean absolute deviation.

x.

33
34
35

36

37
38
30

40

41

42
43

44
45
46

47

48

y-

6

35

125
338

740
1303
1810
1940

1640
1120
600
222
84
30
5
y

*(=.- 40).

-7
-6
-5
-4
-3
-2
- 1

1

2

3

4

5

6

7

vS.

- 42
- 210
- 625
- 1352

-2220
-2606
-1810

1640
2240
1800
888
420
180
35

16

294
1260
3125
5408
6660
5212
1810

1640
4480
5400
3552
2100
1080
245
128

Total 10000 -1646 42394
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Therefore
1 &A(\

a 40 - = 39-835,

and

so (7=2-052.

Total 5007 -9081

Now

/2
a

iryk
/ - = Arithmetic mean of all observations less than a

Therefore

so

or

9081

/
TA/ -= 1-649,

o-= 1-649 x 1-253

cr= 2-066.

Ex. 2. Find the mean value and standard deviation for the following

frequency distribution, y beiny the number of occurrences of the measure x.

Trace the normal curve which has this mean value and standard deviation

and compare it with the original data.

y.

x.

y.

1

6

15

38

2

10

16

26

3

2

17

34

4

11

18

28

5

15

19

22

6

18

20

17

7

18

21

11

8

34

22

12

9

32

23

11

10

39

24

4

11

39

25.

4.

12

45

13

50

14

43

Ex 3. Determine the standard deviation from the mean absolute

deviation in this last example.
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Ex. 4. The chest measures of 10,000 men are as follows, x denoting a
measure in inches, and y the number of men who have that measure.
Determine the standard deviation by finding the place of the quartile.

x. 33 34 35 36 37 38 39 40 41 42

y. 5 31 141 322 732 1305 1867 1882 1628 1148

?y. 5 36 177 499 1231 2536 4403 6285 7913 9061

x. 43 44 45 46 47 48.

y. 645 160 87 38 7 2.

3y. 9706 9866 9953 9991 9998 10000.

It is to be remembered that under "as= 38" are grouped all men
whose measures are from 37 to 38 J inches. The sum of all measures
from the lowest to x=38 (i.e. to 38^ inches) is 2536 ; and the rate of

increase of men is about 16 per 1 J
- inch at 38^, so that 2500 will be

the sum of all to 38-478 inches.

The Arithmetic mean a of all the measures is found to be 39-834,
and

Q= 39-834 - 38-478= 1-356,

so tr= 1-483 X Q = 1-483 x 1-356 = 2-01.

Let us now hnd the quartile from the other end of the sequence.
The sum of all measures from the largest down to # = 42 (i.e. to 4l

inches) is 2087. Adding half the number opposite 41 in the table,

we see that the number down to 41 inches is 2901, which is 2500 + 401.

401
The quartile will therefore be at 41 + -e,

where a= - = 0-246,

so that Q = 41-246 - 39-834 = 1-412,

and cr= 1-483 x 1-412 = 2-09.

The discordance between this and the former value is, of course, due to

the absence of perfect normality and continuity in the distribution.

The mean of the two values of a- obtained by the quartile method is

therefore tr=2 -05. This is close to the values obtained by the method
of 97 and the mean absolute deviation method, which are found to be

2-05 and 2-06 respectively.

98. Computation of Moments by Summation* The

quantities M =
2y, M1

=
2^j?/, M2

= 2^y, . . ., which are called

the moments, may he readily formed by mere addition in the

following way.
We use the notation 2y (read

" sum of y ") to denote the

function whose first difference is the function ?/, so that if

AM = y, then u = S?y. The symbol 2 corresponds, in the Calculus

of Differences, to the symbol / which represents indefinite in-

tegration in the Infinitesimal Calculus. Just as a column of
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first differences of u can be formed from a column of values of

n by subtractions, so a column of values of Iy can be formed

from a column of values of y by additions.

Suppose the set of given values of y is yf, yr+i> yr+2> >

yr+nt corresponding respectively to the values r, (r + 1), (r + 2),

. . ., (r + ri),
of x. Form a table of sums of the function y by

additions from the foot of the column, thus :

X.

r

r + 1

r + 2

r + n-1
r+n

y-

Vr

yr+i

yrfn-1

Z/r+n

Sum

The uppermost number on the 2// column is evidently M ,

the moment of zero order. Let the uppermost number in the

Zy column be denoted by S
,
and the uppermost number in the

??y column be denoted by Sr Then

=M
1
-rM

,

where M
l -fyr +(r + l)yr+i + . . . + (r + n)yr+M is the moment

of order 1.

The sum S
2
of the 2fy column is

where M2
==7'

2
;?/r +(r

of order 2.

equations

s ^0 moment

Thus Mx
and M

2 may be determined from the
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and therefore if these relate to a frequency distribution of mean
a and standard deviation <r, we have

M
i

as=s
s
i

\/r
SS5
*/rM M

M M

^^"sJ'VS,
The higher moments may then be found in the same way if

desired.*

Let us apply this to the computation of a and a- for the chest measures

of Ex. 1, 97.

33 6 10000 (
= S )

34 35 9994 68354 (
= 8^

35 125 9959 58360
36 338 9834 48401
37 740 9496 38567
38 1303 8756 29071
39 1810 7453 20315
40 1940 5643 12862
41 1640 3703 7219
42 1120 2003 3516
43 600 943 1453
44 222 343 510
45 84 121 167
46 30 37 46

47 5 7 9

48 2 2 2

S2= 288852

Therefore

M =10000 = S
,

a =
g
1+ r= 6-8354 + 33 = 39-8354,

and o-2 =2.f?-|i- (^] =57-7704 - 6-8354 - (6-8354)
2

= 4-212 as before, giving cr = 2-052,

* For a fullor investigation, showing the advantagos of central or metm

sums, cf a note contributed by G. J. Lidstone to G. F. Hardy's Construction of

Tables of Mortality (London, 1909), printed on pp. 124-128 of that work.

(D 311) 14
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Ex. 1. Using the data of Ex. 2, 97, compute the value of a- by the

method of summation.

Ex, 2. The mean daily temperature at Brussels on the 310 days of the

months of July in ten years wo* as follows :

Mean temperature . ll-5 12-5 13-5 14-5 15-5 16
6
-fl l7-5 18 5

Number of days . .1 9 21 24 33 32 49 35

Mean temperature . 19-5 20-5 21-5 22-5 23-5 24-5 25-5 26-5
Number of days . . 31 24 21 17 7 2 3 1

Find the mean temperature and standard deviation by the method of

summation.

99. Sheppard's Corrections. We shall now investigate a correction

which is to be applied in calculations such as those of the preceding section.

Let y aa
f(x) be the equation of a frequency curve. The integral

L
which is called the ptli moment of the curve, will be denoted by m^

The statistical data which specify frequency curves are often given
in a summarised form from which the moments cannot be computed

directly with accuracy. For instance, in statistics of the chest measure-

ments of a group of men, all men whose chest measure lies between 38J
and 39 inches might be given under the heading

" 39 inches
"

; all

men with measures between 39^ and 40 inches might be given under

the heading "40 inches," and so on. The number given under the

heading "40 inches" is therefore not a true ordwnate of the frequency

curve, but is really the area of that strip of the frequency curve which

is comprised between the ordinates at x= 39 and as = 40j ; that is, it is

Suppose, then, that . . . x_% x_v #
,
xv x^ . . . are the values of

x for which statistical data are given, these values being spaced at

equal intervals w
y
and suppose that the statistical data are the numbers

+4w

f(x)dx, and suppose we
-,-}w

calculate the quantities
00

W/= X XfU* (I)
*= 00

so that mp
'

is a rough value for the ptln moment, obtained by a process
which is- equivalent to collecting at xs all the individual measures between

x8 - %w and x8 + Jw
The problem before us is to obtain a formula which will enable us to

calculate the true moments mp from the rough moments mp
f

. We shall
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suppose that the frequency curve has close contact with the axis of x at

both ends ; so that

mp
~J_m

xPf

Now, by the Newton-Stirling formula ( 23),

n*
f(x8 + nw) =f(x8) + n

{ A/fa*) + A/faa - w) } + H~,

**w V x/>f(xg). (2)
8= -00

^
-

.,

BO wo have

I /(:-.

'""i

Iii particular, wlieii /(#)= g* we have

A2w
/(.e,

- nw) = a2'1^' sinh2" %w.

Putting = Jw and dividing throughout by e*-, the expansion reduces to

whence the coefficients in the general expansion may be determined

readily.

1 pv4-i; ft
Since --/

f(x)dx= j
f(x8 + nw)dn,

we may write ~us= ~

where smh2 '1 stands for the operation (JA
2E~ J

)
n

. We have therefore

from (1)

Also since x8Pf(x8 + qw)= 2 f(x8)x8_<?>,
fl=-00 S=-00

the terms of both sides of this equality being the same but counted

differently, we have

2
SS= -O

Therefore

V- 2 /**^- s
W S=s-00
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d
Now if D denotes -r- we have

dx,

so

Hence we see that == kwD and

00
f uP

=w 2 f(x8){x8P + -

JSS-OO I *'"

104 A

+
rrpp(jp- l)(y~2)(jp-3)fcg

l?
'" 4 + . . . I,

/

or finally, substituting from equation (2), we have

vfi

i
+ -' ' (3>

Taking p= 1, 2, 3, 4, 5 in tmccesbion in (3), we have

and hence

m.

1 a '

^w^Trij

I ! "^1
WK =

These formulae, which express the true moments in terms of the

approximate moments, the curve being supposed to have close contact

witli the axis of x at both ends, are due to W. F. Sheppard.*
100. On Fitting a Normal Curve to an Incomplete Set of

Data. It sometimes happens that we wish to determine a normal
curve when we know only the ordinates yv y^ y^ ... of a set of points
of abscissa xv x& x$,

. . . which are extended over part of the curve, no
information being available regarding the rest of the curve. In this

case it is best to treat the problem as one of fitting a parabolic curve
ss= a + bx + ex2 for the given values of a where & = log y. The constants

a, 6, c may be determined by the method of Least Squares (Chapter IX.).

101. The Probable Error of the Arithmetic Mean. Let

*
Proc. lond. Math. Soc. 29 (1898), p. 353.
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M
O denote the arithmetic mean of n measures Mr M2, . . ., Mn,

so that

Then if \ denote the modulus of precision of the arithmetic

mean and h denote the modulus of precision of a single

observation, from the formula for the precision of a linear

function
( 89), we have

or \ = hjn.
The probable error of a single measure being connected

with the modulus of precision by the equation Q = T, where

p = 0-476936 ( 94), we see at once that the probable error of the

arithmetic wean is r- times the probable error of a single

observation.

102. The Probable Error of the Median. Instead of

taking the aritlimetic mean of the measures of an observed

quantity as the estimate of the true value of the quantity,

suppose we now arrange all the n measures in the order of

their magnitude and select the middle one, which is called the

median* Usually the median will be close to the arithmetic

mean and will furnish an independent estimate of the observed

quantity.

A more precise definition of the median is as follows :
j"

Let
a-p

G&
2, rtg,

. .
.,
an be a set of real numbers, which may or may

not be all distinct. Let

84(0)
- ?(x-atf.

1=1

The value of x which reduces S
2(tf)

to a minimum is the arithmetic mean

of the numbers av . .
.,
an. If the condition that S

2(o;)
be a minimum

is replaced by the condition that

be reduced to a minimum, the median of the a'a is obtained. It is

* Of. 95, Ex. 2.

t Dunham Jackson, Bull. Am. Math. Hoe. 27 (1921), p. 160.
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uniquely defined whenever n is odd ; if the numbers a* are arranged in

order of magnitude, so that

and if n = 2fc-l, the median is simply ak,
the middle one of the a's.

The median is uniquely defined also when n is even, n=* 2k, if it happens
that ak= ajf+i, heing then equal to this common value. Otherwise the

definition is satisfied by any number x belonging to the interval

ak ^ x ^ ak+ i,

and the median is to this extent indeterminate. But for each value

ofp>l there is a definite number x=xp which minimises the sum

and xp approaches a definite limit X as p approaches 1. The value of X
coincides with the median as already defined, in the cases where that

definition is determinate, and when n = 2fc and a^=l=a^+1,
X is a definite

number between ak and ak+ i. It thus serves to supplement the

former definition.

We shall now find the probable error of the median in order

that we may judge of the relative advantages of the arithmetic

mean and the median as estimates of the true value of the

observed quantity.

Suppose we have n measures (where n is supposed a great

number). Then the probability that any one measure exceeds

the true value is J and by 90 the probability that exactly

(\n + r) of the measures exceed the true value is

'2\ -^

Now if h is the modulus of precision of the measures,

the probability that a measure lies at a distance between

and from the true value where is small is / r e"*^<fx or
/o VT

approximately -7-^; and therefore of n measures the number
v 71

"

between and is
-y-g. If this number is r, we have r = ^-
v*r v 71

"

Of the (%nr) measures greater than the true value, \n
exceed . Therefore the probability that the median is at the

point is
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Denoting the value of corresponding to
(
+ 1) by + <Z, then

~L I A . J\
r + 1 = - ^-

*', and the change from r to r + 1 corresponds to
v 71

"

an increase of i-dg in the number of measures, so d =
.

The probability that the median lies between and + -^ is

therefore

Thus the probability that the median lies at a distance

between and + dg from the true value is

, XTwhere H = y v

7-^ .A
For this result we see that the modulus of precision for the

determination of the median is
fy^/( \ and therefore

( 94)

the probable error of the median is

h\J(2n)'

where
/>
= 0-476936.

In the last section we have seen that the probable error of the

arithmetic mean is
j-y-.

Thus the error to be feared when we

take the median as the true value, is ju \L)
or 1-253 times the

error to tefeared when we take the true value to be the arithmetic

mean.

103. Accuracy of the Determinations of the Modulus

of Precision and Standard Deviation.* Denote the n

deviations by v c
2,

. . ., en , and the modulus of precision by h
;

on the hypothesis that h has a value H, the a prim prob-

ability of the occurrence of this set of deviations is

*
Gauss, WerKe, 4, p. 109 ;

of. R. A. Fisher, Mouth. Not. R.A.R. 80, p. 758,
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while on the hypothesis that A has a value (H + A) the a

priori probability of this set of observations is

(
H +

^)V(H+A)2(
gl2+ . . .

+e,,2). (2)

By the Principle of Inductive Probability, the ratio of the

probability that (H + A) is the true value of h to the probability

that H is the true value of h is equal to the ratio of the expres-

sions (2) and (1) ;
that is, of

to unity. (3)

Now let H be the most probable value of h
(i.e.

the value

which makes (1) a maximum), so that

Then (3) may be written

(^ AY* -(2AH+A2)"

\ HJ
e ity,

or e *

i . __

or e Ha 8H *

to unity,

or, approximately (A being very small compared with H),

e~w to 1.

Therefore the probability that the value of h lies between

H + A and H + A + d\ is nearly

f_\3Ke"" HrfA = 1, is given by

Therefore the probability that the value of h lies between

H + A and H + A + o!A is
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or the modulus of precision for the determination of h by the,

root-mean-square method is .Jnfh.

From this we deduce at once that the probability that the

standard deviation <r, as deduced by the root-mean-square, method;
lies between a- + x and a- + s + d,c, is

/ iwP

so the modulus ofprecision for the determination of the standard

deviation <r by the root-mean-square-melhod in Jn/<r. Hence

the probable error of the standard deviation <r, as deduced by
the root-mean-square method, is

0-476936
- & -*

Gauss * extended this by showing that the probable error

of the standard deviation tr, when it has been deduced by

computing the pth powers of the errors, is

0-4769360^2 r J*r(p + J) _ \ *
"

This gives the following results :

When o- has been computed from the

v w 0-5095841
I. 1st powers of the errors, the probable error = ,

-

-o-,

TT 2nd _ 0-4769363
11. ^nd -

/^
<r,

TTT o^ 0-4971987
III 3rd =

j^ o-,

TV .,,
0-5507186

IV. 4th = ^ o-,

0-6355080
v. 5th -

jn -<?>

TTT ^^ 0-7557764
VI. 6th -fa

"-

It is evident, therefore, that the most advantageous method

is the root-mean-square. In fact, 100 errors of observation

*
Werlce. 4, p. 109.
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yield by the computation of the root-mean-square as good a

value of the standard deviation as 114 treated by L, 109 by
III., 133 by IV., 178 by V., 251 by VI. There is not much
difference as regards accuracy between L and II., and of

course I. is much more convenient for calculation.

Lastly, we must consider the accuracy of the determination

of the quartile by arranging the n errors of observation accord-

ing to their absolute magnitude, and taking the middle one as

Q; or, more generally, arranging the n errors of observation

according to their absolute magnitude, and then taking the

error x
p
which has m errors less than it, and deriving a value

H for the modulus of precision from the equation

Let h be the true value of the modulus of precision and let

x be such that hx = Hx
p

. Then x is the position that xp would

have if the number of measures were infinite, so that perfect

accuracy in the determination of x
p could be attained. Writing

^=^, 1 -p = q, we can show that the probability that out of

n measures (all taken positively) mQ + r lie between and x is

1 _ **
1

._<> UK.

Now the probability that a measure (taken positively) lies

between x and x + , where is small, is

and therefore of n measures (taken positively) the number

between x and x + is

A
If this number is r, we have

so the probability that x
p
=x + is

1
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and therefore (as in the corresponding discussion of the

median, 102) the modulus of precision for the determination

of ft* is
***

,/ r . Since Hr = constant, we have

and therefore by the formula for the precision of a linear

function of deviations, we have

Modulus of precision for the determination of h by this method
OR= times the modulus of precision for the determination of x

p

Hence the square of the standard deviation for the determina-

tion of h by this method is

or if t be the value of hx obtained from the equation

2

2rc ""*

In particular, when we determine the quartile by finding

the deviation which is in the middle of the series of devia-

tions arranged in absolute order of magnitude, we have

$(t)jp=>2}, t = p where p = 0-476936, and therefore the

standard deviation for the determination of h by this method is

h

\nn 4/o

so the probable error of the determination of the quartile by

this method is

v 'n
or, in numbers, , -Q.

*jn

This result is due to Gauss :
* it shows that (on the average

* LOG. cit.
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of a large number of determinations) 249 measures, treated

by this method, must be taken in order to yield as good
a value of Q as 100 measures treated by the root-mean-

square method: this determination is nearly the same in

accuracy as that by the sums of the 6th powers of the errors.

We can, however, choose mQ much more advantageously than

this : in fact, determining the minimum of the function

*(*){! -*(<)}-
p

e >

we find that it has a minimum when t = about 1-05, and

therefore the most accurate determination of the standard

deviation is obtained when we determine the error x, which is

such that about 86 per cent of the errors (all taken positively)

lie below x and about 14 per cent above x : the probable error

of the standard deviation found from this value of x is then

only 1-24 times as great as the probable error of the standard

deviation determined by the root-mean-square method.* By
taking t = 1 we obtain the following easily remembered precept :

the measure of precision is the reciprocal of that deviation which

is exceeded (in absolute value) by 16 per cent of the observed de-

viations and not attained by 84 per cent of them : for these

percentages we can put more simply % and
-g-.

104. Determination of Probable Error from Residuals)

In 94 we have regarded a and <r simply as two parameters
which occur in the problem of fitting a curve of the type

1

to certain data. When, however, we are dealing with errors of

measurement of an observed quantity, it is necessary to regard
the problem from a somewhat different point of view. We
must now take into consideration the fact that the quantity
measured has a certain true value which, though unknown, must

be regarded as possessing a physical existence : this true value

must be distinguished from the arithmetic mean of the

measures, which is merely the best estimate we can form of it.

The differences of the measures from the true value of the

* This was pointed out by F. Hausdorff, Leipzig JSer. 53 (1901), p. 164.
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quantity are the errors, while the differences of the measures

from their arithmetic mean are called the residuals. We shall

now show that the probability that the error should lie

between prescribed values a and 6 is not equal to the prob-

ability that a residual should lie between a and I.

Let the measures be denoted by M
1?
M

2,
. . ., their

arithmetic mean by m , the true value by m, and let the

residuals be

while the errors are

cl
= m - Mr 2

= tn - M
a, ....

Adding the last equations we have (denoting the sum of n

quantities by square brackets)

[ ]
= nm - [M] = urn - nm .

Therefore ?// =M - -

t L J II /r L J

- 1 i i
or v* = -. 2 ... n.

1 n 1 n * n

Thus the residual v
1

is expressed as a linear function of

the errors.

Now let li denote the modulus of precision of the errors, and

h' the modulus of precision for the residuals : then the formula

for the precision of a linear function of errors gives

1 (n- 1\2 1
/ 1X 1 -l

.

- 1 i _i_ i
fft

1 1 _______ - _____
/L \ 71 / iv 71 fb tLfv

so the probability that a residual lies between v and v + dv is

I(-
n-\ -- ~?~T,7v \w-i/ 7^

/i?"

Since

we have therefore

T- /(&-}v
\l\n-l)'
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and the probable error or quartile of the errors is

Q = 0-67449o-

and therefore the standard deviation of the arithmetic mean

of the n observations, which is -^-, is */( -
/- ~r ), while the

,Jn ^ \7i>(n I)/

probable error of the arithmetic mean is
0-67449^/f

, Jiw-

These are generally known as Bessd's formulae.

Similarly, the mean absolute deviation y is given in terms of

the absolute values of the residuals by the equation

,. nn
.*

</M-I)}
so that in terms of the absolute values of the residuals we have

and the probable error of a single observation is

while the probable error of the arithmetic mean of n observa-

tions is 0-84535[ |

v
\ ].

This formula is due to C. A. If. Peters.* It can be more

readily computed than Bessel's and is in general sufficiently

accurate.

105. Effect of Errors of Observation on Frequency
Curves. Let a large number N of individuals be measured as

regards some attribute, and suppose that the number found

to have measures between x and x + dx is T$y(x)dx. Suppose,

however, that the measures are known to be vitiated to some

extent by errors of observation, each measure being liable to

error with a modulus of precision h- and suppose that, in

consequence of these errors, the number of individuals having
a true measure between x and x + d,v is not T$y(x)dx but

*
Ast. Nach. 44 (1856), p. 29.
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T$u(x)dx. It is required to find the function u(x), the function

y(x) and the modulus h being known.
There are actually TSu(t)dt individuals having the measure

between t and t + dt. In consequence of the errors of measure-

ment, these contribute a number

to the measures between x and x + dx. Therefore the number
of measures observed between x and x + dor is

dO?.

JlT J-

NA, r
or T-OM\ e""1

*u(x + sjas,
ijir J-ao
T

v 7

or

or

Thus the functions y(x) and u(x) are connected by the relation

which readily inverts into

u(x) yH -
j^'M +g^rW + ----

This equation determines u(x) in terms of y(x).

MISCELLANEOUS EXAMPLES ON CHAPTER VIII

1. The following frequency distribution wis obtained by counting
the number of letters per line of a book. Calculate the mean value and

the standard deviation, and indicate what might be expected to happen
as the number of observations is increased.

Number of letters (ri)
32 33 34 35 36 37 38 39

Frequency (/) 1 2 2 10 23 31 42 54

(n) 40 41 42 43 44 45 46 47

(/) 46 55 35 28 16 10 2 2

(Edin. Univ. Honours Exam., 1918.)

2. Compute the mean height and standard deviation from the
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following data by the method of summation, verifying the result by the

root-mean-square method.

Height m inches
(7i)

54-5 55-5 56-5 57-5 58-5 59-5 60-5 61-5

Frequency (f) 2 4 13 36 69 159 271 326

(h) 62-5 63-5 64-5 65-5 66-5 67-5 68 5 69-5 70-5

(/) 366 326 229 157 82 32 15 9 4

3. Calculate the probability that in a given interval of time there

will be a given number of "calls" at a telephone exchange, and the

probability that a subscriber will be kept waiting a given time.

[Of. A/K. Erlang, Nyt Tideskrift for Math. 20 (1909), p. 33.]
4. A vector c is the resultant of a very large number n of elementary

vectors, each of given (small) length, whose directions are distributed at

random in all directions in the plane. Show that the probability that

the resultant vector e should have a length between r and r + dr is

rdr -

where* or is independent of r.

[This result is of importance in the theory of the Browiiian motion,
and also in connection with the scattering of jS-rays by matter ; the

formula is due to Lord Rayleigh.]



CHAPTEK IX

THE METHOD OF LEAST SQUARES

106. Introduction. In the present chapter we shall be

concerned with one particular kind of frequency distribution,

namely, the distribution of the measures of an observed

quantity, when these measures differ from each other owing to

accidental errors of observation.

The deduction of the normal law of frequency given in the

preceding chapter is applicable to this particular distribution
;

but alternative deductions have been given which depend on

special assumptions regarding errors of observation, and which

are in the highest degree interesting and worthy of study from

the point of view of axiomatics. We shall therefore now make
a fresh start with the theory.

107. Legendre's Principle. In the mathematical dis-

cussion of the results of observation, it is required to derive

from the data the best or most plausible results which they

are capable of affording. When the quantities which are

observed directly are functions of several unknown quantities

which are to be determined, the problem can generally be

reduced (as will be seen later) to a formulation such as the

following :

It is required to find values for a set of unknown quantities

x,y,z,... in such a way that a set of given equations

(called the equations of condition) may "be satisfied as nearly as

(D 3tr) 209 15
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possible, when the number s of equations is greater than the

number of unknowns x, y, z, . . ., t, and the equations are not

strictly compatible with each other.

By saying that the equations are to be satisfied as nearly as

possible we mean that the quantities

which we shall call the errors, are to be as small as possible.

We shall, for the present, assume that the equations are equally

trustworthy, i.e. that the quantity, which is more precisely

defined later as weight, is the same for each equation.

In 1806 Legendre* suggested for the solution of this problem
a principle which may be thus stated : of all possible sets of

values of'#, y, z, . .
.,
the most satisfactory is that which renders

the sum of the squares of the errors a minimum ; that is,

E^ + E, 2 *. . . + E,
2

is to be a minimum.

For the present we shall simply accept this as a convenient

working principle which serves the intended purpose : later in

the chapter ( 110, 115) we shall examine different attempts
which have been made to deduce it from other principles which

have been regarded as more evident or better fitted to serve

as fundamental axioms.

108. Deduction of the Normal Equations. Assuming

Legendre's principle, we have now to find the values of r, ?/,

3, . . . which make

. . . + E,
2

a minimum. If we use the notation [ ] as a symbol of

summation so that, e.g., [ati]
= a* + af + . . . + ^2

, [6] = ^
16,

f ajb2 + . . . + rrj)^ the sum of squares is

-. . . + [nn].

* Nourellfs M&hodes pour la determination des orbites des cometes, Paris,
1806, p. 7i?
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The unknowns x, y, z, . . . are to be chosen to make this a

minimum, so that the derivatives with respect to x> y, z, . .

must vanish. Thus a minimum value is obtained when the

unknowns are calculated from the equations

These are known as the normal equations: from them the

values of x> y,z, ... are to be determined by ordinary algebraic

analysis. Evidently, in order to form the normal equation wilh

respect to tiny one of the unknowns, we must multiply each of the

original equations by the coefficients of the unknown in this

equation and add together all these products.

The method which has been followed was named by Legendre
the Method of Least Squares.

In deriving the normal equations from the equations of condition we
can use tables of quarter squares, for we have not only

but also [ab]
-

J | [(a + b) (a + &)]
-

[aa]
-

[&&]}.

As a check on the computation of the normal equations, it

is well to calculate the sums

and from these to calculate the sums [W], [for], . . ., [/o-].

These, with the sums [aa] . . . [ff"\ which have already been

computed, should satisfy the equations

The verification of these equations serves to assure us of the

accuracy of our calculation of the normal equations. We shall

discuss later
( 117-121) the systematic solution of the normal

equations and the controls connected therewith, For the
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present we shall regard the solution merely as a matter of

elementary algebra.

Ex. 1. Find the most plausible values of x and y from the equations

4-91*-59'03/ = -339-8
2-72,c- 2-7?}=

- 47-5

2/
= 202-5

?/
= ]52-9

-4-77E + l-4#= - 27-9.

We shall first find the normal equation for x by use of Crelle's

multiplication table. Multiplying each equation by the coefficient of x

in it> we have

24-]ltf-:289-7?/ = -1668-4
7-40a;~ 7-3# = - 129-2

l-6?/ = 13-1

8-47.U- 80-6?/ = - 444-9

22-75.0- 6-7y= 133-1.

Adding, we get

62-73tf- 382-7y= - 2096-3. (1)

This is the normal equation for x.

We shall now find the normal equation for y by use of a table of

squares. We have

[aa]
= 4.91 2 + 2.722 + 2.91 2 + 4.77a = 62-73

[bb\
= 592 + 2 72 + 32 42 + 27.72+ 1.4* =6307-3

[a + ft,
a + b]

= 64.09* + 32.452 + 24.792 + 3.372

= 2925-73 + 1053 + 614-54 + 11-36
= 4604-63

[n, w]= 210783-36.

Therefore

[&] = !
{4604-63

- 62-73 -
5307-3} = - 382-7

[H =
S ([* + ,

6 + ]-[W]-[n]} -i (65755-44) 32877-7,

and the noiinal equation of y is

- 382-7,* + 5307-3?/ = 32877-7. (2)

From (1) and (2) we find

The computation of the normal equations and the check on the

computation may be earned out simultaneously as in the following
scheme : the coefficients in the normal equation for x being read from
the row (3), and the coefficients in the normal equation for ?/ from the

row (4). In each table a row is formed for each of the given equations,
and the columns are added. The sum of the first three columns should

then be equal to the sum of the last column,
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(3)

(4)

(5)
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Ex. 2. Find the most plausible values of x and y from the equations

x+ 7/
= 3-01

2o; - y = 0-03

Ex. 3. 2%0 following data were read from a graph showing the probable
stature of son for given father's stature^ denoted btj tf inches and F indies

8. 65-7 66-8 67-2 69-3 69-8 70-5 70-9

F. 62 64 65 69 70 71 72.

If 8 and F are connected by the relation S= a + bF, determine by the

Method of Least Squares the most probable values of the constants a and b.

(Edm. Univ. Actuarial Diploma, 1922.)

109. Reduction of the Equations of Condition to the

Linear Form. In many cases the original data of the problem
are not immediately expressible as a set of linear equations of

condition. Suppose, for example, we require to find the most

plausible values of x and y from a set of equations

A(*> I/}
- u

i> /(*, y}
-

- - ., /*(*', y)
-

where fv ...,/ are known functions and uv #
2 ,

. . ., u8 are

measures derived from observation and liable to accidental error.

In this case we first find, in any way, an approximate pair of

values of x and y, say x, y. Putting x = x + , y = y 4
77,
we have

/ifr y) =/if* + & :'7+ 1)
- '& y) +^^f +^%-^

ox. oy

approximately.
The equations of condition thus become

and these, being linear in (, 7/),
can be solved by the process

already described.

Ex. Determine the most plausible values of the rectangular co-

ordinates (x, y) of a point P, given that its measured distances from the

points (0, 0) (7, 0) (0, 6) are respectively 6-40, 4-47, 5-38, and that these

measures are of equal weiyht.
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We readily find graphically that approximate values are a7= 5, y = 4.

Therefore writing x = x + , y = y + ?/,
the equations of condition become

J^+L= 6-40 - J41 - 0-0031,

or 1
* _L:= 4.47 _ ^20 = 0-0021,

J> ~
?3_= 5-38 - .729 = 0-0052.

These equations, which are linear in and
?/,

are now treated as ordinary

equations of condition as in 108.

110. Gauss's "Theoria Motus": the Postulate of the

Arithmetic Mean. We now proceed to consider the various

attempts that have been made to place the Method of Least

Squares on a logical foundation.

The first writer to connect the method with the mathe-

matical theory of probability was Gauss.* His treatment

assumes as a postulate that when any number of equally good
direct observations M, M', M", . . . of an uriknoiun magnitude
x are given, the most probable value is their arithmetic mean.

Gauss's deduction of the law of error will be given in 112 :

for the present we shall consider the postulate in itself,f

This postulate must be distinguished from the statement that as the

number of observations is increased indefinitely, the arithmetic mean
tends to the true value of x : this latter statement is indeed correct, J

and is true of an infinite number of other functions besides the arithmetic

mean : but we cannot infer from it that the arithmetic mean gives the

most probable result when the number of observations is finite.

In recent years the postulate of the arithmetic mean has

* Theoria motus corporum ccelestiuw, Hamhurg (1P09), 177. Gauss

mentions that he had used the method from the year 1795.

t For a critical discussion see P. Pizzetti, *'I fondamenti mat. per la critica

dei risultati sperimentali," Atti della JR. VMV. di Genora per il centenario

Colombiano, 1892, pp. 113-334.

| Indeed we may define the true value of a physical quantity as the limit to

which tJw mean of n observations tends wJien n increases indefinitely.

E.g. ^-0, where / is any odd function, \vhen the number of

observations is increased indefinitely.
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been exhibited as a deduction from other axioms of a more

elementary nature,* which may be formulated thus :

Axiom I. The differences between the most probable value

and the individual measures do not depend on the position of

the null-point from which they are reckoned.

Axiom II. The ratio of the most probable value to any
individual measure does not depend on the unit in terms of

which measures are reckoned.

AMOM, III. The most probable value is independent of

the order in which the measurements are made, and so is a

symmetric function of the measures.

Axiom IV. The most probable value, regarded as a function

of the individual measures, has one-valued and continuous first

derivatives with respect to them.

From these four axioms we can derive the postulate of the

arithmetic mean in the following way :

Suppose the most probable value is expressed in terms of

the n measures xv x
2,

. . ., xn by the function f(xv x
2>

. . ., xn).

Then by the theorem of the mean value in the differential

calculus (which by Axiom IV. is applicable), we have

f(k^, kr.v . . ., fe) =./(0, 0, . . ., 0)

where the square brackets denote that every a? is to be replaced

by Qkx, where lies between and 1. Now by Axiom II., the

left-hand side = kf(,cv x
2,

. . ., xn)
: and since by the continuity

of the function /, the equation

f(kr,v kK
2, . . ., kru)=kf(irv ir0 . . ., xn)

must hold in the limit when k is zero, we have

/(0,0, . . ., 0)-0.
Thus we have

uh,* . . ., *.)-

or, dividing by Tct

* Cf. G. Schiaparelli, Rnid. 1st. Lowlardo, (2) 40 (1907), p. 762, and Ast.

Nach. 176 (1907), p 205 ; U. Broggi, L'JSnnriffnewent math&natique, 11 (1909),

p. 14
; R. Schimmack, Math. Ann. 68 (1909), p. 125.
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In this equation make &-0 : then each of the quantities

tends to a value which is independent of the #?'s, so we can
write /(a'p #

2, . . ., xH)**cti'
l + . . . + c tv

*'n,
where the c's are

independent of the se's. By Axiom III., the C'B must all be

equal, so

fl?\>x -
, ^) = 4<i + ''2

+ - . .+rn),

and since Axiom I. gives the equation

we have cnk = h,

so c = ~.
n

Therefore f(xv x . . ., a*.)
= fa + <r,

+ . . . + xn) t

which expresses the postulate of the arithmetic mean.

111. Failure of the Postulate of the Arithmetic Mean.
For certain types of observations the postulate of the

arithmetic mean is not valid : in particular, for visual photo-
metric measurements in astronomy.* In these the quantity,
of which measures are made, is the ratio of the brightnesses
of the two stars. Suppose that x is the true value of the ratio

for the two particular stars, and let lv 1
2, . .

.,
ln be different

measures of it. The observations being supposed to be made

visually, we take as our starting-point the Weber-Fechner

psycho-physical law on the sensitiveness of the human retina

to differences of light intensity : this asserts that increment of

sensation is proportional to relative increase of excitation, or

81
8E = constant x ,, where E measures the sensation of light and

I is a physical measure of its intensity. If E and E denote

the intensities of perception corresponding to the brightnesses
I and #', we have therefore

E - E = c log -.
J'

The quantities E - E represent the errors of observation ;

denoting them by Ap A2 ,
. . ., A /} , we have

AI =c log
J A

2
= c log

* ... Aw
= c log

-w
.

JU JL tf

*
Of. Seehger, Ast. Nacfi. 132 (1893), col. 209.
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The A's appear to obey the normal law of facility : so that the

most probable value of x is that which makes

a maximum, i.e. which makes

** + **
a minimum

\
this gives

or log
-^ + log

* + . . . + log
-? = 0,X 30 fff

-
--!.

1^

or 0-CA - ')*

This formula for determining the most probable value from the

observations was first given by Seidcl in 1863.*

Ex. Show that if the probability that the error of a measurement uiill

be between x and x + dx is c{l + |/ise| %\~~
l
dx, where c and h are constant,

then the arithmetic mean of two measurements is not as reliable as a single

measurement, and in fact is the lead probable value among all possible

weighted means. (E. L. Dodd.)

112. Gauss's "Theoria Motus" Proof of the Normal
Law. We shall now show how, when the postulate of the

arithmetic mean is granted, the normal law of error can

be deduced.

Suppose that for the measure of an observed quantity, the

probability of an error between A and A + ?A is <(A)<ZA, so

that'<(A) is the relative frequency of error. If denotes the

least quantity to which the measuring-instrument is sensitive,

we can suppose that the possible values of any measure proceed

by steps of amount e, and the probability of an error A may be

taken as <(A)e.

It should be noticed that it is here tacitly assumed that the probability
of a certain deviation depends only on the magnitude of the deviation.

If this assumption is not made, a law of facility much more general
than the normal law may be deduced.^

* Manchen. Abh. 9 (1863).

f Of. Pomcarl, Calcul. des prob. p. 155, and B. Meidell, Zeits. filr Math. u.

Phys. 56 (1908), p. 77.
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Now suppose that a number s ofmeasures M,M', M", ... are

taken of a quantity x whose true value is p. The errors are

A =M -py A' = M' -p, etc. The probability of the error in the

first measurement being M-^? is 0(M-jp); the probability

of the error in the second measurement being M.'-p is

<(M'-_p), and so on. The probability that a set of measures

(M, M', M" . .
.)

will occur is therefore

If now we assume that, before the observations are made, all

values of x are equally likely to be the true value,* it follows

from Bayes' theorem in Inductive Probability that, when the

observations have been made, the probability of the true value

of of lying between p and p + dp is

-p) . ..dp

and therefore the most probable hypothesis regarding the true

value of x is that x has that value which makes

a maximum, i.e. that value of x for which

*)-0. (I)

Adopting the postulate of the arithmetic mean, we see

that equation (1) must be equivalent to

or

Therefore -y- log <(M -
x)
= c(M - x),

where G denotes a constant, and therefore

where A denotes a constant, so

* It is not necessary to make this an independent assumption, for it may be

deduced as a consequence of the postulate of the arithmetic mean, which will

be introduced presently.
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Since the sum of the probabilities of all possible errors is

unity, we have

L
or 1 =

fOC

But /

A=Vt
Writing h for v/(c), we have

which shows that the distribution of the measures about the

true value is a normal frequency distribution,

113. Gauss's "Theoria Motus" Discussion of Direct

Measurements of a Single Quantity. Assuming, then, that

in the measure of an observed quantity the probability of an

error between A and A 4- dA is

where h is the modulus of precision, we note that the modulus
of precision affords an indication of the weight which must be

attached to an observation when it is to be combined with

other observations. Thus in observations to determine the time,

made with the meridian circle, the modulus of precision is less

for a star very near the pole than for an equatorial star, so in

combining the results of an equatorial with a circumpolar
observation we should attach more importance to one than to

the other.

Suppose now that s measurements are made of a quantify x,

the measures being 'j:v ,r
2, . . ., ^, and the corresponding

measures of precision being hv h
2 , . . ., h8. Let p be the true

value of x, so the errors are p - #r p -
,r
2, . . . The probability

of precisely this set of errors is therefore
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Now the most probable value of x is that value of p which

makes this expression a maximum, i.e. it is the value of x

which makes

a minimum. It is therefore given by

(a?
-

asj -+ y(ar
-
0^ + . . . + V( -

n) = 0,

or
V.TT+ *.

Now we have seen
( 89) that the modulus of precision

H for any linear function ^
1
A
1 + <7

2
A
2 + . . . of the errors

Ap A
2 ,

. . . whose moduli of precision are hv &
2, . . . is given

by the equation

Therefore the modulus of precision of the quantitv x given by

(1) is H when
1 1

so H-y+y+. . .+y. (3)

Now let A be the modulus of precision of certain observa-

tions which are taken as a standard for comparison of precision,

and write

y y A/ w H2
...

"i-jfr
*" -.. ^.-^ W--JJ. (4)

The equations (1) arid (3) become

These equations are evidently analogous to the equations

which determine the position of the centre of gravity of

particles of weights wv w>
2 , . . ., ws placed at the points

xv (?
2, . . ., a1

, respectively, W denoting the weight of the

equivalent body to be placed at the centre of gravity. On
this account w

l9
?/>

2,
. . ., ?/ are called the iwigjrfs of the

observations r,, tr^ . . .,rn respectively ;
the weight W of the

result is the sum of the weights of the separate observations.
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Hence we deduce at once the following results :

1. The mean of s equally good observations has a weight s

times that of any one of them.

2. If w denotes the weight of a determination p which is

deduced as the most probable value of x from a certain set of

observations, and if we adjoin a new observation x=p + n of
it

weight 1, then the most probable value of x is p + 7, and it

has the weight (w + 1).

3. If an observation x has the weight w, then on multiplying

it by any number \ the new value X/; has the weight -r^.
For

if the probability that x lies between x and x + dx is -y-- ****<&,

then, denoting A# by y, the probability that y lies between y and

h V h
y + dy is

j-j-e
^

dy,oo the modulus of precision for A# is

w
and therefore the weight of A*e is y2 . It follows that :

4. Observations of different weights can be treated as observa-

tions of unit weight by multiplying each equation of condition

by the square root of its weight ( 114).

Ex. If a
l
x
l + a^ + . . .+a&K is a huear function of independent

estimates xv xy . . ., x8 of a number x
9

determine a^ a^ . .
.,

as

subject to the condition a + a^ + . . . + a8= 1, so that the weight of the

linear function may be a maximum.

From equations (2) and (4) above we see that= = ++... + ,

where W is the weight of the linear function and w^ -w>
2, . .

., ws are the

weights of the independent estimates. Therefore we must have

.

w
l 2

'

subject to =
da^ -f da2 + . . . + da

and therefore i-?4-. . .
=^=

so

Thus the estimate for x which has the greatest weight is

This agrees with the value of x given by the Method of Least Squares.
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114 Gauss's "Theoria Motus" Discussion of Indirect

Observations. Now suppose that a set of unknown quantities

x, y, z, . . . are to be determined from s measures nv n
z, . .

.,
na,

the unknowns being connected with the measured quantities

by the equations of condition

where the coefficients av bv . . ., a89 & . . . are supposed to be

known accurately, while the measures are liable to accidental

errors of observation. Suppose that for the observed quantity
TI
X
the measure of precision is hv for the observed quantity n

2

the measure of precision is 7z>
2, etc.

;
then the probability of an

error A, in n* is ^v 7' 1**12
, where , is the smallest quantity to

VTT

which the measuring-instrument of n^ is sensitive, so that the

measures may be supposed to proceed by steps of amount er
Then as in 113, the probability of the concurrence of errors

A
1?
A

2 ,
. . . is

and the most probable values of x, y, z, . . ., t are those which

make this expression a maximum, when

The values (', y, z, . . ., ^) must therefore be determined

from the condition that

is to be a minimum. Tf //
lf
wv . . . ,

wv are the weights of the

observations (which are proportional to the squares of the

moduli of precision), we must therefore have

a minimum : that is, in the notation of 1 08,
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must be a minimum, and therefore the unknowns #, yf z, .

must be determined from the equations

j [tvab]
n + [wbb]y + [wbc]z + . . . = [wbri],

These are the normal equations.

It is evident that an observation of weight w enters into

equations exactly as if it were w separate observations each of

weight unity. The best practical method of accounting for

weight is, however, to prepare the equations of condition by

multiplying each equation throughout by the square root of

its weight : the resulting equations then have their weights all

equal, as we have seen ( 113).

115. Laplace's Proof and Gauss's "Theoria Combina-

tionis
"
Proof. The Method of Least Squares was established

in an entirely different manner by Laplace in 1811,* and by
Gauss (who to a considerable extent adopted Laplace's ideas) in

1821-23.t
The common principle of these and various modern proofs

which have been developed from them may be stated thus :

Suppose that for s linear expressions

f + v,z + .

(1)

we have respectively the independent estimates n
lt
n
2,

. . .,
nH ,

derived from observation, the number s being supposed greater
than the number of unknowns #, ?/, 2, ....

For the quantity

..)... (A)
* Throne anal dcsprob. Livre II. chap. i?. (1812), following a memoir of 1811.

f Theoria combinationis olservattonnm erroribus miiwmis cibnwriae, Wcrke,
Band IV. p. 1. A French translation by J. Bertrand was published at Paris

in 1855.

Gauss in a letter to Bessel of February 28, 18.39, admitted that he had changed
his views regarding the establishment of the Method of Least Squares since the

publication of his Theoria Motus in 1809, having abandoned the "
metaphysical

"

basis on which the Method was founded in that work.
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we have therefore the estimate

Suppose the A's are chosen so that in the expression (A) the

resultant coefficient of x is unity and the resultant coefficients

of y, 3, . . . are all zero, so that

is an estimate of x. The problem is to lay down such further

conditions for the A's as will secure that this is the best possible

estimate for x. Now this can be done if we take as a funda-

mental idea the notion of the weight of an estimate. Let n be

an estimate, derived from observation, of the value of some

quantity: then we shall suppose that with this estimate is

associated a number w which will be called its weight. We
shall further establish (in various ways according as the method

of Laplace or of Gauss or of more modern writers is followed)

that if wv w2,
. . .,ws are the weights of the estimates nv n

2,

. . ., ns for the linear expressions (1), then the weight of the

estimate A^ + . . . + \snK for the expression (A) is W, where

l=v +v + . . . + vW it\
v/

2
wa

Finally, we shall define the best possible estimate for y to be

that whose weight is greatest. With these presuppositions the

best estimate for x is

^ = A1
w
1
+ . . . + \sn8, (B)

where the A's satisfy the equations

(C)
AjCj + A

2
c
2 + . . . + A,^ -

Also we have

. ..j' ' "

These equations give at once

-+^1 +A + /*! + -->

+ //&, + //^ + . . . = 0,
s

(D 311) 16
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Substituting for the A's from (D) in (B) and (C), we have

= 1 + p.[tvaa] + p,'[ttiba] + ^[wcn] + . . .

= p[wab] 4- p,'[wVK] + jj,

ff

[i

etc.

Eliminating the /*'s from these equations, we have

[wfn]

1 [uxui]

or

[waft] [/'?>?>] .

[wae] [info] .

[w,,f\ [wl>f] .

[ir/6]

^waa] [trbft] . . . [wfa]

\wab~\ [wft&] . . . [V^/ft]

[tvbc] . . [wfc]

[waf] [wbf] . . . [wff]

As this is the value of x obtained from the ordinary normal

equations of the Method of Least Squares, we see that the

present investigation leads to the establishment of that

Method.

116. The Weight of a Linear Function. It remains to

show how the equation

_
(E)

has been obtained by the different writers who have furnished

proofs of this type. Laplace obtained it by investigating the

value of a linear sum of errors
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when each of the errors has a definite law of facility, say the

probability that the rth error lies between r and r + der is

<(e,.) der. This investigation we have given in a form some-

what different to Laplace's, in 86 : as is there shown, it leads

to the result that if

is denoted by &a
, then the probability that the linear sum

A^ + . . . + AAetf
lies between - 1 and + 1 is, when s is large and

under certain conditions,

1 - -""

45A27 2*

and whatever I may be, this is a maximum when

is a minimum. Defining the weights as inversely proportional

to A]
2
, . . ., k?, we obtain the equation (E). It will be

noticed that Laplace's method requires that the number of

observations should be very large, or else that the elementary
errors should follow the normal law of facility.

Gauss, on the other hand, writing

obtained accurately

x = (Aj?^ + . . . + ASM&)
+ (AjCj + . . . + A scg),

where as before the A's are multipliers which satisfy the

equations

etc.,

and therefore reduce the coefficient of x to unity and the

coefficients of
?/, 3, . . . to zero. He then assumed that the

importance of the error A^ + . . . + A^, i.e. the detriment of

which it is the cause, may be represented by (A^ + . . . + A ve,)
2
.

That is, (Ajej -f . . . + A s *)
2 is a function whose mean value is

to be made a minimum. Thus instead of securing that the
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probability of a zero error is to be a maximum, as he did in

the Theoria Motus proof, Gauss now endeavoured to dimmish for

each unknown quantity, the probable value of the square of the

error committed. Now

The mean value of e^ is

and the mean value of e^ is zero.

Hence the quantity to be made a minimum is

T .4"

as in Laplace's proof: and it appears from Gauss's proof that

this formula can be obtained by making minimum the mean

square of error (which is the average of the true square of error

for an infinite number of cases) ;
or in other words the Method

of Least Squares gives a result such that, if the whole system of

observations were repeated an infinite number of times, the

average value of the square of the error would be a minimum.

The postulate of the arithmetic mean, on which the Theoria

Motus proof was based, is not needed here. Gauss himself

decidedly preferred this proof to his earlier treatment.*

Some modern writers have derived the equation (E) directly

from assumptions regarding weight, which is taken as a funda-

mental notion, and have thereby succeeded in establishing the

Method of Least Squares without any appeal to the ordinary
theories of probability of error. This may be done in the

following way : f
Let n be an estimated value of a quantity x : then we shall

associate with this estimate a number w which will be called

its weight, and we shall assume as an auvLovi that the weight of

the estimate \n of the value of \x (where A is any number) is

of the form wf(X), where /(A) is some function of A. If p, is any
number, the weight of the estimate p\n of the value of fiXw is

* Of. letter of Gauss to Schumacher, November 25, 1844, in Gauss, IVerke,

$, p. 147.

f Of. Bernstein and Baer, Math. Ann. 76 (1915), p. 284.
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therefore wf(\]f(p) : but it is also/(V) ;
so the function / must

satisfy the equation

whence we have /(A)
=-- A*,

where k is some number. Thus if the weight oj the estimate

nfor x be w
y
the weight of the estimate \nfor \x is

irit*. (1)

Next suppose an estimate I for x has the weight p and an

independent estimate tn for ?/ has the weight q, and let the

weight of the estimate I -f- w. for ,r + y be r.

We shall assume as an a.riom that r is given by an equation

of the form

this being in fact the definition of independence of the two

estimates. Since the estimate \l for Xr has the weight p\k

etc., we have

^(>-A*)
= ^(jW) + ^(yX*). (3)

We have therefore to find the nature of the function
\f/

for

which equation (3) is a consequence of equation (2), whatever

A may be. Eegarding r as a function of p and q, we have by

differentiating (2) with respect to p

and by differentiating (3)

ThuaThu8

and similarly the latter fraction is equal to

Therefore
^

t

'

is independent of , and therefore since

t(P)

p\
k is symmetrical with respect to p and A*, we must have
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a constant independent of p and A*. The function \ff
therefore

satisfies the functional equation

which shows that ^'(tC) *8 a mere power of x multiplied by a

constant, and therefore ^(,j;)
is also a power of x multiplied by

a constant. This constant has no influence on equation (2),

and we can therefore write without loss of generality

\l(,T\ = Of?m (4-}
I \ / \ /

Next let
T&j

and n
2 be two independent estimates of x> each

of weight 1. Then by (1), ^ and %n2 are two independent

estimates of x, each of weight ^ : and therefore by (2) and

(4), ^n + n
2
is an estimate of x of weight r, where

ay /iy i

We shall now assume as an axiom that if two independent
estimates of the same quantity are each of unit weight, their

arithmetic mean is an estimate of the same quantity having
the weight 2. We have therefore r = 2, and consequently

or (* + l)7 ~l. (5)

Combining (I), (2), (4), (5) we see that if n^ is an estimate

of a^ with weight wlf
and if n

z is an independent estimate of

#2 with weight w2>
then A..,^ + X

2
n
2
is an estimate of A

1
#>

1
+ A^

with the weight r, where

^-fW^ + w^V"7'
(
6
)

Now suppose that %, ?t
2,

. . .,
?/ are estimates of xv x2,

. . ., or8

respectively, each of weight 1. Then by repeated applications

of (6), we see that n^ + n2 + . . . + n6 is an estimate of

. . +x, with the weight r where

so r = s*.

Now ^e 8/&aff assume as an axiom that when the weights of

nv . . ., 7i, are each unity, the weight of w
1 47i2 -!-. . .

J.-nH is
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of the order -, i.e. the product of this weight and s is always

Therefore

1 or y = - 1.

finite and bounded as s->oo .

1

7

By (6) repeated and (7), we see that if nv n# . . . n8 are

estimates of .t'^x^ . . ., jr
>

8 respectively, of weights wv w# . . ., ws ,

thenA^ + A
2
?i
2 + . . . + A^ is an estimate 0/A^ + A^ + . . . + A^,

with the weight W, where
1 A 2 A 2 A 2X f\-t Ag V

12 ^

This is equation (E), from which, as we have seen, the

Method of Least Squares may be derived.

117. Solution of the Normal Equations. We shall now
discuss the solution of the normal equations, which are equal

in number to the number m of unknowns, and which we shall

write

+ rt
22 // +. . . + 2,,/ =C2 ;

where a
qp
=

p̂q
-

Let I) denote the determinant ||a^||,
and let Apq denote the co-

factor of apq in 1). Then the solution of the above equations

is known to be

'.r.^A^ +A21
c
2 + . . .

. . + Awwcm.

The problem is therefore to calculate D and its minors

To effect this, by the repeated application of the theorem of

38, we reduce D to a determinant of lower order : the process

may conveniently be stopped when the reduced determinant is

of the 4th order, so that we have, say,

^rniwo ^Miffa ^mii

*4114
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where M denotes an external factor, and each element lpq has

been derived from an original element am by a succession of

processes of the kind described in 38.

Now if bpq is one of these 16 surviving elements, the

minor A^ of D may be reduced, by precisely the same trans-

formations as D, to the product of M and a determinant of the

3rd order: indeed this reduced form of A^ may be derived

from the above reduced form of D by merely forming the co-

factor of bpq in it. Thus a single reduction-process furnishes

not only D, but also 16 of the minors A
pq

.

Taking for example the case where we have 6 unknowns, so that D
is of the 6th order, we may reduce D by taking au and

ft^
in succession

as the pivotal elements, and shall thereby obtain the minors

44 , |6,

those with an asterisk being obtained twice.

We can next reduce D independently by taking 3

succession as the pivotal elements, and shall thereby obtain the minors

and 656 in

A
41
AAUA12

A
13
A

16

so that altogether of the minors

Au A]2
A

13
A

14
A

15
A

J6

42 43

A33
A34 A35 A36
A 4i A45

A
46

A
55
A

56

A
66

we obtain fourteen of them once, three of them twice, and four three

times. The^e multiple determinations servo as checks to the calculations.

Ex. 1. To solve tJie normal equations
x + 3y - 2z 2v= 0-5,

335 + 4^-525+ u-3v= 5-4,
- &c - 5y + 3% -

~2sc-

we first form the determinant

= -
5-0,

= 7-5,

3-3,

and taking an as the pivotal element, we have at once

-5

1

3

-2
-2

3

-2
3

-25.
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We now find the co-factors of the elements Opq of D, corresponding
to the surviving elements in D'. For example A^, the co-factor of
- 5 in D, is evidently ( 38) the co-faclor of &

12
= 1 in D', so

Now f-electing a^ as pivotal element, we form the determinant

1 3 - 2 - 2 = - 25
4 3-7-4

-15 -19 23 18

-11 -15 17 13
;

and then determine the co-factors of the elements a
flq

of D, corresponding
to c

pfj
of D". For example,

An = 3
- 19

-15

-7 -4!
23 18

17 13

= 52

= 18.

In this way we find the values

A 1 A TO A QA
21

~~ ~~
! A31~ A

>
A

41
*'

Au= 52, A
12
- -

1, A
13
= 19,

Now taking a^ as pivotal element in D we obtain the remaining
co-factors :

A^-l, A
14=-3.

The solution of the above normal equations can be written down at

once:

DJC = 0-5AU + 5-4A
21
- 5-OA

31 + 75A4Z + 3-3A
61

= 2G-0 - 5-4 - 95-0 - 22-5 + 59-4

25jc= 37-5 ; whence sc= 1-5.or

or

or

or

or

= 0-5A
12 + S^A^ - 5-OA

32 +7^^ + 3-3A
52

= - 0-5 + 70-2 - 1 5-0 - 82-5 + 52-8
-

25?/ = 25-0
;

whence y - 1-0.

Ds = 0-5A
13 + 5-4A23

-
5-OAgg+ 7-SA^ + S-SAgg

= 0-5 + 16-2 - 90-0 + 67-5 - 13-2
- 25a = - 10-0

;
whence s = 0-4.

DM = 0-5Au +5-4A24
-5-OA34 + 7-5AM + 3-3AM

= - 1-5 - 59-4 - 45-0 + 127-5 - 891
- 25w = - 67-5 ;

whence u = 2'7.

0-5A
15

= 9-0 + 86-4 + 20-0 - 202-5 + 122-1
- 25v= 35-0 ;

whence v - 2'4.
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Ex. 2. Solve the normal equations

5x - 3j/ -f 7 + u + 2v = 356-8,
- 3:c + sty -f 2w + 2v = 60-5,

= 167-0,
;=- 7-5,
= - 71-2.

118. Final Control of the Calculations. When the most

plausible values # , ?/ ,
. . ., tQ have been found by solution of

the normal equations, we can calculate the residuals vv . . ., v,

defined by the equations

o + - - + #0-^1 ^i
(1)

These residuals v are (as will appear later) required in order

to determine the mean error of our results. Meanwhile we

shall show how they may be used to furnish a check on the

working hitherto.

We have

. .
-
2[an]rQ

-
. . . -f [w]

- ^ {[^ r
o + + ["/I'o

- MJ + 2/oiM'o + + [
6/]^o

-
P^]}

+ . . .
-
[an]xQ

-
[in]//

-
. . .

-
[/H]< + [w],

and by virtue of the normal equations this expression reduces

to the last set of terms, so we have

|>
2
]
= -

[an]x
-

[lri\yQ
- ... -

[fn]t + [nn].

This equation may be used as a control for checking the

accuracy of the whole set of computations, [?;
2
] being computed

directly by squaring and adding the residuals. We have

previously ( 108, 117) described controls on the formation

of the normal equations and on the calculation of the deter-

minants involved in their solution.

119. Gauss's Method of Solution of the Normal Equations.
The method of solving normal equations given by Gauss *

differs, in form

at any rate, from the determinantal method described in 117. It

may be described thus :

From the normal equation in sr,
we find x in terms of the other

variables and substitute this value in the remaining normal equations :

* Theoria Combinalwms, Rupplrmcntum. The method is fully described by
Encke. Berlin, aatronomische Jahrbuch (1835), pp. 267, 272, and (1836), }>.

263.
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this gives us the "first transformed system," which involves only
y, 3, . . ., t, and is (like the original system) axisymmetric.

From the first equation of the first transformed system (viz. that

equation which was derived from the normal equation in y) we find

y in terms of 2, . .
., ,

and substitute this value in the remaining
equations of the first transformed system : this gives us the " second

transformed system," which involves only 3, . . ., , and is also axi-

symmetric. Proceeding in this way we obtain at last an equation which
involves only t and from which t can therefore be determined : we then

determine all the other unknowns, each from the equation which was
used for its elimination.

Thus if the original normal equations are

ax + hy + 03= Z,

the set of equations which are used in Gauss's method for the final

determination of jr, ?/,
z are

h
y+

a

h b

a h g
h b f
g f <

(1)

= a I

h m
h I

b m
/

Now if T denote the quadratic form which represents the sum of the

squares of the errors, namely

T = ax2 + fy/
2 + ? + 2/2/s + Sgzx + %hxy Six %imy %na -f u,

it is known that T can be expressed as a sum of squares in the form

T-i

which shows at once that the equations (1) must necessarily represent

the conditions that T is to be a minimum, and shows also that Gauss's

method of solution is substantially equivalent to the reduction of a

quadratic form to a sum of squares.

Ex. 1. To solve the equations

x + 3y-2z- 2y= 0'5, (1)

3o; H- 4y - 5s + w-3v= 5-4, (2)

- 2sc - &y + tot - 2u + 2v= -
5-0, (3)

7-5, (4)

3-3. (5)
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Eliminating x from equations (1) and (2), we have

1 3

3 4

1-2
3 - 5

1
14 +

1 -2
3-3

1 0-5

3 5-4

-
6// + + tt + 30 = 3-9, (6)

and similarly, by combining (1) with (3), (4), (5) in succession, we obtain

the equations

y- z-2u-2v=s -4-0, (7)

i/
- 2s + 5w + 3r = 7-5, (8)

30-23 + 3* = 4-3. (9)

Now eliminating y from (6) and (7), we have

~ 5 l ~ -* 'LJ - ft *

1 -1
- 5 3-9

1-4-01 - 2
|

r
;

1 -

or 40 + Otf + 7016-l, (10)

and similarly, combining (6) with (8) and (9) in succession, we obtain

9s-26tt-l80 = -41-4, (11)

Continuing this process of elimination, the following equatioiiH are

obtained :

185n+ 1350 310-5,

135tt + 850=245-5,

(13)

(14)

and finally, from (14), (13), (10), (), (1), we determine the results

0= -1-4, it= 2-7, 3= 0-4, ?/= -1*0, and =1-5.

2. tfotoe by GUUM'S method the equatno-n*

tt + 20= 35C-8,
a w + 20 = 60-5,

iA- v= 167-0,
M-r>v=- 7-5,

120. The " Method of Equal Coefficients
"
for the Solution

of Linear Equations.* In a method of performing the

elimination, which is known as the Method of Equal Coefficients,

the two first equations are reduced to two equations between

each of the two first unknowns and the remaining unknowns
;

then these two with the third equation of the original system
are reduced to three equations between each of the three first

* B. I. Clasen, JBruv. Soc. Sc. 12 (1888), A 50-59, B 251-281.
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unknowns and the remaining unknowns, and so on. The

advantage of this method is that the same coefficients occur

repeatedly, the elimination being thereby greatly facilitated.

The method involves certain divisions, which, however, should

always give exact quotients without remainders, thereby con-

stituting a control of the accuracy of the computation.

Thus let the equations be

Of! + &
3// +V + <?*U +V "/S. 13V ! + *V/ + (

'4?
+ d*U + W =/4 14V +V +V + (?

*
u +V =

/5- 15

Eliminating x between Ij and 1
2, we have

and eliminating y between lx
and 22 by forming the sum of

-
| cf'^ \ li an(i &i22 an(i dividing by c^,

we have

Now multiplying 2X by a
3, 22 by

- &3, 13 by | a^ \

and adding,

we have

I "A"a I

* +
1 "iMa I

u +
1 ^i^^s 1^*1 "A/s I-

33

Eliminating between 22 and 33 by forming the combination

I AC3 1

22
-

1 ^A 1

33 and dividing by
-

1

afa |,
we have

and eliminating z between 2
l
and 33 by forming the combination

I
aAcs 1

2i
-

i

6
i
c
a 1

3s and dividing b7 ~
I

aA d
we have

I

"A63 I

X +
I

?W*3 I

U +
I

6
1V3 I* " I

6
l
C2/3 I Sj

Now form the combination - a^ + &
432

- c
433 + 1

^

We get

Eliminating ^ between this equation and 33 by forming

1
* we have
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and similarly

'
4 I y + I "1^4 I

*> -
I <VA/4 |

+
1

6
1
CA*4 1

V =-
I &1CA/4 I-

Now form the combination a^ - 6
54g + c

54g
-

We get

Eliminating between 55 and 44 by forming |
a
1
b
2
c
3<l4

e
5 \

44

^6 an<* dividing by | ajbfjli \ , we have

and similarly

I i*A*A I

* =
-

I Ac
3
rf
4
c
5 1 y -

I i*A*A I

"-
1

6
iVW5 1- 5;

The solution is thus completed.

j&c. 1. To solve the eqiiations

0-5, lx

5-4, 1
2

3^ - "2u + 2v = -
5-0, 13

7-5, 14

3-3. 16

Eliminating x from equations Ij and 12,
we liave

- 5y + + M + 3v= 3-9, 2
2

and eliminating y between lx and 22 by forming the sum of 5.1a and

3.2
2,
we obtain

5x - 7i8 + 3u - v= 14-2, 2j

in which the coefficient of x IH mums the coefficient of y in 2^
Now multiply 2j by - 2, 22 by 5, 13 by - 5, and add to form the

equation

4 + 9u+7v=16-l, 33

in which there are no terms in x and y.

Eliminating z between 33 and 22 by forming the combination
~

^3),
we obtain the equation

-0-1, 32

in which the coefficient of y is minus the coefficient of % in 33.

Now eliminating between 2j and 33 by forming the combination

^(4.2^7.33), we find

33-9, 3j
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in which equation the coefficient of x differs only in sign from the

coefficient of y in 3% Now form the sum 32 + 2.33 + 4.14,

37w + 27v= 62-l, 44

and eliminate u between this equation and 33,

-373-40 = -9-2. 43

The remaining equations of the process are

37//- 16v= -14-6, 42
f> = -80-7, 4X
= 35-0, 55

67-5, 54
-25s = 10-0, 53

25y=-25-0, 52
-25o;=-37-5. &!

The required solution is therefore

^=1-5, 't/=-l-0, 3 = 0-4, w = 2-7, v=-l-4.

fey /Ac above method the equations

5-e - 3ij + 70 + M + 2*' = 356-8,

= 60-5,

= 167-0,
=- 7-5,

= - 71-2.

121. Comparison of the Three Methods of solving Normal

Equations. Comparing the three methods which have heen

given the Determinantal method
( 117), Gauss's method

( 119), and the method of Equal Coefficients
( 120) we may

say that the Determinantal method is on the whole the best for

the solution of a set of normal equations. It should be observed,

however, that the superiority of the Determinantal method

depends on the circumstance that a set of normal equations

is always axisymmetric (i.e.
the coefficient of y in the normal

equation for x is equal to the coefficient of x in the normal

equation for y). For a set of linear equations which is not

axisymmetric, the Determinantal method is inferior to the

method of Gauss.

122. The Weight of the Unknowns. We shall now
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investigate the weights of the determinations of the unknowns

J5, y, . . ., t. Denote the most probable values of the unknowns

by # , t%, . . ., tv We have in the notation of 117

where D and the minor Apq depend only on the accurately-

known coefficients a, 6, ... of the equations of condition and

where

2
=

vqftjWj -I- ir

60

where

'2 "a

'<*

, etc.

By giving to 7^, . .
., T* the particular values av . . ., #, in

which case we should evidently have # =1, we derive from

equations (1) the result

D-EKYI], (2)

and similarly by giving to nv . . ., n8 the values ft
lf

. . ., &M in

which case ^ = 0, we have

(3)

Let ^ be the weight of the determination of ,r . Then since

is given by equation (1), we have by the formula for the

weight of a linear function of nv . . ., ns,
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^ +&X + - . + >*

^22 "2

+ . . .

fA

. . . [,,/]

D

Therefore

or

and similarly

by equations (2) and (3).

-DA,,U

D'

D ' ' '

These formulae give the weights of the determination of

x, y, . . .
; they are due to Gauss.*

It is a consideration in favour of the determinantal method

of solution of the normal equations that as D, Au, A^, . . .

are calculated in order to find x, y, z, . . ., the method furnishes

the weights without any fresh calculation.

Now let denote the mean error to he feared in an observa-

tion of unit weight, and let x denote the mean error to be

feared in the determination of x: then since Wx = -*-, we have

Theorin OomUnatioms, 21.

(D 311) 17
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We shall see later
( 124) how e may be found in terms of

the residuals of the equations of condition.

123. Weight of any Linear Function of Unknowns.

Now let

be any linear function of the unknowns x, y,z, . . ., t, so that its

most probable value is

where
(,*,* , // , . . ., t

)
are the most probable values of the un-

knowns. Let it be required to find the weight of the equation

u = Up*
It will be sufficient in the first place to take u

Writing as before

and writing

^i
=Ai2

a
i + A22^i + + Aw2/i, etc.,

we have D# = n + wn + . . . + &t\ng ,

and therefore

Therefore if wu denote the weight of the equation u = v*
, we

have

Now we have already proved that

&X +&H + - . + &
and in the same way we may show that

Therefore ~ =^DAU + 2T>A]8 +Wu

or

*
Gauss, Thcoria Combination^, 29
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and similarly in general if wu is the weight of the function

IJ.K
+ l$ + . , . + lmt, we have

This formula gives the iveight of the determination of any
linear function of the unknowns.

124 The Mean Error of a Determination whose Weight
is Unity.* We shall now find the mean error of a determina-

tion whose weight is unity. For simplicity we shall suppose

that the equations of condition have been multiplied by the

square roots of their weights, so that they may be taken to be

each of unit weight. Let them be as usual

Write

ry + . . .+/,-ray
= Er ;

so Ex,
E

2,
. . ., E8 are the true

errors of nv . . ., nn if x, y, . . ., t are supposed to be the true

values of the m unknowns.

Write also

so vv . .
.,
v8 are the residuals when the most probable values

#
, . . . ,

( are substituted in the equations of condition.

We have evidently

[WJ-O, [H = 0, . . . [>] = 0. (2)

Also

E,
- ^ -^ -

;><>

(3)

Multiplying (3) by vv . . ., v. and adding, remembering (2),

we have

[E0]-[w]0.

Multiplying (3) by Ex ,
. . . , E8 and adding, we have

so [EE]
- [w} - [E] (

- ,r
)
+ . . . + I/B] (*

- 0. (4)

*
Gauss, Theona, ComUiiatiiyiris, 37, 38, 39.
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Now we have already seen that if coefficients gr . . ., are

defined by the equation

then [fl-I>, [&fl-0, . . , [yg-0,

and

Multiplying (3) by p . . ., , respectively and adding,

remembering the equations just written, we have

Thus (4) becomes

D[EE] - D[w] = [nE] [E] + [ME] |>/E] + . . . + [/E] [rE]. (5)

This is a relation between the sum of the squares of the

residuals and the sum of the squares of the true errors. As it

stands, however, it is not sufficient to determine [EE], since

the quantities E occur also on the right-hand side of the

equation ;
but we may overcome this difficulty in the following

way:

Suppose the set of observations repeated by the same

observers with the same instruments under the same conditions,

N times, where N is a great number. For each of these sets

of observations we shall obtain an equation corresponding to

(5). Let these equations be added together, and the resulting

equation divided by N. The values of D and the a'a, 6's, . . .,

/'s, s, . . ., T'S are the same for each set of observations, but

the T&'S, E's, and v's differ from one set to another. Using the

symbol 2 to denote summation over the different sets of

observations, we have

Now if positive and negative errors are equally liable to

occur, each of the sums
^2E^,Eg evidently tends to zero as N

increases indefinitely : and then the equation becomes (when
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we understand the sign of equality now to indicate that the

two sides of the equation differ only by negligible quantities)

-^M^ . . +

~SE
1
2 = ~SE2

2 =
. . . =

^-2E^
2 = the square of the true

quadratic mean error, i.e. the value which we should deduce

from an indefinitely great number of observations.

Therefore, denoting the quadratic mean error by c, we have

SO 2 = ^
=%P.

s - in N

In tliis equation is the true value of the quadratic mean

error to be feared in a determination whose weight is unity,

and ^f2[w] is the mean value of the sum of the squares of the

residuals. Since the true value of ^2[w] is unknown, we are

obliged to be content with that which is furnished by the

unique actual set of observations: so for the most probable

value of e we have the equation

s -

This is Gauss's expression for the quadratic mean error to be

feared in a determination whose weight is unity ;
s denotes the

number of equations of condition, and m is the number of the

unknowns x, y, . . ., f. The quantity

- m

is therefore well adapted to measure the precision of the given

set of observations.
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125. Evaluation of the Sum of the Squares of the

Residuals. We shall now show how [#
2
],

the sum of the

squares of the residuals, may be expressed in terms of the

coefficients in the equations of condition and normal equations.

We have

+ [n], (1)

and we know that [0
2
] is the minimum value of the quadratic

form

[oafy? + [bb]y
2 + . . . + 2[ab]xy + . . .-2[an]x . . . +[nn].

From the general theory of quadratic forms we know that

the minimum value of this last form (which we know to be

essentially positive, since it is a sum of squares) is

|Wj [06] . . . [/] M
[at] [M] . . . [A/| [ftii]

[nn] [7m] . . . [/?>.] w_M [i]-:: .
[
ff/j-

-

[o] [] . . . [If]

(2)

We may also establish this formula directly in the following way.
We have already proved (118) that

and substituting for X
Q, ?/ ,

. .
.,

t
Q

their determinantal values, we
obtain the equation (2).

Combining the results of this section with the equation ( 124)

a- in

and the equation (122)

we see that the quadratic mean ewor to be feared in the deter-

mination ofx is x,
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where M [at] . . . [f]

[bb] [be] . . . [If] \ [ah] [bb] . . . [bf]

[an] [bn] . . .

sTW "' ~
fa/

1 *~

[bb] . . .

Ml
(s-m)

["/] P/] -

If the original observations are weighted we must write [wan]
for

[a,a], etc.

Ex. *
Suppose that observations of equal weight give

while an observation of weight \ gives

-2ic + 6^

For the last equation we substitute

and the four equations are now of equal weight.
The normal equations are

49154 2617
yQ
= -

,

12707
which give

or ff = 2-470, T/O
= 3-551, ZQ

= 1-916.

The weight of the determination XQ is -?%, where

15 1

1 _AU _ 1 54 809

27 ~6 Op 19899'

6 15 1

1 54
1

19899
Wx~ 809"'

737 2211

so

and similarly

* This example was used by Gauss himself as an illustration of the Method

of Least Squares.
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The residuals are

4960 J3?0_ 1880 1400"
19899'

~
19899' 19899'

"
19899'

and therefore the sum of the squares of the residuals is

160

so the quadratic mean error to be feared in the determination of x is

. |V*] 1294400 ,..,,. a ,

xt where x*=
J =

^19899y,
and similarly for cf and e/

126. Other Examples of the Method. The Principle of

Least Squares is applied in the first of the following examples
to a problem of curve-fitting, and in the second to a geometrical

construction.

Ex. 1. Find the values of the constants a, ft, c, which nearl

the equation

for values of x between q and p, where f(x) is a given function.

In this case

[
P
f l c \*

J \
fl+

J
+ 3-^>j <

is to be made a minimum, so differentiating with respect to a, 6, and e,

we have the three equations

r/p
dx fp jx

fa + b ~~ + c -z=
J X J X

From these the values of a, ft,
c can be determined.

Ex. 2. The position of a point in a plane is determined as the inter-

section of several lines furnished by observation. Owing to errors of observa-

tion the lines are not exactly concurrent. To find the most probable position

of the point.*

Denote by dv dy . .
.,
dn the distances of a point of the plane from

*
d'Ocagne, Journ. de V&ole Pol. cah. 63 (1893), p. 1.
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the n given lines ; let
Aj,

X9 . .
.,
\n be the weights attached to those

lines : then the required point is that for which

is a minimum. This point may be called the centre of least, squares of

the system.
The centre of least squares is the point for which the function

is a minimum : so its co-ordinates are given by

as as

or
,-

Now if is any point whatever of the plane, and O/, 2',
. . ., On

r
are

the images of with respect to the given lines, the centre of gravity O'

of particles of masses A
1? Ag,

. .
.,
A

17
at O^, 2',

. . .,
()' may be called

the symmetric barycenlre of with respect to the system of lines.

If be (X, Y), the symmetric barycentre 0' of O has the co-ordinates

(X', Y'), where

Y'-Y- T 2--
1 '

-
. .

^a
-

where L= A
t + . . . + Aw

Now suppose the origin taken at P, the centre of least squares, so that

by (1) we have

and suppose the direction of the axis P.C chosen so that

v V,&, _**
~

*>~~1" 7 9 l ''

Then the equations (2) become

i ^ vand since
(l

- 2-

these may be written
' = //X,
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Let 0* be the symmetric barycentre of 0'.

The co-ordinates of 0" are X" =/x% Y" =
/*
2
Y, and therefore the hne

00" passes through P. Moreover, the lines PO and PO' are equally
. PO' PO"

inclined to Pa;, and - = p = T.

Therefore the triangles PO'O" and POO' are similar, and O'P makes

with O'O* an angle equal to the angle O'OO". Thus the centre of least

squares P is the intersection of 00" with the line O'P which makes

with O'O" an angle equal to O'OO" : or otherwise expressed, the centre of

least squares is the intersection of OO" with the tangent at O' to the circle

OO'O".

127. Case when two Measured Quantities occur in the

same Equation of Condition. We shall now consider the case

in which the quantity n in an equation of condition

a + by + cz + . . . +
f/7
= 7& (1)

is not itself a measure derived from a single observation to

which a known weight is attached, but is a known function of

two measures p and q derived from different observations to

which weights wp and wq are attached. It is required to find

the weight which must be attached to the equation (1).

Let the expression for n in terms ofp and q be

Then a small error e in p and a small error p,
in q give rise

^ i Of

an errorA +
^-u.

i

given by the equation

^ i

to an errorA +
^-u.

in n
;
and therefore the weight wn of n is

W
P
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The equation (1) is now to be treated as if n were a

measure derived from a single observation having the

weight Wn.

128. Jacobi's Theorem. It was shown by Jacobi* that

the values of the m unknowns which are obtained from s

equations of condition by the Method of Least Squares may be

derived also in the following way. Take any m of the equations

of condition and solve them as ordinary algebraic equations,

obtaining (say) a value

a>

1
= ^

1
(
where Aj and Bx are determinants)

for the unknown x. We can select the m equations for this

purpose in p ways, where p = (
s

),
and thus obtain p values for

x, say

'^'l
==

T>~> I/^2
==

'TD" J ' * *
'**P

S=
ID "

J3
a

J
2 ttp

Then the. value of,*> given by the Method of Least Squares is

+ A,B2
.

This result is an immediate consequence of Cauchy's well-

known theorem on the equivalence of the two forms in which

the product of two arrays can be expressed : thus in the case

of s = 3, m = 2, what is to be proved is

V

which follows at once from the theorem on the product of two

arrays.

* Journ. filr Math. 22 (1841), p. 285,
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Ex.* Consider the system of four equations used by Gauss, and
worked out in Ex., 125, above, viz.

x- y+2z= 3, (1)

3x + 2y - 5s = 5, (2)

21, (3)

.14. (4)

Now equations (1), (2), (3) alone would give

_90 116 _65

the numerators and denominators being the exact values of the de-

terminants, thus,

1-1 2

3 2-5414 35, etc.

Equations (1), (2), (4) would give

_122 167 _93

Equations (1), (3), (4) would give

__78 _113 67

Equations (2), (3), (4) would give

- 304 - 444 - 236
X

124? y -124'
~

-124'

(90 X 36) + (1 22 x 47} + (78 x 33) 4- (304 x 1 24)

49154 , -

, as before.
19899

129. Case when the Unknowns are connected by

Rigorous Equations. It frequently happens that the un-

knowns %, y, ,..., t are not independent, but are connected

by rigorous equations: for instance, if x, y, z represent the

three angles of a triangle, they are connected by the rigorous

equation x+ y + z = ir. In order to discuss this case we shall

suppose that the unknowns are given as before by a set of

linear equations derived from observation

(i)

*
Glaisher, Month. Not. 40 (1880), p. 600.
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(where nv . . ., n, are the observed quantities), together with

p rigorous equations

P, . ., 0-0'
r...,0-o

(

We shall suppose that (by multiplying each of the equations

of condition by the square root of its weight if necessary) the

equations of condition have been rendered all of equal weight.

Then, as in the proof of 125, we see that the most probable

values of the unknowns are those which make

E s[>2 + [&%a + . . . + 2 [ab]acy + ... - 2 \an\x
-

. . . + [nn]

a minimum, subject to the conditions (2). We must have

therefore

9E ,

.-</:
ox

9E 7

<Zy + .*
9E
-5-
ot

where dsc, dy, . . ., dt are subject only to the conditions

and therefore the unknowns are to be determined from the m
equations

\
U(PP i- +Hty

(where A
x, Aa, . . .,

Ap are unknown multipliers), together with

equations (2). We have therefore (m+p) equations to de-

termine the (m + p) unknown quantities yt ?/, . . ., t, Xv . . ., Ap.

Ex. The measures of the four angles of a plane, quadrangle are

jot, /?, y, 8, with weights gv g^ g# g^ respectively. Find the most probable
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values of the angles, and show that the weight of the value found for the first

angle is

so that when all the weights are equal, the weight of the final value of an

angle is
-|

the weight of an observation.

Let the angles be
X, 0g, 3, 4. The equations of condition, reduced

to unit weight, are

and the rigorous condition is that

1+02 +03+04 =27r.

We have therefore to make

a minimum, subject to the last condition. We have therefore

fcpj
-

a)d 1 + gtf%
-
ftdOi+ <J3(03

-
y)dO + i/4(04

-
S)d04= 0,

where the differentials are subject to the condition

and therefore

gjftl
-

a)
= gtfi

-
/I)
=

<J3(&S
-

y)
-

</4(04
-

S).

We thus obtain

and similar expressions for the other angles.

Denoting the weight of
1 by Wlt

we have at once

1
,

1
,

or

which is the required result.
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130. The Solving Processes of Gauss and SeideL

When the number of unknowns is great, the algebraic methods

for the solution of the normal equations, which have been

described in 117-120, become exceedingly laborious : under

these circumstances, the normal equations may be solved by
a method of successive approximation in the following way.

Writing the normal equations

. . + n<imt=*c

we first assume for x,y,...,t any system of values. Since

in the normal equations the diagonal coefficients are sums of

squares, whereas the non-diagonal coefficients are sums of

products of which in general some are positive and some are

negative, it is most often found that the diagonal coefficients

are larger than the others, and therefore the corresponding
terms are most important : so we therefore generally take as

initial values for #, y, . . ., t the numbers

respectively.

With these assumed values of x, y, . .
., t, we calculate the

quantities

and take A# = --l
.

"11

We can now assert that by adding A# to the assumed value

of x we are itnpro'ring it : for if we denote by Q the sum of the

squares of the residuals when the assumed values are put for

x, y, . . ., t, we have

+ terms depending only on y, z, . .
., t.



256 THE CALCULUS OF OBSEKVATIONS

If in this we replace x by x + A#, without changing y, , . . ., t,

the effect is to destroy the term (anx + . . . + aimt
- c

x)
2 in Q

without affecting the other terms: that is, the effect is to

diminish Q. Now the set of values of x, y, . . ., t which we

wish to obtain are the set which make Q a minimum: and

therefore if we say that one set of values of x,y,...,t is an

improvement in another set when it corresponds to a smaller

value of Q, we can say that by adding A*e to x, without changing
the values of y, . . ., t, we are obtaining an improved set of

values for the unknowns.

Now with the improved set of values of x, y, . . ., t we

calculate the quantity

and take &y = --?
.

^22

In the same way we can show that to add Ay to the assumed

value of y is an improvement. Proceeding in this way, we

improve each of the values x, y, . . ., t in succession, and then

return to x. The process, which is due to Seidel,* may be

stopped when the residual N's are sufficiently small. Tn

common with all iterative methods of approximation, it has

the advantage that an error of calculation continually corrects

itself in the subsequent steps of the process.

Ex. Let us solve by this process the normal equations of Gauss's

original example, namely

=88,
= 70,

s =107.

We take as a first approximation

<B= f =3 roughly,
= =

x= Y/ = 2 roughly.

Then N
x
- 2 7.*; + 6y - 88 23,

XT 9*%

and Arc= -
--^=

-
^
= - 0-85.

Munch. Abh. 11 (1874), Abt. 3, p. 81.
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Thus the improved set of values isac=2-15,y = 5, = 2. These give
NoNa =6a; + 15y + - 70= 19-9, and therefore Ay= -
1 .?= -

1-33, so we
a 10

now have x =2- 15, y = 3-67,3 = 2, and N3
= # + 548- 107 = 4-67. Thus

No
Aa= -g4

?= -0-086, giving a;= 2- 15, # = 3-67, =1-9 14, and NlS
= -8.

Repeating the process, we have

N, 8
Aa?= ^=

jry
= 0-296,givingjc=2-446, y=3-67, = 1-914, N2

= 1-640 ;

Ay^ -77 = -0-1093, giving a;= 2-446, y= 3-561, = 1-914,15 N
3
= -0-083;

Az= -^|
= 0-01, giving x =r 2-446, T/= 3-561, fj= 1-915, Nj* -0-592;

N,
Ax-= - _^= 0-022, giving sc= 2-468, y = 3-561, 0=1-915, N2

= 0-138;
2tl

N
Ay= -d?= -0-0092, giving 5^=^2-468, ?/

= 3-552, = 1-915.

These differ only by at most 0-002 from the true values.

If Seidel's process be carried out for a set of equations with

literal coefficients, such as

ca,v + hy +gz l,

-j
hx + by +fz = rn,

it is readily seen that the value of x is what would be obtained

from the formula

I m n

h b f
9 f <>

__
abc be arc

by expanding the last factor by the binomial theorem as an

infinite series.

A method closely akin to this had been communicated many

years before by Gauss to Gerling.* It may be illustrated by
the following example : f

*
Of. the appendix to Gerling's work on the application of the calculus of

compensation to practical geometry (1843), p. 386. Another very similar

process was described by Jacobi, Ast. Nach. No. 523 (1846), p. 297.

t 0. A. Schott, U.S. Coast Survey Rep. (1855), p. 255.

(D 3) 18
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Let the normal equations be

2-8 -f 76./- - 30y - 200 - 26t*,
= - 4-1 - 30a; + 83]/

- 25s -
0= -l-9-20rc-25# + 890
= 3-2 - 26jc - 28y - 440 + 98w.

To ascertain which of the unknowns will probably be the greatest,

we examine the quotients :

2-8 4-1 1-9

3-2

Accordingly we begin with y and write y = 0-04 + Ay. The equations
now become

= 1-60 + 76tf - 30Ay - 20? - 26w,
= - 0-78 - 30a; + 83Ay - 25% - 28?*,

= 2-08 - 26o; - 28Ay - 440 + 98 u.

This gives for quotients (roughly)

1-60 0-78 2-90
x=

; =-0-02, Ay= - - = 0-01, s= - = 0-03,7o oo oy

2-08
*****

~~98~
*" " '

We therefore now substitute = 0-03 + As: and proceeding in this

way, the whole solution may be brought to the form :

j/=0'04 2=003 Ay 0>01 ^-OOJ ?/=-001 Aaj= -0003 A0=- 0002 A7^=0001

The operation is now completed if we are satisfied with two places
of decimals, and the first unknown quantity is x + AJC + A2^ + . . . or

a -0-013.

Similarly y ** 0-050,
= 0-028,

u= -0-009.

131. Alternatives to the Method of Least Squares. At different

times various methods have been proposed, other than the Method of

Least Squares, for dealing with problems which are commonly solved

by that method. We shall now notice briefly some of these :

1. The Method of Tobias Mayer. Tn the latter half of the

eighteenth century the most plausible values of the unknowns were
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commonly found by a method which had been published by Tobias Mayer
iu 1748 and 1760.* It consisted in arranging the equations of condition

into sets, forming the sum of the equations of each set, and treating the

equations so obtained as normal equations. The method is decidedly
inferior to the Method of Least Squares.

2. The Method of Minimum Approximation. Consider a system
of s incompatible linear equations in m unknowns (s>m):

(1) age + bff + . . .+fjt= ni (t=l, 2, . .
., ).

.Replace it by the following :

(2) ofB + fi0 + . . .+fit-ni-ri (i-1, 2, . .
., s),

where the quantities r< may be called residuals. The name minimum

approximation of the system (1) was given by Goedsoels f to the smallest

value which we can assign to the absolute value of the greatest residual

of the system (52),
in order that this system (2) may be compatible.

The problem of determining the minimum approximation of a

system (1) was enunciated and solved by Laplace J in 1799, but his

method involved such laborious calculations as to be in general

impracticable. Six years later, in 1805, Legendre proposed the same

problem, m the appendix to his Nouvelles Me'thodes pour la determination

des orbites des comltes : he found no easy method of solution, and proposed
to replace the method by that of Least Squares.

A much better solution was given in 191 1 by C. J. de la Vallee-

Poussin.

3. Edgeworth's Method. Taking the data as usual in the form

4- . . +/!*
=

14!

whore nv ny . .
.,
n8 are measures of equal weight, F. Y. Edgeworth in

1887
|| proposed to define the most plausible values as, y, . .

.,
t in the

following way : x, y, . .
.,

t are to be such as to render minimum the sum

of the absolute values of the residuals,

-*
2 |

+ -

It may readily be shown that this rule is derivable from the

hypothesis that the law of error is of the form

where x is taken positively in both directions.

*
Kosmographische Nachrichten und Sammlunyen.

t P. J. E. Goedsecls, Thtorie des erreurs d*observation : Louvain (1907).

t Mtcaniquc c&este, Livre III. No. 39.

Antialea de fa Soc. So. de Jlruxelles, 35 (1911), B, p. 1.

||
Phil. Mag. 24 (1887), p. 222, and 25 (1888), p. 184.



CHAPTER X

PRACTICAL FOURIER ANALYSIS

132. Introduction. For the description of phenomena
and the solution of problems in Physics, Astronomy, and

Meteorology, much use is made of Fourier series, that is to say,

series of the type

+ a
1
cos + 2 cos 20 + a3 cos 30

+ \ sin + 6
2
sin 20 + 13 sin 30 + ... (1)

where a
Q,
av bv 2,

&
2, . . . are independent of 0.

Consider, for example, the vibration of a violin string. Let

a stretched elastic string be fixed at its end-points and take

the axis of x along the string, so that the abscissae of the end-

points can be taken to be# = and x^l\ let y be the dis-

placement (in a direction perpendicular to the string), at time

t, of the point of the string whose abscissa is x. Then when

the string is set into vibration in such a way that it emits its

fundamental note, unmixed with any overtones, its vibration is

represented mathematically by the equation

. . 7T/' . / v . .

y =A sin sin (\t + a),

where 2?r/A is the period of the note in question, A depending
on the mass, length, and tension of the string, and where A
and a are arbitrary constants. If the string is set into vibra-

tion in such a way that it emits its first overtone (the octave

of the fundamental note) unmixed with any other sound, the

vibration is represented by

260
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while the second overtone is represented by

y = C sin
-^

- sin (3M + 7),

and so on. When the string is set into vibration in a quite

general fashion, so that all the overtones are present in the

sound emitted, the displacement at time t is represented by a

sum of these terms ; thus

y-A sin sin (A* + a) + B sin - sin (2AZ + /J)

. . . (2)

and therefore the velocity at time t is represented by

r )
+ . . . (3)

Suppose that at the initial instant, = 0, the displacement

and velocity at every point of the string are given; let the

displacement be <(#) and the velocity be
\f/(x). Suppose, more-

over, that we are in possession of a method which enables us to

express a given function f(x), which vanishes at x = and ,r = /,

as a series of the form

- x 7 . irx 7 . 27T?' , . , A .

/(,*,)
= &

x
sin . +Z

2
sm--

7
-t-&3 sm ,- + . . . (4)li i

where bv J
2,

&
3,

. . . do not depend on x, but depend upon the

nature of the function f(x). Applying this theorem to the

function <(#), we should have an equation

-
* v v

where pv p# pB,
. . . may be regarded as known, since the

function </>(#)
is given. Similarly

^('7')
^

?i s*n
~y

+ ?2 s^n "~T~ + % 8in "T- + (6)

where qv q# q3 ,
. . . may be regarded as known.
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But putting t = in (2) and (3) we have

. owvl' ,L_ Vsin---K . . (7)

\f>(;c)
- AA cos a sin

^-
+ 2XB cos /3 sin

~
. . . (8)

Comparing (5) and (7) we have

A sin a=*pv B sin /3 =jp2,
C sin y =*

j?8 ... (9)

Comparing (6) and (8), we have

AA cos a = #!, 2AB cos ft qv 3/\C cos y = q3 . . . (10)

The systems of equations (9) and (10) enable us to find the

unknown constants A, a, B, /3, C, y, . . . in terms ofpv $vp& g&
that is to say, in terms of known quantities. Thus equation

(4) enables us to analyse the initial data into constituents

A, a, B, /?, . . . such that the first pair of constituents (A, a)

gives rise to the fundamental note of the string, the second pair

of constituents (B, /?) gives rise to the first overtone, the third

pair of constituents gives rise to the second overtone, and so on.

As a second illustration consider the Theory of Tides. The

tide-generating potential due to the sun and moon may be

expanded as a series of terms of the type

A sin (\t + c),

where t denotes the time and A, X, are independent of t but

change from one term of this type to another. Each such

constituent term gives rise to an oscillation of the sea, the

oscillation having the same period 27T/A as the term in the

tide-generating potential to which it is due
;
and the height

of the tide at any instant at any seaport may therefore be

represented as a series of terms of the type

A' sin

where the constant X is characteristic of the particular tide

but is the same for all seaports, while the constants A7
and c

are characteristic of the particular constituent tide and the

particular seaport. By analysing the observed tides at a
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seaport by means of a theorem similar to (4), we can find these

constants A' and e
;
we are then in a position to predict the

tides at this port for all future time.

A series of the type

a + a
x
cos x + a

z cos 2x + a3 cos 3# + . . .

+ &! sin x + \ sin 2x + 63 sin 3% + . . .

is generally called a Fourier series, the coefficients a
Q>
av bv . . .

being called Fourier coefficients: and the representation of a

given function by means of a series of this form is called

Fowrier analysis. The term trigonometric interpolation is

perhaps more appropriate when (as in the present chapter) we

are concerned only with finding a series with a finite number

of terms which takes given values for a given finite number of

values of the argument x.

133. Interpolation of a Function by a Sine Series. In

the last article we have seen the importance, in Applied

Mathematics, of a theorem which will enable us to analyse

a given function into a sum of trigonometric terms. The

problem was solved, at any rate in its simplest form, in

1754-59 by Clairaufc* and Lagrange,f who showed how to

construct a sum ofn trigonometric terms, svch as

u(x)
= \ sin x + &

2
sin 2,j; + 6.

3
sin 3x + . . . + bn , 1

sin (n
-

!),/', (1)

which will lake, given values for (n-1) given equally-spaced

values of the argument x
; say,

/37T\

where uv ?/
2,

. . ., un _i are given numbers.

To effect this, Lagrange remarked that the sum

. pv . air . 2pir . 2qir . (n
-

IVpar . (n
-

l)qir
sin *- sin + sin -^- sin ~ h . . . + sin-^ sin -- - -

n n n n n n

(where p and q denote positive integers less than n) has the

value %n when p is equal to q, and is zero when p is not equal

to q. Therefore the function

*
Clairaut, Hist, de PAcad., Paris, 1754, p. 545.

t Lagrange, Misc. Taurin. i. (1759), p. 1 reprinted (Euvres de Lagrwge,
i. p. 39 ; Misc. Taurin. ill. (1762-5), p. 258 : reprinted (Euvres de Lagrange,

i. p. 553.
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2/ . . PTT . n . 207T . . - x .

-( sin 3Dsm^ + am 2o?sm -- + . . . + sin (n
- Ite sin

v ' n

has the value % when #= and vanishes when 0;= where^
ft w

j is different from p : whence it follows immediately that the

coefficients in (1) must be given by the egiiation

, 2 ( . mir . 2mtr . (n
- l)wir]

m= {
'&. sin + ^o sin- + . . . + ?/n _i sin ----- -

.

n\ * n * n n i

It should be noticed that the expression (1) satisfies the

condition that :

1. It takes the prescribed values uv . . ., wn _i at the given

values of the argument.
2. It is periodic with period 2ir.

3. It is an odd function of x.

Suppose now that u(x) is a function of x which takes

prescribed values uv . . ., un-i at the given values of the

argument, but suppose that the function u(x) is not periodic

and is not odd
;
in such a case the expression (1) would have

a graph agreeing more or less with the graph of the function

u(x) between as= and OJ = TT, but the agreement would cease

altogether for values of x less than zero or greater than TT. It

is important to realise that by this method of interpolation we
can obtain an expression which agrees very closely indeed with

a given function over a certain range of values of the argument,
but which, outside that range of values, bears no resemblance

whatever to the function.

134. A more general Representation of a Trigonometric
Series. In the last article we obtained for the function u(x)

an interpolation formula which is formed of sines only. We
shall now obtain a more general formula* which involves

both sines and cosines, and which, moreover, enables us to

make the best use of all the data in our possession, when we
have more data than the minimum number required.

Let it be required to find a sum

a + a
1
cos# + a

2
cos2o? + . . . + ar cos rx\ ^

+ ij sin x + 6
2 sin 2x + . . , + br sin rxl * '

*
Bessel, Ktnigsberger BeobacMungen, I Abt. p. iii. (1816).
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which furnishes the best possible repi^sentcvtion of a function

u(r), when we are given that u(x) takes the values UQ, uv . . .,

^n-i respectively, when x takes the values 0, , . . .,
-^~- ^

^ n n

respectively: n being some number greater than 2r. The

problem is to determine the (2r + 1) constants a
,
av bv . . .,

ar,
lr, so as to make the expression (1) take, as nearly as

possible, the n values u ,
uv . . ., un-^ when x takes the values

n 27r 2(7i-lW ., ,. . ,...
U, , . . .,

-*--*-
;
so the equations of condition are

27T 2 . 2ir r . 2*
1
cos + 2 cos

--- +. . . + ar cos-1
7&

2 w T n
. 27r . . 2.27T , . r.2ir
sm + 62 sm- + . . . + J)r sm ----

.n a n n

2.27T 4.27T 2r.27r-- + "2 cos ---- + + ar COS ----- -

M 2
71

r W

. 2.27T _ . 4.27T . . 2r.27r
,
sin- 4- ?;2 sm -- + . . . + lr sm ---

,n 2 n n

n

.
7

. r(rc-lsm *-'- + . . . + lr sin - v

?i n

The normal equation for a is therefore

/ . 2;r
1 + COS - - + . . . + COS. . .

-

n n )

2.27T 2(*-l)2irt- +. . . + COS-^-^-
}n n )

7-.27T
'

. . . + cos
n n

( . 27T . 2.27T . (7*sm + sm +. . . + am *

( n n n

n
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Since

4&7T 2(tt-l)&7T .

1+COS- + COS -- + . . . + COS-V-- - -==0,n n n

when k is an integer greater than zero and less than n, and

2far . 4for . 2(n-l)kir A+ sin + . . . + sm - - ' ~
0,

this becomes

sin
n n n

The normal equation for a^ is

2ir 2 . 2ir (n- l)2ir-- + tt9 GOS +. . . + Wn-iCOS- -

n * n n

n n )

1 2lT 2.27T 2.27T 4.27T
+ aA\ + cos cos- + cos ---- cos - + . . .' n n n n

+ cos
v--- '

cos
n n J

cos sin + . . . + cos sin - '

n n n n

i

Using the trigonometric formulae

1 + cos2 + cos2 + . . . + cos2
^ - = nn>n n n 2

27r 2.2* 2.2* 4.27T
1 + cos cos + cos cos + . . .

n n n n

+ cos cos -

n n

2ir . 2* 2(-l)ir . 2(n
-

l)ir Acos sm + . . . + cos -* '
sin

v } == 0,n n n n
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this becomes

267

~

The other normal equations may be obtained and reduced

in the same way ; finally we obtain the following set of values

for a
,

. . . ar, v . . ., b, :

n-i

2 V 2/cir
a, = - 2 uk cos-1 n M K n

2 n~ l

=-2
n

fc=o

~ 2

2brr
(1)v '

1 ,12When r= -n, the factor of ar in front of the symbol 2 is
,
not -.

A n n

The connection of this result with that of the preceding
article is easily seen ;

in fact, the formulae of 133 are merely
those of the present article adapted to the particular case when

the function u is an odd periodic function of its argument, so

that u(x)
= -

u(2ir
-

x). For if in the formulae (1) above we
write n = 2p and suppose that wx

= --^-1, ^
2
= -^-2* efcc-

with ^o = 0, 'p
= 0, then the formulae (1) become

2 f . WITT
= [u, sin
p I p

which agree with the formulae of 133.

135. The 12-Ordinate Scheme. In most cases in practice

the number of given values u > uv u
2>

. . . is either 12 or 24.

We shall first consider the case when 12 values are given.

Let it be required, then, to obtain an expression

a +
ft.,

cos x + a2 cos 2x + . . . 4- tf
6 cos 5x + ae cos 6,75

7>
6
sin 5x

which takes given values un,
uv . .

.,
?/u respectively when
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2_ Sj.- llir'
takes the mines 0, -,

-^-,
--, . . ., ^- respectively. Formulae (1)

of the last article, written in full, are now

_.i( .*+ .!+ .^

!_ i__ M i + M
1 +M+ .i

1 11

2-
M
6-2-

M<e-'!V2
1 1

"

1 1

-io-"2
-

-"11- 2

'3

(I)
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If

U3" U9

'"'

^5 + ^7=^6

the equations take the simpler form

J3 1 1 J3= v/ + ^ ^-
4- v2 ^

~
^4 2

~
^5 -

y
2~11 11

11 11

n-l -L V
Or?-. = /W-t ~~ T Vo * "~~ "

fl7 _ n ,* . v^

2 4 2 B

1W6-
2'

If we now write
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the equations take the still simpler form

66,
'l-'l'I

, = s,

/3

Now write

1
7==

(Note that ^-0-866-1-^-^, which enables the

/3
multiplication by~ to be performed mentally.)

i

Then the equations may be written

6&

662
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These equations give the coefficients a^ av . . ., 6
5 in a con-

venient form ;
the computation may conveniently bo carried

out on a printed sheet of which the arrangement is shown in

the accompanying specimen :
*

Ex. 2. Given

express u(x) as a Fourier series.

[Ans. 0-977 sin x - 0-454 sin 2 + 0-262 sin 3x - 0-151 sin 4a;

+ 0-070

136. Approximate Formulae for Rapid Calculations. In

many cases the harmonics above the third
(i.e. those with the

coeilicients a a
6 ,

a
6,

64, may be neglected, the function

being capable of representation with sufficient accuracy by
an expression

u (x)
= + a

t
cos x + a

z cos 2x + a3 cos

+ sin ic + b sin 2^ + ?> sin 3,7'

aj]

,7'

J"

It was pointed out by S. P. Thompson f that when this is

the case we can calculate the coefficients by simple averaging
of the data without any multiplications, in the following way :

First, as we have seen in equation (1) of 135, the co-

efficients ff fl3 ,
&3 are given by the equations

+ "
.i).(2)

<8 )

Next, we have, by putting a- successively equal to 90 and 270

in equation (1) above,

whence 6
1
-68),

* The computation form has been designed by help of the suggestions

derived from many writers, among whom particular mention should be made of

C. RuDge, Zeits.fAr Math. u. Phys. 48 (1903), p 443.

t Proc. Phys. Soe. London, 23 (1911), p. 334.
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and therefore \ = (^3
- u

9) + \.

Next, putting x equal to and 180 in (1), we have
(6)

+ ^whence U
Q

and therefore x

Equations (5) and (7) now give

"2
-IK ~

We have still to find &
2
. For this we shall suppose that the

complete graph of the function u(x) is known, so that we can

read off the ordinates at any point on it ; let us read off the

values at #= 45, 135, 225, 315 and call them uv u& u&> u? re-

spectively. Then, putting n = 8 in equation (1) of 134, we have

iv
4 -*7,

02 sin 'o

or
i

Equations (2), (3), (4), (6), (8), (9), (10) give the coefficients </
,

ftp rc
2> rta ^i ^ ^3 luwtty ty forming averages of the measured

ordinates of the graph ofu(x).

Ex. To find an approximate formula for the Fourier series which

represents the following observations:

2-714 3-042 2-134 1-273 t0-788 0-495 0-370)0-510 0-191 -0-357-0-437

"11

0-767

Forming the sum of the entries, we have

11-520,

so a = 0-960,

and we now form the following Bums :

6a3= M - w
2 + M4

- w
e + u

s
- w

lo,
whence 3

= 0-271

6&3
= %

1 -'W3+ it5
--'W

7 + w
9
-i4u,

whence &3
= 0-1

&
i
-

i(^3
- %) + 63

whence &!
= 0-9 1 5

a
i
=

l(^o
"" W5

- a3 whence a
x
= 0-901

4a2= * -
1*3+% - u

9,
whence a

2
= 0-542.

Finally, forming a graph of the function um and reading off the ordinates

u
i>
u& W

5>
U

T> corresponding to the arguments jc= 45, 135, 225, 315

respectively, we have

46*

whence

= 2-36,

==0-59 (appro*.)-
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Thus an approximate formula for the required Fourier series is

0-960 + 0-90 cos x + 0-54 cos 2x + 0-27 COH 3a;

+ 0-92 sin x + 0-59 sin 2 + 0- 1 sin So;.

137. The 24-Ordinate Scheme. We shall next consider the

case when 24 values of u(x) are given, corresponding to #=0,
15, 30, . . ., 345. Denoting these by U

Q,
uv . .

., u^ the

problem is to obtain an expression

aQ + a
1 cos x + a

2 cos 2x + . . . 4- a12
cos 12#

+ 6
X
sin x + 6

2 sin 2u? + . . . + &u sin

fa/ses ^wew values U
Q,
uv . . ., u& respectively when x

es the values 0, ^s, . . ., -=- respectively.
\-& A

If we form the sums and differences of the u's, thus :

.. _-
Sums v v

t
v
2

v3 ... vn t?
12

Differences
'ii\

w
z w% ... ^u

then the formulae (1) of 134 applied to this case may be

written

VQ + ^ cos 15 + *>
2
cos 30 + 3 cos 45 + 4 cos 60

+ v
b cos 75 + ^?

6
cos 90 + v

7
cos 105 + v

8
cos 120

+ v9 cos 135 + v10 cos 150 +% cos 166 + v12 cos 180

=w
l
sin 15 + w2 sin 30 + ?/>3 sin 45 + ^4 sin 60 + ^6 sin 75

sin 90 + w, sin 105 + WB
sin 120 + w9 sin 135

sin 150 + w sin 165

Now form the sums and differences of the t?'s thus :

V V
l

V
2

V3 V4 V
5 ^6

^i2_^n^_^c

P* Pi P* Ps P* Ps Pe'

19
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and form the sum and differences of the w'a thus :

"11 W
10 '9

s
l

s
z

Then the equations become

qQ 4- jx cos 15 4- 2
cos 30 4- #3 cos 45 + #4 cos 60

+ ft cos 75

_p +p! cos 30 4- j02 cos 60 +#, cos 90 +j94 cos 120

+p5
cos 150 +pQ

cos 180

2 + 2i cos 45 + ft cos 90 + ft cos 135 + #4 cos 180

+ 25 cos 225

=^0 + Pi cos 60 +Pz ooBl20+^8 coB 180+jt>4 cos 240

+2>5 cos 300 +p6
cos 360

12rt6
= + yt cos 75 + 2 cos 150 + j8 cos 225 + ^4 cos 300

+ ^5 cos 375

12a
6 =|? +^x

cos 90 +#j cos 180 +^3 cos 270 rp4 cos 360

+|?5 cos 450 +
jt?8 cos 540

12a
7
= g + 0! cos 105 + & cos 210 4- q9 cos 315 + & cos 420

+ 25 cos 525
-p +P! cos 120 +p2 cos 240 +^3 cos 360 4 />4 cos 480

H-#J cos 600 4-^?6 cos 720
=

?o + ffi
cos 135 + ?2 cos 2^ + ft cos 405 + 24 cos 540

+ & cos 675

12a
10 =#,+^ cos 150 4-#3 cos 300 4-p3 cos 450 4- y4 cos 600

4-^?6 cos 750 4- p6 cos 900

12an = 2 + 2i cos 165 + & cos 330 + ft cos 495 4- g4 cos 660

+ g 5 cos 825

24 12=p +P! cos 180 +p2 cos 360 4-^3 cos 540 4- j 4 cos 720

+p& cos 900 4-p6
cos 1080

12^ - r
a sin 15 4- r2 sin 30 4- ra sin 45 4- r4 sin 60 4- r6 sin 75

+ r6 sin 90

1 2&2
- s

x sin 30 4- sa sin 60 4- sa sin 90 4- s4 sin 120 4- s5 sin 160

12J3- rx sin 45 4- r2 sin 90 + r3 sin 135 4- r4 sin 180

4- r6 sin 225 4- r
e
sin 270

12&4
- s

l
sin 60 4- 5

2
sin 120 4- s4 sin 240 4- s

6
sin 300

D
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1266
=^ sin 75 + r2 sin 150 + r3 sin 225 + r4 sin 300

+ r
6
sin 375 + ?-

6
sin 450

126
6
- s

l
sin 90 + s3 sin 270 + s

5 sin 450

12J
7
=^ sin 105 + r2 sin 210 + ? 3 sin 315 + r4 sin 420

+ r
5
sin 525 + r

e sin 630

12&
8
= s

1
sin 120 + s

2 sin 240 + s4 sin 480 + *
5 sin 600

12b9
= rx sin 135 4- r2 sin 270 + r3 sin 405 + r4 sin 540

+ r
6
sin 675 + r

e
sin 810

12&10
=

Sj sin 150 + s
2
sin 300 + 53 sin 450 + s4 sin 600

+ *
B
sin 750

126U = r
x
sin 165 + r

2
sin 330 + r3 sin 495 + r4 sin 660

+ r
6
sin 825 + r

e sin 990
a

Now form the sums and differences of the JP'S, thus :

Po Pi P* PB

p?.._-?5 _. p
?____

Sums /
/j

1
2

lz

Differences mQ m m
2

Then we have

1 2
2
=m +% cos 30 4- m2

cos 60,
r
4
= 1Q + ^ cos 60 + 1

2 cos 120 + 13 cos 180,

7^0 + ^! cos 90 + w2
cos 180,

12
8
= / + ^ cos 120 + /

2
cos 240 + 13 cos 360,

7^0 + ^! cos 150 + m 2
cos 300,

1
Q + \ cos 1 80 + 1

2
cos 360 + J3 cos 540,

or

/3
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Next form the sums and differences of the sa, thus :

or

Sums k #
2

Ar3

Differences nt
n2

Then we have
= &

x
sin 30 + A2 sin 60 + k3 sin 90,

= n sin 60 + nz sin 120,
12*e = k^ sin 90 + k9 sin 270,
1268 = ni sin 120 + n2 sin 240,

sin 150 + k2 sin 300 + &3 sin 450,
1 N/3 r.

1 O7, 7i ^.JL^JUa Iv-t "'3>

1 /^?

Now write

1,

Then the equations become

12ft,

12&.10'

127;
4
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In order to calculate the coefficients with odd suffixes we
write 45 - 30 for 15, etc., and so obtain

6 \ . -S/
3/

2j
+

2 \

Now write

Then the equations become

2 3
=
J -24 + '-&'

12rt,

12rtj

We have also

.
-
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12iu

Put

V. -V, a'-**'-

' 1
""

' 5
ltfy o '

2
*
2 ' ""o"' 4 ' 4

Then the above equations become

126

The calculation is made on a computing form arranged
as shown in the sheets inset :

Ex. 2. Find the Fourier expression for u(0), given

300 401 373 241 73 -66 -100 -66

-100 -127 -100 -41 -18 -100

41 27 -34

"22

-207 -273 241 -100 107

[Answer, 100 (sin + cos + sin 20 + cos 20 + sin 30 + cos 30).]

138. Application of the Method to Observational Data.

1. Adjustment to Period. In applying the above-described

method of practical Fourier analysis to observational data, we
have first to find the values of the argument at which the data

UQ> MV u& , u& are to be taken. Suppose, for instance, that

the observed period of the phenomenon is 185*28 days. Then,

since TV of 185-28 is 7-72, if we take u to be the value of the
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observed quantity at the instant t^ we must take u^ to be its

value at the instant tQ -f 7-72 days, while u
2
will be its value at

the instant + 15-44 days, u3 will be its value at the instant

+ 23-16 days, and so on.

2. Allowance for Secular Change. In many cases the pheno-
menon whose variation is to be studied is not strictly periodic :

thus if the numbers to be analysed represent hourly means of

some meteorological phenomenon, the means for hour will not

in general be the same as the means for hour 24. This difference

is allowed for in practice by applying a correction to each of the

terms except that for noon.

3. Allowance for the use of Means. In many cases the data

from which the Fourier expansion is to be computed are not the

actual values of the ordinates corresponding to the values

0, ... of the argument, but the mean mines of the ordinates

taken over certain intervals. Thus if we wish to find the curve

which represents the annual variation of temperature at a given

station, we generally take as data the mean temperatures of the

twelve separate months. It is evident, however, that if we were

to calculate the curve directly from these data, taking the tem-

perature on the middle day of July to be the mean temperature
of July, we should introduce an error, since the average tempera-
ture on the middle day of July is not the same as the average

temperature over the whole month : in fact, the curve obtained

from the means would be too low in summer and too high in

winter, the true curve being external to the curve of means.

We can deal with this difficulty by applying a correction to

the data in the following way :

Let Wr
p -v mp , Mp+i be three successive means, each taken

over an interval 2e
;
and let u

p
be the true value of the function

for the middle of the interval over which m is taken, so that

u
p is the quantity which should be substituted for mp as a

datum from which to construct the Fourier representation.

We shall suppose that the function may be represented with

sufficient accuracy for values of the argument in this region by
an expression

u = a +
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where a, &, c are constants, and where x is the argument
measured from the middle of the interval over which mp is

measured : we have therefore

Performing the integrations, these equations give

m
p-i

" a ~ 4* + 1%C*2>
m
p fx

= a + 4& + 13cc2,

m
p

=

whence

and therefore

2

That is to say, in order to convert the given mean m
p into the

true ordinate corresponding to the middle of the interval over

which m is taken, we add a correction equal to one-twelfth of the

excess of mp over the mean ofmp+1 and mp
.v

An alternative method is to compute the Fourier expiessiou from the

given means and then multiply all its periodic terms
(i.e.

all its terms

except the constant a
) by a factor which represents the ratio of the

amplitude of the true curve to the amplitude of the curve of means.

An Example of Harmonic Analysis. In the accompanying example
the data are taken from observations of the magnitude of the variable star

RW Cassiopeiae ;

* the magnitude of the variable star is denoted by m.

The curve represented by the harmonic formula is drawn in the

figure. The observed magnitudes of RW Cassiopeiae are also given in

Fig. 18 for purposes of comparison.

139. Probable Error of the Fourier Coefficients. Knowing
the probable errors of observation affecting the data UQ,UV u2, . . .,

we can easily calculate the probable errors of the values

deduced for the Fourier coefficients a , av lv a
z, 6

2,
. . . . For

( 89, 94) if is a linear function of UQ,
uv . . ., un, say

A
t)
w + A1'W1 + . . . + Xnun,

and if the probable error of each of

the quantities u^ uv . . ., un is q, then the probable error

of is (V +V +V + - + V)ty- Thus in the 24-ordinate

scheme, since 24a =^n + u
1
+ u2

+ . . . + u& the probable error

of a is y/N/24or 0-204?.
* E. T. Whittaker and 0. Martin, Monthly Notices, R.A.8. 71 (1911), p. 511.
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A sine term and a cosine term in the Fourier representation,

which have the same period, are often combined into a single

term thus,
a cos + b sin = R sin (0 + a),

where E - J(a
2 + ft

2
)
and cos a = 6/R, sin a = a/R: we then require

to know the probable error of R and a, assuming that the

probable errors of a and b have already been calculated.

Suppose that the probable errors of a and b are each of

amount . Then, since

we see that the probable error in R is e. Moreover, since

b8a - a8b

the probable error in a IB

It is important to have clear ideas on this subject, since

otherwise there is a risk of carrying the computations to more

digits than is warranted by the degree of accuracy of the data.

This remark applies particularly to the computation of a.

140. Trigonometric Interpolation for Unequal Intervals

of the Argument. Lastly, we shall consider the representation
of a function u(x) by a trigonometric interpolation formula,
when the values of the function are known only for a set of

values a, 6, e, . . ., w, n of the argument, which are not at

equal intervals apart.

The problem, which is analogous to Lagrange's problem in

ordinary interpolation ( 17), may be solved in more than one

way: it is readily seen, indeed, that any of the following

expressions will serve :

1.

, v _ ani(g-ft)Bini(0-fl) . . . mnifc-*) , %
v ;

sin J ("-& sin -' - sin/r- ;
' '

sin %(n-a) sin %(n-b) . . . sinj(w-m)
*

Cauchy, Comptes rendus, 12(1841), p. 283 = (tfwwe* (1), 8, p. 71.
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2.

/x_ (cos a -cos ft) (cos a -cose) . . . (eoBs-eoBn) , .

(v '

(cos a
- cos 6) (cos a

- cos c) . . . (cosa- cos ri)

v

(cos#-cosfl)(cos#-cos&) . . . (cosx- cos m) , v

(cos T& - cos a) (cos T* - cos 6) . . . (cos n
- cos m)

* ''

3.

,
x sin x (cos a; -cos 6) (cosx- cos c) ... (cos a? - cos ft) , x ,

u(x) = -7
-jQ-'--

;
-f

rU(a) + . . .
N '

sin ^ (cos a - cos 6) (cos a - cos c) . . . (cos a
- cos n)

sin a? (cosx -cos a) . . . (cos#-cosm) , .*+ ._ - v-^--\--- '<u(n\*
Sin7i(COS7l-CO8rt) . . . (COS 71- COS m)

'

4.

sin (x
-

6) sin (x
-

c) . . . sin (x
- n} , x^-,( . )

-
{
-

^-4
-r^() + . . .

sin (a
-

&) sm (a
-

c) ... sin (a
-
w)

v 7

sin
(a?
-

^) sin (x -&)... sin (#
- m) , , .

sm (n
-

ft)
sin

(TI
-

b) . . . sm (n
-
m)

^ '* '

J^cc. 1. Discuss the relation of the above formulae to the formulae

obtained for equal intervals of the argument in 133, 134.

Ex. 2. By making 6 tend to equality with a in formula 1 above,

obtain an interpolation formula for the case when Ihe function and its

first derivative are both known at # = a, while the function alone is

known at x= c, rf, . . . .

(This is useful when wo happen to know the values of the argument
for which the function is a maximum or n minimum.)

Ex. 3. Apply the first of the above formulae to obtain an expression
for

rv
(Use the formula

f 'sini (x
-
xj sin

^ (x
-
xj . . . sin ~ (x

- a2p)
dx =^=^ cos(-s

-^
where 8 denotes o^ + C

2 + . . . + x2p,
and sp is the sum of p of these a's.)

[Baillaud,
Toulouse Ann. ii. (1886), B.]

MISCELLANEOUS EXAMPLES ON CHAPTER.X

In each of the following examples it is required to find a Fourier

series for u(x). The tabulated values of u(x) represent equidistant

ordinates spaced at intervals of -^ of the complete period.

* These two formulae are due to Gauss, Nachlass, Werlce (1866), Hi. pp.

291, 292.

t Hermite, Qour8 d?analyse.
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Ex. I.

!-
* "13 W

14

4 4 38 68 79

M I

92 91 75 94 118

, i UM
115

77 86 74 43 50

73

"22

85 86 78

35 35 20 -10

uo

25

2 '*3

35 60

125

v. 4.

85

45 50 45

82 60

68

"is

118 148

24 20 28

150

45

122

56

125

"23

40

139

"o

170 142 160 171 129 139 130 150 181 179 170 148 106

75 74 15 34 48 69 105 130 146 160

Copies of the Computation Sheets facing pages 270 and
278 may be obtained directfrom the Publishers in quantities

of not less than one dozen, at the following prices :

" 12-ordinate
"
forms (facing p. 270) 6d. per dozen,

or "
^4-ordinate" foims (facing p. 278) Is. per dozen.

Special terms will be quoted for orders of one thousand and

upwards.



CHAPTEE XI

GRADUATION, OR THE SMOOTHING OF DATA

141. The Problem of Graduation. Suppose that as a

result of observation or experience of some kind we have

obtained a set of values of a variable u corresponding to equi-
distant values of its argument : let these values be denoted by
uv u^ U& . . ., un. If they have been derived from observa-

tions of some natural phenomenon, they will be affected by
errors of observation

;
if they are statistical data derived from

the examination of a comparatively small field, they will be

affected by irregularities arising from the accidental peculiar-

ities of the Held
;
that is to say, if we examine another field

and derive a set of values of u from it, the set of values of u

derived from the two fields will not in general agree with each

other. In any case, if we form a table of the differences

Aw
1
= ?/

2
-?*

1,
A?*

2
= w3 -^2, . . ., A2^ = &u

2
-
A?^, etc., it will

generally be found that these differences are irregular, so that

the difference table cannot be used for the purposes to which

a difference table is usually put, viz. finding interpolated values

of u, or differential coefficients of u with respect to its argument,
or definite integrals involving u. Before we can use the differ-

ence table, we must perform a process of "
smoothing

"
;
that is

to say, we must find another sequence uf, tt>
2',

. . ., un
f
whose

terms differ as little as possible from the terms of the sequence
nv uv . .

., unt but which has regular differences. This smooth-

ing process, leading to the formation of M/, ?/
2',

. . ., ?/,,/, is

called the graduation or adjustment of the observations.

For example, let us consider an extract from the Government Female

Annuitants (1883) Ultimate Table and form a difference table of the

285
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entries. We have, denoting by qx the probability of a person aged x

dying in a year,

a (Age). lO8
^. A.

50 1019
631

51 1550

61
52 1611

142
53 1753

19
54 1772

-224
55 1548

474
56 2022

-99
57 1923

-81
58 1842

487
59 2329

The differences are altogether irregular, and, as we shall see ( 155),
when the data are adjusted the differences become more regular.

In dealing with experimental results of no great accuracy
the smoothing process is generally performed graphically,* but

in the present chapter we shall be concerned with more refined

methods involving analytical formulae.

142. Woolhouse's Formula of Graduation. We shall

consider first a formula which, though now disused in practice,
is of considerable historical and theoretical interest. Wool-
house proposed f to pass five ordinary parabolas through the

five sets of points

* For the best graphical method cf. T. B. Sprague, J.I.A. 26 (1886), p. 77.

For valuable comments on such methods cf. Whewell, Novum Organum Re-

nomtum, Book III. ch. vii. p 204 of the edition of 1858.

t J.I.A. 15 (1870), p. 389. InJ.T.A. 23 (1882), p. 351, G. F. Hardy showed
that the calculations required for the application of Woolhouse's formula might
be performed by a " columnar

"
process of calculation, in the form

which is identical with the form (Tfcj)Cft1*fl-8&
2
)tfi ffiven later by him, since

A,S=f5]; and T. G. Ackland, J.7.A. 23 (1882), p. 352, showed that they can
be performed by summations of a different nature.
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and take as the graduated value of u the arithmetic mean of

the values derived from these five parabolas. Now using A6

to denote the operation A performed with the interval 5, by the

ordinary interpolation formula
( 21), the values derived from

these five parabolas are :

2 3
u -

u-i + A5?/,_ 2
- Vw -? (

from u-v u- u
s)>

Vi

(
from ^-e> u-v UA

(from u_6,
U
Q,

?/
5),

Therefore if
'

denote the graduated value of u^ we have211^3
5< =

[5] +
gV-i +

5V-i
~
5
A

5
?/
i
-
5Vi

~
25
A
5
2?/

-7

-2
2

5
A
5
2^6+~A>. 4

+ ^A>. 3, (1)

where [5]?/ stands for 7(.2 + it.1 + ?^ + ?^ + ^'a.

The operation of replacing a term ur by the sum

it n-l + - . + l*r + - - . + ,-!
r __

r^-^-

will be called summation by n's, and denoted by the operator [w], so that

2 a

We shall use [^J
2 to denote the effect of performing this operation

twice in succession, so that, for example,

Since A6
^_2

=
[5]A?/O|

and A
5
2
?^_4

=
[5]

2A2^
, equation (1) may

be written

K 91123 2
'
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125
so

-rgf'o'
- - 10f/3 + 15^2

- 3A2u_3
- 2A2

_ 2 + 3A
2
?/, + 7A2

?/1

Thus Woolhouse's formula of graduation may be written in

the forms

[51
3

' =

or *
*.' = -K -

36%*), or < =

or

or < = 0-200?^ + 0-192(wa._1 +%+1)
+ 0-168(^.2 +

+ 0-056(?^_3 + %+s) + 0- 024(^,4
-
0-016(^.6 + 7^+6)

-
0-024(?

143. Summation Formulae.! The formulae of Woolhouse

may be regarded as a particular instance of a class of gradua-
tion formulae, much used by actuaries, which may be called

summation formulae, and which are based on the following

principle.

Let A denote the operation of differencing, so that

Awaj =%+i-%; and, as in 142, let [2m + l]ux denote the

sum of (2m + 1) u's of which ux is the middle one. Then it is

possible to find combinations of these operations A and [ ]

which, when differences above a certain order are neglected,

merely reproduce the functions operated on
; so that we have

(say)

/[A, [ ]}irx
= ux + high differences.

We now take /{A, [ ]}ux to be the graduated value of uX9

that is,

the merit of this ux
'

depending on the circumstance that

* This form is due to Hardy, J.I. A. 32 (1896), p. 372

t On Summation Formulae cf. G. J. Lidstone, J.LA. 41 (1907), p. 348,
42 (1908), p. 106.
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/{A, [ ]}ux involves a large number of the observed U'B, whose

errors to a considerable extent neutralise each other and so

produce a smoothed value uj in place of ux.

In practice, instead of the symbol A, it is generally con-

venient to use the symbol of central differencing 8, where

denotes ^ - 2it + u.v Writing E - e***, we have

so that

_sin (2'M + !)<!>

5^
and therefore

This shows that = w + rfc^W + terms i

2? . q . r 24

8*?^ . . . and therefore a summation formula, correct to third

differences, is

p . q . r

Taking any two formulae of this type, and eliminating 82, we obtain

summation formulae of a type first introduced (but otherwise demon-

strated) by J. A. Higham, J.LA. 23 (1882), p. 335 ; 24 (1883), p. 44;
25 (1884-85), pp. 15, 245.

Formulae correct to fourth differences may be deduced by the above

method. The use of a formula correct to too low an order may lead to

systematic distortion of the results.

It may be remarked that formulae such as Woolhouse's, which are

based on interpolations, may all be reduced to the summation type ;
but

the converse is not true, so the summation method is the more general.

(D 3ir) 20
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144. Spencer's Formula. Perhaps the best of the

summation formulae of graduation correct to third differences

is the 21-term formula of Spencer,* namely,

This may evidently be obtained by taking p = 5, $r
= 5,

r = 7 in the preceding formula. We shall now obtain its

expanded expression. If we perform summation by 7's on

2(l-4S
a -3S4

-J8
6
)
or (-E8 + E + 2 + E- 1 -E- 3

),
we obtain

and if on this we perform summation by 5's twice, we obtain

- E10 - 3E9 - 5E8 - 5E7 - 2E8 + 6E5 + 18E4 + 33E + 47E2 + 57E
+ 60 + 57E-1 + 47E-2 + 33E~3 + 18E-* + 6E- 5 - 2E- - 5E"7

-5E-8 -3E-9 -E-10
.

Spencer's formula may therefore be written

. 4- u

or

0-163^ + M.J + 0-134(wa + _ 2) + 0-094(?/8

-J + 0-017K + v.5)
- 0-006(/*6 + w.6)

.7)
-

0-014(?/8 + ?/,_ 8)
-

0-009(?/9 + _9)

In the practical application of the formula we form the

expression

sum by 7's and divide by 7, then sum twice by 5's, dividing by
5 each time.

The following is an example of the working process of

Spencer's 21-term formula : f

* This was employed in the graduation of the rates of mortality exhibited

by the Manchester Unity Experience, 1893-97. Cf. J.I.A. 38 (1904), p. 384 ; 41

(1907), p. 361.

t J. Spencer, J.I.A. 38 (1904), p. 339.
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145. Graduation Formulae obtained by fitting a Poly-

nomial. We shall next consider a class ol graduation formulae

whichare based onwhollydifferent principles from thesummation

formulae. Supposing the ungraduated values iix to be plotted

as points against the corresponding values of #*, we shall fit

a parabolic curve of some assigned degree / to the points

(?/'-, u- n+i> - >
w

o>
n

>i)> determining the constants of the

curve by the Method of Least Squares, and we shall then take

the ordinate of this curve at # = as the graduated value of ?f .*

*
Of. W. F. Sheppard, Proc. Fifth Intern. Congress of Maths. (Cambridge,

1912); ii. p. 348; Proc. Lond. Math. Soc.W 13, p. 97; J.I. A. 48, pp. 181,

390, 49, p. 148 ; 0. W. M. Sherriff, Proc. Hoy. Soc. Edin., 1920, p. 112.
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Let us then find the polynomial of degree j,

n f
}2

for which 2 \ up - u(p) \
is a minimum ; then u(G) will "be taken

p=-n[ J

to le the graduated value of ii .

The equations of condition to determine c# cv . . ., c$ are

If we now form the normal equations, it is evident that the

coefficient of c in every alternate equation vanishes, the sums

of the odd powers of the natural numbers from - m to + m being
zero. Let j= 2k or 2k + 1. Denote by 2 a summation over the

values from - n to n inclusive ; let 2s? be denoted by 2p* and

let 2s*X, which is the ptih moment, be denoted by Mp. Then

the normal equations which involve c are

f 2 + C
2
22 + . + ^2k^2k M

fl,

Solving these equations for <

M M2

we have

2
2

2
6

2
2 4

2
6

* From 69, we note that the sum of the pth powers of the natural

numbers from -nton inclusive (where p is an even number) is given by

where B^
4)p ^ I

a . J
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This is the Graduated Value of UQ. Since the moments M ,

M
2, . . . are linear functions of the ungraduated data u_ n, . . .>

un,
we see that the graduated value u is also a linear function

of these data.

The following table is useful in performing the computations.

[TABLE



I

H

+
X
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146. Table of these Formulae. By substituting par-
ticular numbers for Jc and n and evaluating the determinants,

we obtain the following table of the graduation formulae which

are obtained by fitting a polynomial to the data.

Case L k = 0, i.e. Jilting (t straight line to the data.

Case II. k= 1, i.e. fitting a parabola, of degree 2 or 3. The

general formula in this case is

- ., n - 1 - 5s2
where ph

- 6

This gives

71=1 < = ^

= 2
'

9t = 3 U
Q

' - -o
1
! {7^ + 6(^ + .J + 3(?*2 + -,)

n 4 < = TK{59" + 54K + M -i) + 39K
-21(w4 + .

l)}.

M = 5 ?f' = -891/ + 841 + tt. 4- 69(^/

6 < = Ti{252* + 24(i/x + w.J + 21(?<2 + v/_ 2)

+ 9K 4- '" _ 4)
-UK + *-)}.

= 7 V =
T-tVs {I67i/o + 162K + w .J + 147("2

+ w _ 2)

+ ?/_ 3) + 87( 4 + <?/,_ 4) + 42(wB + ?/_
5)

n - 8 ?r
' -

7J Jy{48w + 42 (t^ + vM
+ 27K + ^- 4) + 18K + -B) + 7K 4- 7/ _ 6

& = 9 ^
' = ^^{269^0 + 264( 1

+ w .J + 249(w2 + v _ 2)

4- 224('H3 + w.j) 4- 189(v(4 4- M_ 4) 4- 144(/(6 4- it _ 6)

4- 89K 4- u_ B) + 24c(u7 + u _
7)
-

51(?/8 4- ^_ 8)

-138K + *.,)}.

4- 284(va 4- M-J 4- 249(v4 4- w_ 4)
4- 204(w 4- w. 5

4- 149(tt6 4- w> 6)
4- 84(w7

+ w- 7)
+ 9(w8 4- ifr.J

-WK + w.,)
- 171Ko 4- w. 10)}.
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Case III. & = 2, i.e. fitting a parabola of degree 4 or 5.

n - 3 7/
' - ^ h-{131^ + 76(7^ + T^) -

30(7/2

+ 6(7*3 + 7*_ 3)}.

7i = 4 ?<'

5 u
'

6 7^
' - TnrVr{677'K + 600^

825(v/1 + 1*-,) + 660(?/2

10 < - TOAFrr{*4003 // + 42120(7/1
+ u-J + S6660(7/2

+ 28l90(/3 + t/.J + 1*7655(^4 + . 4)

+ 6378(7/6 + tfr_ 5)

- 6460( 9 + tt.J

147. Selection of the Appropriate Formula. Among
the many formulae of the last section, we have to determine the

one which is most appropriate to the particular material that is

to be graduated ; this may be done in the following way :

From the formulae of 145 we see that if we tried to fit an

ordinary parabola ?/
= C

Q + c^v + c^s
2 to data u_ n, w_n+1,

. . .,
un,

then we should have

and therefore
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Now c
2
is A2

#, where A2
y denotes the second difference of y,

which is of course constant since y is of the second degree in x.

So if we try to represent a certain stretch of the data, say from

u,n to un inclusive, by an ordinary parabola, then the most

probable value of A2
// for this parabola is

V V _ V 2
-"0~4 "2

This is readily calculated (the D's being given at once by the

table of 145), and thus we can make a preliminary test of the

value of A2
.//

for curves roughly fitting the data in different
"
stretches." This enables us to judge what is the lowest order

of parabola which will give a satisfactory fit when we use some

definite number (2n + 1) of data in the graduation formula.

Ex. 1. If a set of observations y^ #2, . . ., yn, corresponding to equi-

distant values of the argument x, is given, and if we represent these as well

as possible by a formula of the type y = Ax + B, so that Ay is constant for
the graduated values, then the most probable value of this constant AT/ is

6

w(n
2 -T2

)

{l.(w-l)Ay1
+ 2.(fi-2)Ay2 +3.(w-3)Ay8+ . . . + (n- l).l.AyM _j}.

EJT. 2. If a set of observations yl9 yty
. .

., yn, corresponding to equi-

distant values of the argument ,r, is given, and if we represent these as well

as possible by a formula of the type y = A-r2 4- B. + C, so that A2
?/

is constant

for tfw graduated values, then the most probable value of this constant A2
?/ 1*

Ex. 3. If a set of obsenations yv y# . .
., yn, corresponding to equi-

distant values of the argument oc,
is given, and if we represent these as well

as possible by a formula of the type y = Aas8 + Bo;2 + Cx+ D, so that A8
!/ is

constant for the graduated values, then the most probable value of this

constant is

__140___
-l^i2 - 22) (n

2 - 32
)

148. Tests performed on Actual Data.* We shall now consider

the relative merits of Summation formulae and Least-square formulae

as tested by their performance when applied to definite numerical data.

*
Sherritf, loc. cit.
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We have first to decide what is to be accepted as the measure of good

performance in a graduation. The test we shall use may be described

thus:

Consider some known analytic function of x, such as log a-,
of which

tables accurate to, say, 6 places are available. A 4-place table of this

function may be prepared by omitting the last two digits (which will be

called the tail) and "forcing," i.e. increasing the last retained digit by
unity when the omitted tail begins with one of the digits 5, 6, 7, 8, or 9.

We can regard the values of log x given by the 4-place table as affected

with "
errors," namely, the errors which have been produced by omitting

the tails. Let us now take a sequence of these 4-place values, and

graduate them by the graduation formula which is to be tested ; the

effect of the graduation should be to smooth out the " errors
" and restore,

to some extent at least, the more accurate values of the 6-place table.

The success with which this is performed may be taken as a measure of

the merit of the graduation formula ; for it must be remembered that

the purpose of a graduation formula is precisely to reduce the magnitude
of accidental errors. The advantage of using a known function, such as

log <r, for the test is that we can be certain that the errors (viz. the tails)

are accidental, i.e. non-systematic. There is, however, the disadvantage
that the errors do not obey the normal law of frequency, since within

the limits + 05 of the last place, the probability of an error c does not

vary with .

In the following table this method of testing is applied to the function

107
- - 30,999-95. Spencer's formula and the Least-square formula k= 1,

m= 10 are used. The merits of the graduated values are obtained by

comparing columns 9, 10, and 11 : the result is that the sum of the

squares of the residual errors is 873 when the Least-square formula is

used, and 1327 when Spencer's formula is used.

[TABLE
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GRADUATION OF THE RECIPROCALS OF NUMBERS BY SPENCER'S FORMULA
AND THE LEAST-SQUARE FORMULA A =1, w=10
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149. Graduation by Reduction of Probable Error. The

graduation formulae which we have obtained by fitting poly-

nomials have been derived otherwise by W. F. Sheppard,* who

approaches the problem in the following way :

As before, let . . . w_ 2, u^v u^ nv u2, ... be the ungraduated
values of n. Suppose that the determination of each of these

is subject to the probable error e. If the graduated value of

then the probable error of u^ is

Sheppard lays down the condition that this quantity is to be

a minimum, subject to a further condition which secures that

the graduated values shall not differ systematically from the

ungraduated. This latter condition he takes in the form that

MO
'
is to differ from IIQ only by differences of -z/ of order (j+ 1)

and upwards; this amounts to supposing that the (y+l)th
differences of the us are negligible.

Now, by a discussion resembling Laplace's and Gauss's

Theoria Combinationis proof of the Method of Least Squares

( 115), we see that Sheppard's conditions are really equivalent

to the two conditions which were laid down in 145
; and

hence the graduation formulae obtained ty this method are

identical with those which have been obtained
( 145-147) by

fitting polynomials to the data by Least Squares.

150. The Method of Interlaced Parabolas. A method

of graduation proposed in 1922/j- which yields satisfactory

results when applied to actuarial data, may be explained as

follows.

* Proc. of the Fifth Int. Congress of Mathematicians (Cambridge, 1912), ii.

p. 348, and other papers quoted in the footnote, p. 291. Sheppard also

deduces formulae giving maximum smoothness, as measured by the smallness of

the sum of the squares of differences (of given order) of ux'. He gives a

continuous working process in columns. For a convenient working process
with the arithmometer, cf. J. R. Larus, Trans. Act. Soc. Amer. 19 (1918), p. 14.

t J.I. A. 53 (1922), p. 92.
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Let a polynomial of the third degree

u = a + bx + cx* + da? (I)

be determined by the conditions that (1) it is to take as nearly
as possible the values u- tn, u-m +i, . . ., w. 2 ^o uv > um> when
x has the values - M, - m + 1, . . .,

-
2, 0, 2, . . .,m respectively,

and (2) it is to take precisely the values u1

^ x and %' when x

has the values - 1 and 1 respectively. Here as usual #
, uv

. . . denote ungraduated values and uQ', w/, . . . denote gradu-

ated values, so that we are really finding a parabola of the third

degree which will fit as well as possible the ungraduated data

^_m, u~m+i, ., v ta>
and will also fit rigorously the two gradu-

ated values uf

_ 1
and i^', which for the moment are supposed

already known. Then the ordinate of this parabola at x = 'will

be taken to be the graduated vrrlue u '. The graduated values

will therefore be given by a series of interlaced parabolas, each

of which passes through three consecutive graduated values, so

that each successive pair of these parabolas has two points on

the graduated curve in common. The equations of condition

are evidently

u
r
= a + br + cr* + dr3

, (2)

for r = -
//&,

- m + I, . . .,
-

2, 0, 2, . . ., in
;
and we may without

error include r = - 1 and r = 1 in this sequence, since the effect

of the two equations of condition thus introduced will be

nullified by the two equations which have to be satisfied

rigorously, namely,

7^'_ 1
= ft,

~ ft + C - d\ ,<y,

u^a + b + c + d)

r=T-

Denoting as usual 2) ?* by S
,
we have therefore to choose

r=-m

a, 6, c, d so as to make

or
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a minimum subject to the rigorous equations (3). The normal

equations are therefore
( 108)

=0
X +

p, =0
+ A + p.

=
- A + n = J

(4)

The unknowns , &, c, d, A, //,
are to be determined from

equations (3) and (4). Evidently we need only consider the

equations which involve a, c, and (A + /x),
which are

2 + c2
2
- ?'Ur + (A + IJL)

= 0,

c24 + 2
2
- 2r*u

r +(\ + p)
= 0,

and we have also MO
' = (t.

Eliminating a, c, and (X. 4- /x)
from these four equations, we

have

Thus if we write cos0 for -*"**,, Q
, and K^ for

-4~^2

2^-l^H-r^ the gradated values of Uj
>

Sati8fy the linear

^4-^2
difference equation

u'x+i
~ 2 cos nx

'

+ u'x -i = K^,

the solution of which is

I*,'
A cos xO + B sin xB

KQ aiii ad + K
t
siii (#- 1)0 + . . . + K

a._ 1
sin0

+ _ _.

--^^
- >

where A and B are the constants of integration ; they may be

used, in the case of mortality data, to make the deviations of

the actual from the expected deaths, and the accumulated

deviations, zero
;
or in all cases they may be used to reproduce

the moments of order zero and one, of the ungraduated %'s.
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151. A Method of Graduation based on Probability.*

The methods described above fulfil their purpose of. smoothing
out irregularities from observational data in a way which is on

the whole efficient. From the purely theoretical standpoint they*

are not altogether satisfactory, since each of them contains

arbitrary or empirical elements whose introduction does not

appear to be logically necessary ; e.g. in the methods of 142,

150 it is not obvious (apart from mere convenience) why we
should fit parabolic curves to the observations rather than fit

curves such as (say)

In order to find a sounder basis for the theory, we must

remember that the problem of graduation belongs essentially

to the mathematical theory of probability ; f we have the given

observations, and they would constitute the "most probable"
values of u for the corresponding values of the argument, were

it not that we have a priori grounds for believing that the

true values of u form a smooth sequence, the irregularities

being due to accidental causes which it is desirable to eliminate.

The problem is to combine all the materials of judgment the

observed values and the a priori considerations in order to

obtain the " most probable
"
values of u.

Let us then suppose that we are concerned with a number

ux which depends on an argument #, and suppose that we have

n data which are affected with uncertainties or irregularities

due, e.g., to accidental errors of observation
;
so that when ux is

plotted as a function of x, the n points so obtained do not lie

on a smooth curve, although there is a strong antecedent prob-

ability that if the observations had been more accurate the

curve would have been smooth. We may make the somewhat

* Whittaker, Proc. Win. MM. Soc. 41, p. 63 (read Nov. 14, 1919 : printed,

with additions, in the volume for 1922-23). The method has been further

improved by Whittaker, Proc. X.S. JSdin. (1924).

f The first recognition of this fundamental principle seems to have been

made by Mr. G. King in the course of the discussion on Dr. T. B. Sprague's

paper of 1886, J.I.A. 26, p. 77 :
" What is the real object of graduation ? Many

would reply, to get a smooth curve ; but that is not quite correct. The reply

should be, to get the most probable deaths."
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vague word " smooth
"
more precise by interpreting it to mean,

e.g., that the third differences A8^ are to be very small.

Now consider the following hypothesis : that the true value,

which should have been obtained by the observation uv lies

between u^ and %' + cr, where <r is a small constant number

(e.g.
one unit in the last decimal place used in the measures) ;

that the true value which should have been obtained by the

observation for uz lies between u
2

'

and ?/
2

'

+ o-, and so on
; and

finally the true value which should have been obtained by the

observation for un lies between 11n
'

and t/n
' + a-. This hypothesis

we shall call "hypothesis H" Before the observations have

been made we have nothing to guide us as to the probability

of this hypothesis H except the degree of smoothness of the

sequence ?//, . . . wn
'

f which may be measured by the smallness

of the sum of the squares of the third differences.

S - - 3< + 3< -O2 + - 3< + 3,
f - <)2 + . . .

S may be called the measure of roughness of the sequence.

The theory may be extended to the case when the observations are

not taken at equidistant values of the argument, by taking instead of

S the sum of the squares of the third divided differences of the graduated
values.

We may therefore, by analogy with the normal law of

frequency, suppose that the a priori probability of hypothesis

His
ce- ASV*, (A)

where c and A, denote constants.

Next let us consider the a priori probability that the

measures obtained by the observations will be uv u
2t

. . ., ?/w> on

the assumption that hypothesis H is true.

Since the true value of the first observed quantity is, on

this hypothesis, u^t the probability that a value between t^ and

HI + o- will actually be observed is (postulating the normal law

of error)

J*

where \ is a constant which measures the precision with which

this observation can be made. Similarly the probability that
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a value between u
2
and u

z + <r will actually be obtained for the

second observed measure is

j ,

v 71
"

where h
2 is the measure of precision of this observation. Thus

on the assumption that hypothesis H is true, the a priori

probability that the observed measure of the first observed

quantity will lie between % and % + <r, the observed measure

of the second observed quantity between u
2 and u

2 + o-, and

so on, is

where F denotes the sum

The sums S and F enable us to express numerically the

smoothness of the graduated values, and the fidelity of the

graduated to the ungraduated values respectively.

We must now make use of the fundamental theorem in the

theory of Inductive Probability, which is as follows. Suppose
that a certain observed phenomenon may be accounted for by

any one of a certain number of hypotheses, of which one, and

not more than one, must be true : suppose, moreover, that the

probability of the 5th hypothesis, as based on information in

our possession before the phenomenon is observed, is pt9 while

the probability of the observed phenomenon, on the assumption
of the truth of the sth hypothesis, is Pg . Then when the

observation of the phenomenon is taken into consideration, the

probability of the sfch hypothesis is

where the symbol 2 denotes the summation over all the hypo-

theses. It follows from this that whereas before the phenomenon
was observed the most probable hypothesis was that for which

pK was greatest, the most probable hypothesis after the pheno-
menon has been observed is that for which the product PJI, i&

greatest. Applying this theorem to the case under considera-

(D 3 ) 21
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tion and combining expressions (A) and (B), we see that the

most probable hypothesis is that for which

in a mcmmum
;
that is to say, the most probable set H^ . . . ?/,

o/ values of the quantities is that which makes

a minimum.

152. The Analytical Formulation. Writing down the

ordinary conditions for a minimum, we obtain the equations

- A2A3
//
2',

We shall now make the simplifying assumption that the measure

of precision is the same for all the data, so h^Ji^ . . . =//-.

If this is not the case, we graduate some function of u, such as log u,

instead of M, choosing this function so that its measure of precision has

nearly the same value for all values of the argument.

If we write h* = eA2, the equations may now be written

U = */

l ;

Now all these ec^uations, except the three first and the three

last, are of the form

Moreover, if we introduce a quantity u
'
such that A3

?^
' = 0, the

third equation becomes

which is of the same form
;
and similarly the first two and last
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three equations can be brought to the same form by introducing
new quantities ?/>.

1, u'_ 2, u')t+i, u'n+2> ^Ws, such that

Thus the graduated values ux
'

satisfy the linear difference equa-

tion

7f/- AVa _8 = ?/ r, (2)

"being in fact the, particular solution of this equation which satisfies

the six terminal conditions

Aw 0, AV^-0, AV_ 2
=

A"< = 0, (3)

whence we have at once

AV_ 2 =0, AV .! = (), AV_ a = 0, A4
',,_ 2

= 0, AV^.^0,
AV,,_ a = 0. (4)

153. The Theorems of Conservation. From (2) we have

by Humiliation

= AV,,. 2 -AV_2

= 0,by(4).
Therefore

< +< + . . . + -w,;=w1 + , + . . . + ?/. (5)

Moreover, by (2),

= 0,by(4).
Therefore

/ + 2.2

' + . . . + nv a

' = ii
1 + 2i<a + . . . + n>in . (6)

Next, by (2),

H _,
-
(2n

- 1)AVM _, + 2AV,,- 2
- AV_, - AV. t

= 0, by (3) and (4).

Therefore
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Equations (5), (6), (7) show that the moments of orders 0, 1, 2

are the same for the graduated data as for the original data.

This may be called the Theorem of Conservation of Moments.

We may express it by saying that the graph which represents

the itngraduated data and the graph which represents the gradu-

ated data have the same area, the same x co-ordinate of the centre

of gravity, and the same moment of inertia, about any line parallel

to the axis of u.

154. The Numerical Process of Graduation. The para-

meter is at our disposal, and measures the importance which we

attach to keeping close to the original data, as weighed against

our desire to attain perfect smoothness in the graduated curve.

If were taken absolutely zero, we should obtain a perfectly

smooth graduated curve which would have the same moments

of orders 0, 1, and 2 as the ungraduated curve, but in other

respects might not fit the observed data closely. In practice,

therefore, we do not take c absolutely zero, but it may usually

be taken to be a small number so that it is convenient to expand
the solution in ascending powers of c and retain only the part
which is independent of 6 together with the part which involves

the first power of
; the parts involving higher powers of e

may be neglected.

Suppose, then, that the terms in the graduated value ux
f

are

arranged according to the powers of which they involve,

thus

<r>2 + . ... (8)

Substituting in (2) and equating coefficients of we have

^, (9)

which is a linear difference equation to determine n'
9t i if u'

9t o

can first be found.

Now u'
Xt o can be found without difficulty in the following

way. From equations (1) it follows at once that when is

zero, the third differences of the graduated values are all zero ;

so u'
Xt o must be a polynomial of degree 2, say

, o
= a + fa + ^, (10)
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where a, b, c are independent of x. Substituting in equations

(
5
)> (6), C7), they become

na + }n(n + 1)6 + ^n(n + l)(2n + l)c
==

I n(n + l)cr + ^n(n + 1) (2n + l)b + ]

\n(n + l)(2n + l)a + -\-n
2
(n + 1)

26

+ .^71(74 + 1 )(2n + 1 )(3w
2 + 3w -

l)c
=M

2 .

whence M
,
M

lf
M

2 denote the moments
(

/

?/
1 + . . - + ^J,

(u^ + 2u
2 + . . . + nu

ti) 9 and (v/1 + 22
7fc
2 + . . . + ft

2
?'J of the ungradu-

ated data. The three equations (It) determine , 6, c; the

solution may conveniently be performed as follows :

Compute successively the numbers p, q, r
t s, t, where

'

M 2M, 6M2 6(y^~ n* ?
"ii(^i)'

r

"ii(^l)'*" n-i
"~

"n-l
Then c is given by

(12)

The first of equations (11) may be used as a check.

Substituting the numerical values of a, &, c thus found in

equation (10), we obtain the formula for u'
Xt ;

and by substi-

tuting # = 1, 2, 3, ... in it, we obtain the numerical values of

Mf

i, o, '"''2, o, ^'s, o*

Having thus found u'
X)

i& terms of the ungraduated data by

substitution in equations (9), we obtain A6
//a._ 3) i in terms of the

ungraduated data. Denoting AV^i by v^, we therefore have

A3^ known; and from
(,*>)

and (4) we have A20_ 2
= 0, A7;_ 1

= 0,

^ = 0, so by mere summation in a difference table we can obtain

all the v'&.

The results AX- 2
=

> A^. 2 ==0, ^- 2
= furnish a check on

the accuracy of the working; and as a further check we

may form the columns A4
, A5

,
A6 in this difference table ;

the

column A6 should give simply
-

t/x, where yx denotes A3
?v

6 is given by
J = 8 - (n + 1)0,

and a is given by
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Having now obtained the numbers vv v
2, . . ., v;H _ 3,

we have

to find the numbers u\ t j,
n'

2f i, . . ., u'
nt i from them. For this

we use the conditions that (1) u'
Xf i satisfies the difference

equation

AV,, 1==^ (13)

and (2) it is the particular solution of this difference equation

for which the moments of order 0, 1, and 2 vanish. So in

order to compute it'
Xt i we write down vv v

2, . . ., vv _3 as the

third column of a difference table, and form the second, first,

and zero columns by summation, taking any arbitrary numbers

whatever* for the entries at the top of these columns. In

this way we obtain in the zero column a set of numbers wv
w

2, . . ., wn which satisfy the difference equation (13), but

which are not the particular solution we require. However,

any two solutions of (13) differ only by a solution of the

equation A^ = 0, i.e.. they differ only by a quadratic function

of x. So we can write

(14)

and we have now only to determine A, B, and C. For this wo

use the second of the above conditions; denoting the sums

by N , Nv N2 respectively, we have, by summing equation (14),

l)(2n + 1)0

*(n + 1)
2C =N

x
( *

These equations are of the same type as equations (11) and are

solved in the same way ;
that is, we compute successively

p_No _ 2N, 6NZ S _6(Q-P)* --
1 S5 ~/ ^ \l **' /

---
<~\ *^ --- --

"-1
-

>

n n(n + l) n(n + l) n-\

*
It is advisable to choose these arbitrary numbers so as to make the

numbers wlt wz . . ., wn as small as possible.
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then C is given by

P_16fT-(w_+l)Sl
(n+~2j(-2)"'

15 is given by
B = S - (n + 1)0,

and A is given by

The first of equations (15) may be used as a check.

Having thus found A, B, C, we substitute in equation (14)

and so calculate u'
9t \ for x 1, 2, 3, . . ., n. Lastly, from the

equation

we compute the graduated values ur
r

fora;= 1, 2, . . ., n. The

graduation is thus completed.
The quantity which is at our disposal is not selected

until the end of the process, when we try two or three different

values and see which gives the most satisfactory result. By
increasing c we bring the graduated values into closer fidelity

to the ungraduated values, while by diminishing c we make
the sequence of graduated values smoother. There is not much
labour involved in these trials, as they merely amount to

multiplying the column of known values of u'
Xt i by the trial

value of e and adding to the column of known values of ii'
Xt .

The advantages of this method of graduation seem to be

(1) Its elasticity, due to the freedom of choice of . A
satisfactory method of graduation ought to possess such

elasticity, because the degree to which we are justified in

sacrificing fidelity in order to obtain smoothness varies greatly

from one problem to another.

(2) Its more logical basis in the mathematical theory of

Probability.

(3) The total of the U'B and their first and second moments

are the same in the graduated table as in the actual statistics

on which it is based. (These conditions are not satisfied in

methods such as Woolhouse's or Spencer's, which depend on

formulae for graduating individual values.)

(4) It makes use of the whole material available to obtain
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each graduated value, whereas in, e.g.y Spencer's formula each

value is graduated by using only it and its ten nearest neigh-

bours on either side, and therefore the material used in order

to graduate one number is slightly different from the material

used in order to graduate the next member in the sequence.

(5) There is no difficulty near the beginning and end of the

sequence, whereas, e.g., Spencer's formula cannot be applied when

we are within ten places of either terminal.

(6) These advantages are not counterbalanced by greater

labour in the computations.

Ex. To graduate, by this method, the section of the Government Female

Annuitants Table given in 141

The data are a follows :

Age 50 fit 52 53 1 54 55 56 57

1548 2022 1923 1842 2329

58

ux 1019 1550 1611 1753
1
17*72

The moments M , Mt,
M

2 are given l>y the formulae

. . - + w
10 =17369,

. . . -f I0w10 =103518,
M

and the numbers p9 </, r, ... by

p= ^=1736-900,

= = 1882-145,1 55

= 41129-782,

1 2w
10
= 754046,

149-619,

1098-757.

== (2-^)=* 96-830,

2
-418.

Aa a check on the computation we nee that

100 + 556 + 385r=l 7369-000 = M .

Substituting these values of a, &, c in equation (10), we obtain the

first term of the graduated value of ux, namely

= 1098-757 + 149-61 9,/ - 4-799,r2
,

= 1098-757 + 1 47-219, - 9-598 -J
-

,
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from which by differences we build up the table

It may be remarked here that for many practical purposes u'
Xt may

be taken as the graduated value of u^*
From equation (9) the differences &Pu'

Xt i are found ; and, denoting

A'M'J, i by &Pwn we now form a complete difference table of the v
;

s
;

noting that A2v_ 2
= 0, Av_ 1

= 0, = 0.

It is required to find a set of numbers wx satisfying the difference

equation A3
*/^ i = vf This we do by forming a complete difference

table. Instead of assigning arbitrarily the numbers at the tops of the

columns, we may assign a zero entry near the middle of each column

and build the table by working upwards or downwards from the zero

entries as follows :

* The student should compare the values of i*',. o with the graduated values

of ux given in 166.
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Tlit numbers ivv w^ . .
.,
w
10

are not the particular solution we

require, so we now form the quantities

u'x i =^ wx A B c C./-2
,

where the coefficients A, B, (J are formed from the moments N
,
Np

N
2
as follows :

P=
J(J=-.

1309-574,

Q=p. = 3624-500,

-f.

w
10 =13095-741,

I0?r
10 =--199347-494,

-= 1787898-698

-221-245,

3 = 3976-979,

= Q-7B-550 = -12045-878.

S ~(Q - P)= 1543-284,

T = ^(K
- 21P)= 15560-154.

7

As a check on the accuracy of the computation, we note that

10A + 55B + 3850 = 13095-74 = NQ.
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Building up w'^ 1 1>y differences from the above fonmila, we have

The graduated values u/ are now obtained l>y assigning the values

c= 0, O'OOl, 0-01, . . . in the equation ux
r = M'

XI + u'
Xi IB

The results are discussed m the next article.

155. Comparison of the Different Methods. Below are

given the results of graduating a section of the Government

Female Annuitants (1883) ultimate table :

(i.) By Spencer's 21-term formula
( 144).

(ii.) By the method of interlaced parabolas, taking m = 6

( ICO).

(iii.) By the present method, taking e = 0.

(iv.)
= 0-01.

(v.)
= 0-08.

In each case the column of third differences is given, the

columns of first and second differences being omitted to save space.
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The sum of the absolute values of the differences between

the graduated and the corresponding ungraduated numbers is :

1576 for Spencer's graduation.

1595 for the Interlaced-Parabola graduation.
1563 for the present method with = 0.

1438 = 0-01.

996 = 0-08.

An examination of the figures shows that so far as smooth-

ness alone is considered, the order is as follows :

(1) The present method with = 0.

(2) The present method with = 0-01.

(3) and (4) Spencer's and the Interlaced-Parabola methods.

(5) The present method with = 0-08.

While so far as fidelity to the data is alone considered, the

order is as follows :

(1) The present method with = 0-08.

(2) -0-01.

(3)
= 0.

(4) Spencer's method.

(5) The Interlaced-Parabola method.

In all the methods except Spencer's the sum of the gradu-
ated numbers is equal to the sum of the ungraduated numbers.

156. Bhodes's Method. In addition to the methods of graduation
which have been described in this chapter, mention should be made of

a method proposed by E. C. Rhodes and described in his Tract* on

Smoothing, to which the reader is referred.

* No. VI. of the Tracts Jor Computers, edited by K. Pearson ; Cainb. Univ.

Press (1921).



CHAPTER XII

CORRELATION

157. Definition of Correlation. Consider a definite group

containing a large number of individuals
;
let us measure some

attribute A of the individuals, and let us also measure some

other attribute B. For instance, the individuals might be all

the stars of the third magnitude, and A might represent the

parallax of the star, while B might represent its proper motion ;

or the group might consist of all adidt Scotsmen, and A might

represent the height of a man in inches, while B might repre-

sent his wealth in pounds sterling. Consider now the indi-

viduals in the group for whom A lies between x and x + dx

while B lies between y and y + dy\ let the number of such

individuals be N<f>(#, y)d,vdy, where N denotes the total number

of individuals in the group, or, to express the same thing in

other words, let
</>(,<, y)d-vdy denote the probability that lor an

individual taken at random the first attribute A lies between

x and + dt;, while the second attribute lies between y and

y + dy.

Now Format's Principle of Conjunctive Probability may be

stated thus : The, probability that firo events will loth arrive, is

hk, where h is (he probability that the first event mil arrive,, and

k is the probability that the second event irill arrive when the

first event is known to have arrived. Applying this to the

present case, let h =f(ai)d,r, be the probability that for an indi-

vidual taken at random from the group the first attribute A
lies between x and .r + dv; and let k = g(v, y}<hj be the prob-

ability that for an individual taken at random from those

members of the group whose attribute A lies between x and

317
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x + due, the attribute B lies between y and y + dy. Then by the

Principle of Conjunctive Probability we have

Now here two possibilities present themselves.

In the first possibility, g(x, y) is a function of y only, not

involving ST. When this is the case, if we divide the original

group into sub-groups according to the magnitude of the

attribute A, then the probability that B will lie between y and

y + dy is the same for each of the sub-groups. The two attributes

A and B are then said to be not correlated, and evidently $(*, ij]

is ejffpressible as the product of a function of x only, multiplied

by a function of y only. This would be the case, approximately
at least, with the height and wealth of the Scotsmen ;

for let

the probability that a man is of a certain height x to x + dx be

ffo)dx ; then the probability that his wealth lies between y and

y + dy pounds is nearly the same for tall men as for short men,
so may be expressed in the form g(y)dyt where g(y) does not

involve x\ and the compound probability that his height is

between x and x + dx while his wealth is between y and y + dy
is then simply

But in a large class of cases the function </>(^, y) is not capable

of being expressed as a function of x multiplied by a function

of
//.

In such cases the probability that the first attribute has

a measure between x and x + dt* is not the same for individuals

with large //a as for individuals with small y's, and the prob-

ability that the second attribute has a measure between y and

y + dy is not the same for individuals with large a?'s as for

individuals with small #'s. Tn such cases the two attributes

are said to be correlated. Thus the parallaxes and the proper
motions of the stars are correlated; for a star which has a

large parallax, and is therefore comparatively near to us, is

more likely to have a large proper motion than a small one.

Many elementary problems in Probability cannot be solved correctly

without taking account of correlation. For example, the following :

"The probability that A can solve a mathematical problem taken at

random from a certain book is
J, and the probability that B can solve
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one is also
J.

What is the probability that a problem taken at random
will be solved by one or other or both of them ?

"

Here the group consists of all the problems in the book, and the two

attributes of an individual problem are its solubility by A and its

solubility by B. These two attributes are correlated, since the problems
that A can solve will be, to a great extent, the same as the problems that

B can solve. It would therefore be wrong to assert that the probability
of both failing to solve a problem taken at random is ^ x J

=
|,

and that

consequently the probability that one or other or both would succeed is

1-iorJ.

158. An Example of a Frequency Distribution involving

Correlation. As an illustration of correlation, let us consider

two riflemen side by side firing at targets when a strong wind

is blowing. The wind will be supposed to affect the shooting
of both men in much the same way, so that we may expect a

certain amount of correlation between their records. In this

case the "
group

"
consists of all the records of the two men's

shots, an
" individual" of the group is constituted of a single

shot of the first man together with the shot fired at the same

instant by the second man, and the " attributes
"
of this in-

dividual are the deviations of the two shots.

Let X denote that part of the deviation of the first man's

bullet from the mark which is due to causes affecting him

alone and not affecting the other man, i.e. all causes except the

wind. Similarly let Y denote that part of the second man's

deviation which is due to causes affecting him only ;
and let

X + aZ denote the total deviation of the first man's bullet, and

Y + 1>Z denote the total deviation of the second man's bullet,

where Z is due to the wind. For simplicity, we suppose all the

deviations to be in a horizontal direction from the mark. We
assume that X, Y, Z are independent of each other, and that

each occurs according to the normal law of frequency, so

the probability that

X lies between x and x + dx is "***&,
VTT

Y y and y + dy is - e"
V?r

Z z and z + dz is -~ e~
l

v 71
"
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We now want to find the frequency of cases in which

U =X + aZ has a value between u and u + du, and V =Y -f IZ

has a value between v and v + dv.

Suppose Z lies between z and z + dz9 which happens in the

proportion e~
l2
*dz of cases. Then in order to produce such

v*"

a pair as is considered, X must be taken between n - az and

u + dn-az, while Y must be between v-bz and v + dv-bz'
9

the probability of these happening together is

A -^-^ * -^-^A -A

Therefore the frequency of cases in which U lies between

and n + du, while V lies between v and v + dv, is

If we examine this expression we see that it is of the form

dt(u . v)dudv= ce~i**~ tP*+*anvdudi) (\\r\ > / f \--y

where c, j?, j, 5 denote constants. The constant s would be

zero if either of the constants a or b were zero, i.e. if no common
influence acted on the two riflemen. The. correlation is repre-
sented antdyt'ically by the owurrenee of fkis term in uv in the

ej'ponenticd. If this term were absent, the expression (1) could

be regarded as the product of two factors

Constant x f-i^'du and Constant x <>-
fi* l

*dv,

of which the first involves n only and the second involves v

only, so that in this case
( 157) there would be no correlation.

The expression (1) may be regarded as the extension to two

variables n and v of the normal law of frequency for one

variable n,
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on this account we shall call it the normal law of frequency for
two variables. The constant c in the expression (1) may be

determined from the condition that / /
<t>(u, v)di<dv

= 1 ;
this

J 00 J CO

gives

*)*. (2)

The above is a particular case of tlie following more general result.*

Let U
L,

ii
2,

. . .,
uv be variables, Buch that the probability of u

lying between vt and i\ -f dvi is

Let scr *% . . ., ar
p
be a set of linear functions of the w's, defined by

equations

and let <*/=
'"

Then the probability that ^ lies between
,
and ^;

+ dj is

.. 1

where V=
(
-

l)
J+l-v2- tfi *- 1, a, . . .

/i)
and K =

while 1) denotes a determinant of order p taken from the array

and D, denotes a determinant of order (/>-!) taken from the array

which is obtained by omitting the^ jth row in the above array. The

two determinants D
y
and D& in the 'product D;

D& are to be formed from

the same columns of M.

159. Bertrand's Proof of the Normal Law. It was re-

marked by Itertzand t that the normal law of frequency for two

variables may be deduced from an assumption resembling the

Postulate of the Arithmetic Mean, from which, as we have seen

* Cf. M. J. van Uven, Proc. Amstcr. Ac. 16 (1914), p. 1124.

t Comptcs Rendus, 106 (1888), p. 387.

(D 311) 22
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( 112), the normal law of frequency for one variable may be

deduced.

Consider for definiteness the shots of a rifleman at a target ;

and let the horizontal and vertical deviations of a shot from

the centre of the target be called A and B. It is found in

practice that A and B are not independent, but are to some

extent correlated.

Let us now make the following assumption, which was first

proposed by Cotes in 1722 : that if any number of shots have,

struck the target in points Pp P2, . . ., PM,
then the most probable

position of the point crimed at is the centroid (centre of gravity)

of these point,s.

Suppose the probability that a shot strikes an element of

area dxdy at (#, y) is

when X, Y are the co-ordinates of the point aimed at. Then

if the co-ordinates of the points P
x, P2, . . ., Pn are

(irv y^,

(% %)> fan* #n) respectively, the product

-*,, Y-yJ . . . F(X-afc Y-yJ
must be a maximum, when X and Y regarded as variables have

for values

n
If then we put

. ,

X-^= <V
c Y-y.-ft,,

the functions $ and f must be such that the equations

i. A) + *(. A) + + *( A) = 0) , .

i. A) + f( A) + + f(v /?) = Oj
l ;

are the necessary consequences of

...+ -<
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Therefore
j i

f, f, f, /?/? ^ A

is identically zero ; and therefore differentiating partially with

respect to og and denoting the partial derivatives of
<f>(x, y) with

respect to x and y by <^ and <
2 respectively, we have

0,

so ^(a?, ?/)
is independent of x and y : denote it by a. Similarly

</>2(,7?, ?/)
is a constant &, and so

</>(,, ?/)

Since equations (1) are consequences of equation (2), we see

on substituting this value of
</>

that c is zero. Thus

Similarly ^K #)

where ^' and 6' are constants.

Since ^ and ^ are partial derivatives of the same function,

we must have & = a', and thus, integrating,

log F(#, y)
=

\ax* + Ivy + %l'y
2 + constant.

Therefore F(x, y) is of the form

Constant x

and the iwntial law of frequwwy for two variables is thus

established.

The study of normal frequency distributions in two and three

variables was begun by August Bravais in a celebrated memoir, Sur les

probability des erreurs de situation d'un point, published in 1846.*

Ex. The displacement of a point is the vector sum of n displacements,

and the probability that the ith of these displacements has a mine between

yt + dy t) is

where 8,-
= a,y7

- -
/?^

2
(t=l, 2, . . ., n). Show that the probability that

the total displacement has a value between (x, y) and (x + dx, y + dy) is

* Mtm. Sav. trang., Paris, 9 (1846), p. 255.
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where a=^ ^= A"' ^'A' 8=/r>*
/ie numbers A, B, C, A being

defined by the equations

A-S B-Sf, 0-55, A-AC-B*
1=1* taal of ,.=10!

(d'Ocagne.)

160. The More General Law of Frequency. In 86 wo saw that

the normal law of frequency for one variable was a special, though

frequently occurring, case of a more general law of frequency. Denoting
the probability of a deviation between x and a; + dx by <f>(x)dx, then in

this more general law <(#) is represented by an in finite series, whose first

tennis-/- g-^2
,
and whose subsequent terms are obtained from this

v 71
"

term by differentiation. The normal law corresponds to the case when
the infinite series reduces to its first term.

Similarly in the case when there are two variable* we may derive a

more general law of frequency than the normal law, represented by
<(#, y)dxdy, where

where f(x, y)=s-i
Ael-aayi+2w*

J
when the oiigin is suitably chosen, or

more generally

where j), g, s, w, ?i are constants.

161. Determination of the Constants in a Normal Fre-

quency Distribution with Two Variables. Let h be the

smallest step recognised in measuring x
t and let k be the

smallest step in measuring y\ and let the probability that

the first attribute A has a measure between x and & + h, while

the second attribute B has a measure between y and y + k, be

<t>(xt y)likt where ( 158)

Let it be required to determine the most probable values of

the constants p, q, s, a, b> from a set of observations. Let the

measures of the individuals observed be (wv yj, (,"'2 , y2),
. .

.,

fan* VJ Then the a priori probability that the observations

will yield these measures is

7T
W
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The most probable hypothesis regarding j), qt s, a, I is that

which makes this quantity a maximum when
(.7^, yj, (#2, v/2),

. . .,

(*v y) are supposed given. Taking logs, we see that

II= \n log (jfrj*
- s2

)
-
ifiZfa

-
ft)

2

must be a maximum, and therefore

an n an
n an an an

^
- =

V), -TVT
= U, > = 0, ^ =

U, -sr
= 0.

da db c)p dq
'

ds

The first two of these equations are

which, since JH * s, give at once

a =
l

w

and 7;==
7i

The other three equations are

Let us denote (.^
-

)* by ^ (^-Zi)
2
by (ra

a
, and

- -
-S^-rtJdyj-i) by ?, so that the three numbers ov <ra, r

9'lO"i(7"o

may be calculated from the observed measures. Then the

three preceding equations may be written

Each fraction is evidently equal to v * i~^
ZOiO-j^ \ 1

therefore
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Thus the values of jp, q, r are given by

2_P "
21 -

_
2(1

-rX2'

2(1
-
rXoj,'

""

2(1
- J

)o/

and replacing JP, #, s by these values in the frequency function

we see that the probability that the first attribute has a measure

between x and tn + h, while the second attribute has a measure

between y and y + Jc, is <(#, y)hk, where

en
2

where the consfants a, 6, o^, <r
2l

? are expressed in terms of

the observed measures by the equations

1"2

These formulae enable us to determine the most probable
values of the constants of a normal frequency distribution in

two variables in terms of observed measures.

Ex. A man is firing at a target, aiming at its centre. Taking this

centre as origin, the co-ordinates of the points struck by the bullets in n shots

are (xv 3^), (x% y^ . .
., (xn, yn). Writing

1, .
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show th<tt in the long run one-half of the points struck will lie within the

ellipse, whose equation in

2(1-^* <r~ .-.1-0-09316.

(Bertrand, OM. 106 (1888), p. 521.)

162. The Frequencies of the Variables taken Singly. Let

us now find the probability that the attribute A lies between

x and x + dx
9
when the attribute B is ignored, in the normal

frequency distribution which has been studied. By (1) of the

last article, the required probability is nxdw, where

Performing the integration, remembering that

f
y-oo

we have

This equation shows that o^ is ^/^ standard deviation for the

attribute A, when the attribute B is ignored. Similarly o-2 is

the standard deviation for the attribute B.

Denoting by </>(#, y)dxdy the probability that the attribute

A lies between x and x + dx while the attribute B lies between

y and y + Ay, and denoting by g(s, y)dy the probability that B
lies between

;//
and y 4- Ay when A is known to be between x

and y; + dx, we have

Substituting in this equation the known values of
<j>

and

nx , we obtain g(%, y), and thus find that the probability that B
lies between y and y + dy, when A is known to "be "between x and

x + dx, is

is rc normal frequency distribution about the mean

rr r(f
Jf "m a i

2 - v -' - -
,
with the standard deviation o-2>/(l

- ^2
)
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It follows froiu this that if (with a great numl>er of observa-

tions) we find the mean yM of all the measured values of B for

which the measured value of A lies hetween x and ,r + dir, and

if then we jilot v/M <tg<rinst #, the plotted fwinfs will lie on the

straight line

i o"*?', x

yM -& = -2
-(<'>'-")-

Similarly if #M denotes the mean of all the measured values of

A for which the measured value of B lies between ?/ and ;//
+ dy>

then t?'M plotted against y gives the straight line

r

These lines were called by Galton lines of regression.

EC. 1. To find the, standard deviation of the difference, between the

measures of the two attributes A and B.

The probability that (measure of A) -(measure of B) hes between
a - b + x and a - b + x + d.r, is evidently

Therefore if ov denote tlie standard deviation of
(aj
-

?/),
we have

ov2= o-j
2 + <r

2
2 -

27^0-2,

i 41. , o-^ + cr
a
2
--^,

2

and therefore r= - *-
,

2oyr2

an equation which may be used to determine r.*

2^.
2.')'

>S7tof" f/j* the standard demation of the mm of the measures of

A and B is

EJU. 3. $/iow /ttf the standard deviation of the jrroduct of the measures

of A and B is

*
Of. K. Pearson, Drafters' Cwnpany Research Memoirs, Biometric Series,

IV. (1907).

t Of. B. Pearl, Biometrika, 6 (1909), p. 437.
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163. The Coefficient of Correlation. We now approach
the question, How is correlation to be measured ?

We have seen that in a normal frequency distribution for two

variables defined by the frequency function

the existence of correlation depends on the presence of the

term in
(,>'

-
rt) (//

-
7;)

in the exponential, i.e. it depends on the

coefficient r. When r is zero there is no correlation, since

</>(,r, y) then factorises into the product of a term depending
on x only and a term depending on y only.

Consider the case when there is perfect correlation, i.e. each

value of the measure of nA occurs only in conjunction with a

particular value of the measure of B, so that one determines

the other. In this case the standard deviation of B, when A is

known to have a definite value, must be zero
;
that is, by the

last section, <r
2J(l

- f2
)
must vanish, and therefore r must have

the value unity.

Thus r = corresponds to the absence of correlation, while

r=J corresponds 1o perfect correlation. It is therefore natural

to take either r itself or some power of it, such as r2 or Jr, as

the numerical measure of the correlation between the attributes

A and B. To decide which power is most suitable,* let us

recur to the case of the two riflemen. If we suppose, in the

notation of ir>8, that a, and 6 are each unity while h, Je, I are

equal to each other, the frequency function becomes

72 _^* J **'"-?_
8-* -

1'*

n*
3

'

3 s--
/**

irjo

which corresponds to cr^^cr,
2 -

.#
r = - But in this case

exactly half of each man's mean error is due to the common

element (the wind), and it would seem natural to take the

measure of correlation to be J. We therefore decide that r

itself is the most suitable numerical measure of correlation. It

is called the coefficient of correlation.

*
Kapteyn, MonlJdy Notices R.A.S. 72 (1912), p. 518.
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k * (<jp
i #i) 0*21 y^t . . . be a great number of measures of the

attributes A and B ; and let points Imving these co-ordinates be plotted.
The points will cluster round the mean x= a, y = b; and if we draw

rectangular axes through this mean point, the majority of the points
will be found in the first and third of the quadrants formed by these

axes when r is positive, and in the second and fourth quadrants >\hen

r is negative.
164. Alternative Way of computing the Correlation Coefficient.

We have seen in 97 that the standard deviation of a normal

frequency distribution in a single variable may be found in many
different ways from given observational material; the same applies to

the coefficient of correlation in a normal frequency distribution in two
variables. Thus to obtain the correlation coefficient directly from the

raw material without attempting to arrange either of the measurements
in order of increasing magnitude, we may proceed as follows: First

summing each column, find the mean a of the x's and the mean b of the

#'s. Take out all the x's that exceed a, finci their mean A, and find also

the mean B' of the corresponding ?/B. Then

' - b=V -
. ro-g.

7T
a

)
an(1 B' - 6 = - 2

(A - ) or B'
(T

i

Similarly take out all the y's that exceed 6, find their mean B, and find

also the mean A' of the corresponding JT'H. We have

er2
= \7~(B - 6), A' - a= *(B

-
&) or A' - a = A/- . w,.^ Z

QTg
ic

These equations give <r
l9

<r
2,
and r. In fact

165. Numerical Examples.
Ex. 1. As a first example we shall consider the results of throws of

dice made by A. D. Darbishire.*

Twelve dice were taken, of which ra were marked with red, the rest

being white. All 12 dice were thrown together, and the number of

dice showing faces with 4 or more pips uppermost in this throw was
noted ; this number will be called the " First Throw."

The red dice were left down and the white dice thrown again. The
total number of dice (red and white) now showing faces with 4 or more

pips uppermost was noted ; this will be called the " Second Throw ;;

corresponding to the " First Throw "
previously made."j" Evidently there

will be correlation between the first and second throws. J

* Mem. Manchester Lit. and Phil. Soc. 51 (1907), No. 16.

f It may be shown without difficulty that the probability of the oaso in

which the first throw is p and the corresponding second throw is q is the

coefficient of tf>& in the expansion of

J In fact, r=~.
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For ,500 pairs of throws of 12 dice, of which 6 were marked red and
were left down and counted again in the second throw, the results were
as in the following table, a pair of throws of (say) 2 and 5 being. entered

as a unit in the b([iiare at the intersection of the third row and sixth

column.

Totals 12 25 51 92 97 119 71 23 10
j

500

The means a and b are of course approximately
* each equal to 6.

Let ?/M denote the value of the mean of the second throws corresponding
to the value x of the first throw ; then we have from the above table

,>, 1 f 2
' 3

i/M 3 '

4-6 4-9
.
5-2 5-7

These lie very nearly on the straight line

so

Similarly if JTH denotes the value of the mean of the first throws

corresponding to the value y of the second throw, we find very nearly

so

Hence we have
o-j
= (T

2
and r= , nearly. The value of o^ may be

* The computed values of the arithmetic moans are a= 6-950, 66-106.
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found from the frequency distribution of the first throws alone, ignoring
second throws, which is (adding rows in the above table)

x

frequency 3 8
|

24

For simplicity, we shall assume that n = 1>= 6. We then obtain

(fi-a)
2

. Product.

n = 500 1493 = ^>-rt)
2

2-986,

The value of cr
2

i* found in precisely the same way from the fi'equency
distribution (adding columns in the above table)

?/

frequency

.Li
I

21314
! !

12 ! 25 ! 51 97 119

8 I 9

71 J23

10

10

JJ !

We find (r
2
2= 2-966, so that <r

2
= 1-72.

Lastly, let us compute the value of r from the formula of 161,

namely,

We find i>i
-

)G/i
~

&)
= 664>

and therefore r =-- 0-002 x 0-578 x 0-581 x 664

= 0-45,

agreeing roughly with the previous determination.

Ex. 2. When three of the 12 dice were marked red, and were left down

to be counted in the second throw
9
Darbishire's results were as follows ;
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SECOND THROWS

1 2 3 4 5 6 7 8 9 10 11 12

1

S 3 1 J

8 4 1

W 5 43 12 15 23 22 9 3 1

6 1 10 16 17 23 28 22 5 1

7 1 4 9 17 18 24 16 5 3

8 1 5 6 10 14 8 7 2

9 439662
10 11143
11

12

Find the coefficient of correlation.

EJ. 3. IVlien mite of the 12 dice, were marked red, and were left down
to be counted in the second throw, Darhibhiic\ results were as follows :

SECOND THROWS

0123456789 10 11 12

1

2

1!
H 6

o

10

11

12

the coefficient of correlation.

Ex. 4. Iii the following table, which is due to Weldon,* x denotes the

length of the carapace of the common shrimp, y denotes the length of the post-

spinous portion of the carapace, xw denotes the mean of the values of x

corresponding to a definite value of y, and yN denotes the mean of the values

of y corre^ondintj to a definite value of sr. The mean value of x is 249*63,
its standard deviation is 6*73; the mean value of y is 177-53, and
its standard deviation is 518.

Proc. R.ti. 47 (1890), i>. 445 ; 51 (1892), p. 2.
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From these dafa show that -2 =
i

0-83.

0-975, and consequently

] x. 5.* An urn containing white and black balls is so maintained

that in drawing a ball the probability of getting a white ball is a constant

p, and that of getting a black ball is q = 1 p. The first drawing of a pair
is to consist of s balls taken one at a time from tlie urn. The second draw-

ing is to consist of s balls of which t are taken at random from the s first

drawn, and s t are drawn one at a time from the urn. Show that the

coefficient of correlation between the number of white balls in the first and

second drawings of a pair is
tjs.

166. The Coefficient of Correlation for Frequency Distri-

butions which are not Normal. The theory may be extended

to frequency distributions which are not normal in the following

way.f
* H. L Rietz, Annals of Math 21 (1920), p. 308.

t Of. G. U. Yule, Proe. Roy. Soe. 60 (1897), p. 477.
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Let x and y denote deviations from the means of the

measures of the two attributes. Let y* denote as usual the

mean of all the values of y which are observed in association

with a given deviation x of the attribute A from its mean.

Then in the case of normal frequency distributions we know

( 162) that if the values of y* are plotted against the corre-

sponding values of x, the representative points lie on a straight

cr V
line, namely, yM = Ix, where 6 has the value ~2

.

"i

In the case of non-normal frequency the points will not in

general lie 'on a straight line, but let us try to find a constant

6 which will satisfy all the equations

as well as possible, when xv ,T
2, ... are the observed values of

x, and yMi, ?/M2, . . . the associated values of ?/M. We shall

suppose that to the equation yMr = &'> a weight is attached,

equal to the number of observations on which it is based, say
n

t
.. From these equations of condition we have at once the

normal equation for 6,

where the summation is over all the distinct values of x. This

equation is evidently equivalent to the equation

where the summation is now not over all the distinct values of

x, but over all the observations, so that the same value of xr
occurs nr

times in the sum.

If as before we write o^
2 for the mean of <r

2
,

<r2
2 for the mean

of
?/
2

,
and o-jtrf

for the mean of 077, we see therefore that the

straight line which best fits the points (x, #M)
is the straight

line

just as in the case of normal frequency distributions. Similarly
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the straight line which best fits the points (#'M, y) is the

straight line

or,?'

We may then call the number r defined in this way the

coefficient of correlation of the two attributes, even though the

frequency distribution is not normal.

167. The Correlation Ratio. A more satisfactory method

of estimating the degree of correlation in a non-normal

frequency distribution is by means of the correlation ratio*

which is defined in the following way.

Let the total number of individual observations be N", and

let N </>(#, y}d,fdy be the number for which the attribute A lies

between <r and ,>- + d.r.
9 while the attribute B lies between // and

y + dy. Let Nnjh; where

be the number of individuals for which A lies between tr and

x + dx, and let yM denote the mean value of y for this set, so

that

\

J-Cf)

There will be high correlation if the ?/s of this set are always

clustered closely around the value v/M , i.e. if the standard devia-

tion of these ?/s is always small. Denoting this standard devia-

tion by a-0 we have

/ (y
-

/
J-tn

If o-x
* is to be small for all values of x, its weighted average

must be small. We shall denote this weighted average by
2

, so

f
y Q co y oo

Now the standard deviation <r2
is given by the formula

*
f f

"

(?/
- &

)VK 7/)<My-
j_ x, yoo

* Cf. K. Poarson, *'0n the Theory of Skew Correlation," Drapers Research

Mem 2 (1905).
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If in this we write {(y
- yu) + (//

-
6)}

a for (y
-

V)*, we obtain

v* = (P + f r 2(y
- yK)(yif - &)*(, ?/)&%

./-* y-oo

+r r (y-*Me,y)*afy.
/ oo y GO

Since / (y~y^<t>(> y)dy is zero, the first of these double
7-00

integrals vanishes. So if we define a new number rj by the

equation

*/

a = -,r r fo-
- &)**fa

"2 > -<*>J -m

the last equation becomes

Since high correlation is associated with very small values

of 6, we see that liigli correlation is associated with values of 17

nearly eytuil to unit}/. If, on the other hand, there is no

correlation, there is no reason why the mean of the y's for each

separate value of x should differ systematically from the mean
of all the y's, and we may therefore expect (?/M

-
6)

2 to be small,

and consequently 77
to be small.

The number
77

is called the correlation ratio* From the

definition, we have
1

so that
r/

2 is the weighted average of
(;//M

-
&)

2 divided by o-2
2
.

168. Gase of Normal Distributions. We shall now show

that when tlw frequency distribution is normal the correlation

ratio is identical ivitk the correlation coefficient r.

For in the case of normal frequency distributions, as we

have seen
( 162), we have

where a is the mean of all the

* There is, of course, a second correlation ratio obtained by interchanging the

parts played by x and y throughout.

CD 3 ) 23
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/ao
nx(x - a)*cLti o^

2
,

-00

this gives /

2 = r2
,
which establishes the proposition.

169. Contingency Methods. It frequently happens that

the attributes whose correlation we wish to discover are of

such a nature that they do not admit of quantitative measure-

ment e.g. different colours, and the groups into which they

are classified cannot be arranged in a sequence possessing a

logical order. To meet this case, what are known as contingency

methods have been devised by K. Pearson.*

Let A represent any attribute, and let it be classified into

groups A1, A2,
. . ., A8 ;

let the total number of individuals

examined be N, and let the numbers which fall into these

groups be nv n
2, . . ., ng respectively. Then the probability

of an individual falling into the jpth group is * Now let the

same population be classified according to any other attribute

into the groups Bx, B2, . . ., B^, and let the group frequencies

of the N" individuals be 'tnv m2,
. . ., mt respectively, so that

the probability of an individual falling into the gth group is

ffi

^?-
Then by the theorem of Conjunctive Probability, if the

two attributes were entirely uncorrelated, the probability of

an individual falling into the group Ap
and also into the group

M
nyi

B
f/

would be
-jp"^

so *^e number of individuals to be expected

satisfying these conditions would be - L. ', which we shall
N

denote by vpq. Let the number actually observed as satisfying

these conditions be npq. Then the differences (npq
-

v^),
in so

far as they are systematic, represent the correlation of the two

attributes, and some function of them may be taken as a

measure of the correlation. Pearson introduced two of these,

namely, the root-mean-sqpmre contingency $ defined by the

equation

*
Drapers' Co. Res. Mem,., Biom. Series, i. (1904).
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and the incnn contingency \[>,
defined by the equation

#-|F*(fe-g,

where 2' denotes summation over the positive contingencies

only.

170. Case of Normal Distributions. We shall now show

that -when the frequency distribution is normal, fhe root-mean-

square contingency < is connected with the correlation coefficient r

by the equation
>,2

2 =
i 8> or arc sin r = arc tan <.

For when the frequency distribution is normal, taking the

origin of x and y at the centre of the distribution, we have

( 162)

N

Therefore

1*1

Substituting this expression in
</>

2 =
/ /
y-oo y-oo

and remembering that

we have </>

2 =
Yir~a

- 2 + 1 = -
,2

which is the required result.*

* For other deductions, of. W. P. Elderton, Frequency Curves and Correlation

(London, 1906), p. 148.
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171. Multiple Normal Correlation. We shall now extend

the theory to the case when more attributes than two are con-

sidered. For simplicity we shall suppose the number to be

three, but the formulae admit of an obvious generalisation to

the case of any number. The frequency distribution will be

supposed to be normal, so the probability that the attribute a

has a measure between x and x + dx, while the attribute ft has

a measure between y and y + dy, and the attribute y has a

measure between z and z + dz, is
</>(#, y, z)dxdydz, where

and K, a
t &, c, /, g, h denote constants, the origin having been

taken so that the mean values of x, y, and z are zero. The

constant K may be determined at once from the equation

f-n rao roo

I / /J co /-co y-oo

for, remembering that if 'F(xv #
2,

. . .,

quadratic form and A its determinant, then

is a positive

-. nbe + 2fgk
-

it/
2 -

ty
2 - c/t2.

(2)

(3)

By integrating the expression (1) we readily obtain the follow-

ing results :

The probability that a is between x and x + d.K, while ft is

between y and y + dy,y being disregarded, is

(4)

where A, B, . . . are the co-factors of a, &, . . . in the

determinant A.
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Comparing (4) with the usual form of the frequency function

for two variables, namely,

,

we have
H B

2A'

coefficient of correlation of the attributes a and ft is therefore

sha11 denote this by ?*
12. Introducing similarly

the coefficient of correlation r& between /? and y, and r
13

between a and y, let us consider the determinant

'12 '13

'21

and denote by K^ the co-factor of the element in the ^th row

and ^th column. We have

K
12
- 2LV^, etc.,

^

These equations may be written

so we have

and thus finally expressing the frequency function in terms

of the correlation coefficients and standard deviations, the

probability that the attribute a has a measure between r and

x + dr, while, ft has a measure between y and y + dy, and y has a

measure between z and z + dz, is

<f>(v, y, z) drdydz,
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where

Similarly in the general case* wfow there are n 'variables

xv x
2, . . ., xn whose standard deviations are <rv <r2, . . ., crn,

and

whose correlation coefficients in pairs are r
12,

r&> . . .,
the jn'ob-

ability that thefirst attribute has a measure between m\ and x + dxv
while the second attribute has a measure between a'

2
and #*

a

and so on, is

<K, >

where

Here R denotes the determinant '> and

denotes the co-factor of the element in the #th row and

column.

Ex. 1. In the case of three attributes, suppose that y is known to have a

measure between and z + dz: show that the probability that a has a

measure between x and x + dx, while (3 has a measure between y and

y + dy, is

so that when the measure of y is known to be 2, the mean value of a is

-?"3. and the mean value of 8 is -^-~z.

Ex. 2. In the case of three attributes, suppose that y is known to have a

measure between z and s$ + dz, and /3 to have a measure between y and

y + dy. Show that the probability that a has a measure between x and
x + dx is

so that when the measure of y is known to be 2, and the measure of ft is

known to be y, the mean value of the measure of a is

* K. Pearson, Phil. Trans. 187 A (1896), p. 253 ; 200 A (1902), p. 1.



CHAPTER Xin

THE SEARCH FOB PERIODICITIES

172. Introduction. In Chapter X. we have been concerned

with sums of trigonometric terms of the type

a
x cos (nt + j) + a

2 cos (2nt + 2) + a3 cos (3nt + e3) + . . . (1)

As explained in 132, the vibration of a violin string may be

represented by a series of this kind when t denotes the time and

av a
2, ... are certain functions of position on the string, the

individual terms of the series corresponding to the fundamental

note of the string and its various overtones.

It is shown in works on the Theory of Sound that if instead

of a violin string we consider a bar vibrating laterally (e.g. a

tuning fork), we obtain for the motion at a definite point of

the bar a series of the type

a
t
cos (n t +

j) + a
2
cos (n2t + 2) + a3 cos (nj + e3) + . . . (2)

where av a2, 3, . . . are certain functions of position on the

bar, but where we now no longer have n
2 equal to twice nv or

7&3 equal to three times ^5 in fact, the ratios n
1
:n2 :n3 : . . .

are equal to the ratios of the squares of the roots of the

equation cos in cosh m + 1 = 0, so that n
l
:n2 :n^: . . . =

3-52 . . .: 22-03 . . .: 61-70 ...:... The sum of a series

of the type (2) is evidently not a periodic function of t,

but we can speak of it as constituted of elements which are

...... . , , . 2?r 2?r .

periodic, the periods being , , etc.
n
i

n2
In many branches of physical science, especially in meteoro-

logy and astronomy, phenomena are observed which may be

represented by sums resembling (2) : for example, the height of

sea-water at any instant depends on a number of constituent

343
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tides, of which one (the semi-diurnal tide, which is the largest

constituent tide along the British coasts) has a period of half a

day, another (the diurnal tide) has a period of a day, another

(the fortnightly tide) has a period of nearly a fortnight, and so

on. Each constituent tide produces its own effect independ-

ently of the others, and the actual height of water is the sum
of these effects. The height of water can therefore be repre-

sented by an expression of the form

y = tf +
cti

cos (nj + cj + a
2
cos (nzf + 2)

+ . . . + ak cos (nkt + ek),

each of the trigonometrical terms corresponding to one of the

constituent tides.

In the case of other phenomena, e.g. the spottedness of

the sun, the variation of the observed quantity appears to

consist of an accidental or capricious part, which cannot be

represented by any analytical expression, superposed on a

systematic part, which the mathematician may attempt to

represent by an expression of the form (2). The area covered

by spots on the sun certainly fluctuates in a way which

suggests a certain amount of regularity in the variation,

maxima occurring at intervals of (on the average) rather

more than eleven years.

If a series of observations of any quantity are taken, and

there is reason to expect that they can bo represented by a

sum of trigonometric terms, or that they involve (entangled

with an irregular variation) a regular variation which can be

represented by a sum of trigonometric terms, then the first

task of the mathematician is to discover the periods --, ,
. . .1 V v

of these constituent terms. This must always be done before

we attempt to find the amplitudes av az,
a3, . . . or the phases

*i> *2> *3> la many cases the periods are known a priori
from theory or from some reasonable ground of expectation :

for instance, we should naturally expect the periods of the

regular terms in the temperature at a given place to be a day
and a year. But in many other cases, e.g. the spottedness of

the sun, the periods are quite unknown. We shall show in the

present chapter how they may be discovered.
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173. Testing for an Assumed Period. Let the observed

measures of the phenomenon, made at equal intervals of time,
be denoted by

UP vv w
2

. u# ... (1)

and suppose that it is desired to test this sequence for a

periodicity whose period extends over p consecutive numbers
of the sequence ;

u% might, for instance, mean the number of

earthquakes in the year &, and we might wish to know whether

the liability to earthquakes is greater every p years. Let v
r

denote the remainder when an integer r is divided bv p, so

that the sequence

fc *v v
*> VB> (2)

is simply

0, 1, 2, ... (p- 1), 0, 1, 2, ... (p- 1), 0, 1, 2, ... (3)

Then the question
" Does the sequence (1) involve the assumed

periodicity?" may be expressed more precisely thus: "Does

correlation ej4st "between fhe sequence (1) and the sequence (2) ?
"

As the frequency distribution witll which we are dealing is not

likely to be normal, the correlation ratio
( 167) is a better

method of estimating correlation than the correlation coefficient.

To find the correlation ratio, we must first arrange the u's in

columns, so that all the n's which correspond to the same value

of v are in the same column. This may obviously be done by

merely writing down the us in order in horizontal lines, each of

which contains p u's thus :

uo Uj U
a U^

All the u'& in the first column correspond to the value zero of

v, all the u'& in the second column correspond to the value

unity of v, and so on : we have taken enough of the observa-

tional material to fill m horizontal rows, and we have denoted

the sums of the individual columns by U ,
U

lf
. . ., Up

_.r
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Dividing these last numbers by m we obtain the means M ,

Mv . . ., Mp-! of the values of u in the individual columns.

Then
( 16*7) the correlation ratio

?/
is the standard deviation of

the M's, divided by the standard deviation of the w's. The value

of
iy

is calculated in this way for a large number of values of p,

and the results plotted as a curve in which p is the abscissa

and the corresponding value of
77

is the ordinate. This curve

will be called a periodoffram.*

It is easy to see why the ratio of the standard deviation of

the H's to the standard deviation of the w's is a suitable

indicator of periodicity. For in the course of one horizontal

row of the above scheme, the part of the phenomenon which is

of period p will pass through all the phases of one complete

period, so that this periodic part is in the same phase at all

terms which are above or below each other in the same vertical

column, e.g. it is in the same phase at the terms u
r>
u
p+r, u%p+r ,

. . ., f/Gft-jk+r.
The part of the phenomenon which is of period

p therefore appears with ?n-fold amplitude in the row U
,
Ur . . .,

Up-j, and therefore appears with its own proper amplitude in

the row of means M ,
M

x,
. . ., Mp_r Any accidental disturb-

ance on the other hand, or any periodic disturbance of period

different from p, will be enfeebled by the process of forming

means, since positive and negative deviations will tend to

annul each other ;
and therefore, when a periodicity of period

p exists, the standard deviation of the M's has a value much

larger than when a periodicity of this period does not exist

in the phenomenon.
174. The Periodogram in the Neighbourhood of a True

Period. Suppose now that each of the terms of the sequence

Uy. consists of a simple periodic part of period T, say a sin
,

together with a part which does not involve this periodicity,

say l^ so

* The term periodogram was introduced by Schuster, Terrestrial Magnetism,
3 (1898), p. 24. Schuster's periodogram differs from that introduced above,
but the similarity of form and purpose is so great that it has seemed best to

retain the name.
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Denote by o-
6 the standard deviation of the &'s, and denote

byo- the standard deviation of the u'&. Since the standard

deviation of the sequence 0, sin ~, sin 7=-, sin ~, . . ., is -TA,
1

,
i v*

and there is no correlation between ba and a sin -7=^-, we have

Next, let
IT,,.

denote as before the sum of ux + up+x + . . .

+ u(m-i)P+x> and kt Ex denote the sum l>x +bp+x + . . .

sm
~T" .

or .-/T
sin -

Denote by 2 the standard deviation of the TT's and by 2B the

standard deviation of the B's. Then in the same way as we

found or, we find

V2 ~

Now, since Be is the sum of m of the ^'s, we may write

2B
a =

'tna-^, and therefore

oiii
-Tjv

Thus if 2M denotes the standard deviation of the means

M
,
M

x, . . ., MHl
of the individual columns, we have

Bin*-
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Therefore, if
?/
denotes as usual the correlation ratio, we have

T 1
-f o

This is the equation of the periodogram, when p and
T\
are

taken as rectangular co-ordinates
;
or to speak more accurately,

it is the form to which the equation of the periodogram tends

as the amount of observational material, used in constructing

it, is increased indefinitely. The number m will, in most cases,

be taken greater than 20 if there is sufficient observational

material to provide so many horizontal rows.

From the above equation it is obvious that with such a

value of m, rj
is a rather small fraction, except when p is nearly

equal to T. Let p = T(l
-

*), where is a small number ;
then

as c tends to zero, the above value of ^
2 tends to the value

and as m is a large number, this is nearly
--

. It falls

away rapidly as passes away from zero in either direction,

and when c = -
, ?/

2 becomes
971

which is the smallest value it can take for any value of p.

There are maxima of
r/ again near the values of p given by

~ - = mir , that is when c is nearly equal to
^

Collect-
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ing our results, we may say that when the phenomenon studied

is a simple periodic disturbance of period T, superposed on a

non-systematic disturbance, and the periodogram is computed
ivith a large value of mt the periodogram curve is close to the axis

ofp except when p is in the neighbourhood of T, where the curve

2T
has a peak of breadth

, flanked by smaller peaks on both sides.

The recognition of these peaks in the periodogram is the means

by which we discover hidden periodicities.

175. An Example of Periodogram Analysis. The table

below gives the magnitude (i.e.
a measure of the brightness) of

a variable star at midnight on 600 successive days. (These

magnitudes were obtained by reading off from a curve, on

which all the observations of the star's brightness were plotted :

they have been reduced to a scale suitable for periodogram

analysis.) It is required to find a trigonometrical function

which will represent the magnitude at any time t.
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We have first to find the mean value and standard deviation

of the observations. By the methods of Chapter VIII. we find

Mean value = 17,

Standard deviation = 8-63.

As there are on the whole about 21 maxima and 21 minima

in the 600 days, we suspect that one of the most important

periods will be not far from 600/21 days. We shall therefore

take trial periods ranging from 20 days to 32J days ;
that is, we

shall give to p in succession the values 20, 20J, 21, 21 J, and so

on to 32J. Taking m = 1 7, the summation process for, e.g., 24

days is as follows :

[TABLE



(D 3 )
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The sums at the foot of the columns are the numbers U , U^
Ujj, . . . corresponding to this trial period.

When the trial period is not a whole number of days, we

modify the arrangement slightly so as to secure that terms in

the same phase are still in the same vertical column : thus if

the trial period were 31 J days, we should write the values

corresponding to days 1 to 31 in the first horizontal row, and

the values corresponding to days 32 to 62 in the second

horizontal row, then we should omit altogether the value

corresponding to day 63 in order to bring the value correspond-

ing to day 64 to the beginning of the third row, and so on.

The table of values of the ?A'S obtained by the summation

process with the different trial periods is as follows :

[TABLE
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We have next to find the standard deviation of each of

these columns and divide it by m (
=

17) in order to obtain the

standard deviation of the corresponding column of means

Now dividing these standard deviations of the M's by the

standard deviation of the U'B, which was found to be 8-63, we

have a table of values of the correlation ratio
77 corresponding

to the different values of the trial period p. The values of t\

may evidently be obtained at once by dividing the correspond-

ing standard deviations of the columns by 146-71 (
= 17 x 863).

The results are as follow :

These values of
ij, plotted against the corresponding values of

p, give the periodogram shown on p. 357.

In the practice of periodogram analysis, since saving of labour is

more important than great accuracy, it is not unusual to omit altogether
the calculation of the standard deviations, merely plotting the periodo-

gram from points obtained as follows. As abscissa take p, and as ordinate

take the difference between the greatest and least numbers of the sequence
U

,
Ur U2, . . .,Up_ 1 ;

this difference is called the oscillation correspond-

ing to the trial period p. The table on p. 358 gives the oscillations

corresponding to the various values of p, between 19 days and 33^ days,
the number m being taken to be 17 throughout.
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It will be seen on plotting the oscillation against p that the curve so

obtained closely resembles the periodogram obtained by the more accurate

and laborious method of computing the standard deviations.

It will be seen that the periodogram in our example shows

two high peaks at p = 24 and p = 29, with the side-peaks belong-

ing to these as in a diffraction-pattern in optics. We are

therefore led to infer the existence of two constituent oscilla-

tions, one of which has a period of approximately 24 days and

the other of approximately 29 days. In order to find these

periods more exactly, we repeat the work so far as concerns the

neighbourhood of p = 24 and p 29, but taking a larger value

of m say about twice as great and also taking values of p
separated from each other by smaller intervals. Thus we might
now calculate the correlation ratios corresponding to p = 23 -6,

23-8, 24-0, 24-2, 24-4, when 34 horizontal lines are taken.

This will give a much better defined peak in the neighbourhood
of p = 24

;
the peak will in fact be only half as broad as in the

previous periodogram.
It may be remarked that if two periods are found (from an

inspection of the first periodogram) to be so close together that

the peaks corresponding to them run into each other, it will in
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any case be necessary to repeat the work with a larger value of

m, in order to diminish the breadth of each peak and so bring
the two peaks clear of each other. This is analogous to the

corresponding device in spectroscopy, of employing a grating
with a larger number of rulings in order to resolve two lines

which are not distinctly separated by a smaller instrument.

In order to get the periods still more exactly, we must study
the phase of the constituent oscillations (as found by Fourier's

analysis) at different epochs; for if there is a slight error in

the assumed period, the consequence will be that the phases
of the oscillation, as determined from different

"
stretches

"
of

material, will not fit together accurately the oscillation will

appear as if it were continually being accelerated or retarded

in phase ; an improved value for the period is then suggested

by the amount of acceleration or retardation of phase. In

this way we find that in the present example the periods

are exactly 24 and 29 days. We then add together the two

oscillations (i.e. write down the numbers MQ, Mv M2, ... for

the first oscillation in one horizontal line, and write down the

numbers M ,
Mp M2,

... for the second oscillation in a hori-

zontal line below them, and add) and subtract the result from

the given observed values, in order to see what is left still

unaccounted for. Thus

Day 123456789
te-dayterm 16-8 18-8 20-8 21-8 22-9 28-9 23-9 24 23-1

Vd-dayterm 25-7 26-7 27-8 27-7 27-7 26-6 25-4 24-2 22-1

Sum 42-5 45-5 48-6 49-5 50-6 50-5 49-3 48-2 45-2

Given in graph 25 28 31 32 33 33 32 31 28

Diffi 17-5 17-5 17-6 17-5 17-6 17-5 17-3 17-2 17-2

Day 10 11 12 13 14 15 16 17 18

24-<% term 22-1 21-1 19-2 17-3 15-2 14-2 12-2 11-2 10-2

29-day term 19-9 17-8 16-6 13-5 11-4 9-5 8-4 7-5 6*6

Sum 42-0 38-9 34-8 30-8 26-6 23-7 20-6 18-7 16-8

Given ingraph 25 22 18 14 10 7 4 2

Di/. 17-0 16-9 16-8 16-8 16-6 16-7 16-6 16-7 16-8
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Day 19 20 21 22 2;J 24 25 26 27

Z day term 10-2 10-1 11-1 12 14 14-9 16-8 18-8 20-8

29-day term 6-8 6-9 8-1 9-2 11-4 13-6 15-7 17-7 19-8

Sim 17-0 17-0 19-2 21-2 25-4 28-5 32-5 36-5 40-6

Given in graph 2 4 8 11 15 19 28

Di/. 17-0 17-0 17-2 17-2 17-4 17-5 17-5 17-5 17-6

Day 28 29 30 31 32 33 34 35 36

2-dayterm, 21-8 22-9 23-9 23-9 24 23-1 22-1 21-1 19-2

29-day term 21-7 23-7 25-7 26-7 27-8 27-7 27-7 26-6 25-4

Sum 43-5 46-6 49-6 50-G 51-8 50-8 49-8 47-7 44-6

Giveningraph 26 29 32 33 34 33 32 .0 27

Di/: 17-5 17-6 17-6 17-6 17-8 17-8 17-8 17-7 17-6

The numbers in the last line are nearly constant, the

deviations from constancy being no more than might be

expected from the inaccuracy of the numbers taken to repre-

sent the 24-day and 29-day terms
;
so the given observations

may "be accounted for as the resultant of two constituent oscilla-*

tions of periods 24 and 29 days respectively, together ivith a

constant term. We therefore write

2*t . 2irt 2irt . 2irt
u

t
= a + /?cos + y sin - + Scos + Sin

5

the constant a must have the value 17, since this is the mean
value of

?/,,
and the constants /?, y, S, may be determined by

least squares. The final result is

- A .

10 am
-\jg

-y

where t denotes the time in days.

176. Bibliographical Note. Methods for the discovery of hidden

periodicities have been given by many writers, beginning with Lagrange
*

in 1772 and 1778. Lagrange's method, which has been improved by
Dale,f is quite different from the method described above.

In the latter half of the nineteenth century attention was given

*
(Euvres, 6, p. 505 ; 7, p. 535.

t Monthly Not. R.A.S. 74 (1914), p. 628. Carso and Shearer, Win. Math.

Tracts, No. 4, p. 41.
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chiefly to methods which depend on the principle that (in the notation of

17 3) the sequence U , Uj, . .
., Uj,_ 1 preservesany periodicity of period

p that may be present in the observations, and does not preserve other

periodicities. Methods of this kind were originated by Buys-Ballot*
and developed by Strachey j*

and by Stewart and Dodgson. % Stokes

suggested that in order to te&t an observed function u(x) for a period
2ir f [

,
the integrals / ufa) sin write and I u(a) cos nxdx might be calculated ;

if a true periodicity of u(x) is represented by the term c sin (n'x + a),

then when n is near n' the integrals will involve terms

c c

which are of krge amplitude and long period, and are therefore readily

detected.

Schuster discussed the matter in a number of important memoirs,||
in which the pmoclogram was introduced. Let a function u(x) of the

time w take the values M
O,
uv u^ u& . .

.,
un_i at equidistant values of the

time srv <e + a, XQ + 2a, . .
.,

,/ + (n
-

l)a.

Let A =s 2) Uf, cos ,

s P

B=* 2 u^m A
-

,

and let S

Then the value of S in the neighbourhood of a particular value pa
was defined by Schuster to be the ordinate of the periodogram for

that period. It was remarked by GiaigU that Schuster's formulae were

equivalent to those arrived at 111 finding the correlation coefficient r

between the sequence ?*
,
HV w

2,
. . ., un_i and the sequences

2?r 4?r GTT

1, cos
,

COK
,

cos
,
....

.27r.47T.67T
and 0, sin

,
sin

, sin
, ....

* Lcs changemewts pfriodiques de temperature, Utrecht (1847), p. 34.

t Proc. .S. 26 (1877), p. 249.

j Proc. K.8. 29 (1879), p. 106.

Proc. K.S. 29 (1879), pp. 122, 303.

||
Teirestrial Magnetism, 3 (1898), p. 13; Canib. Phil. Trans. 18 (1900),

p. 107 ; Proc. Jt.S. 77 (1906), p. 136 ;
PJnl. Trans. 206 (1906), p. 69.

ft Brit. Ass. Rep W12, p. 416.
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II. II. Turner * has published tables for facilitating the computations
of Schuster's process.

A method depending on the formation, of difference eqtiatlonH has

been suggested by Oppenlieim,^ and mechanical methods have been

described by A. E. Douglass J and W. L. Balls.

* Tables for Facilitating the Use of Harmonic Analysis, by H. H. Turner

(Oxford University Press, 1913).

f Wim Sitzungsber. 118 (2) (1909), p. 823
;

cf. F. Hopfner, ibid. 119 (2)

(1910), p. 351.

t Astrophysiml J. 40 (1914), p. 326 ; 41 (1915), p. 173.

Proc. E.S. 99 (1921), p. 283.



CHAPTER XIV

THE NUMERICAL SOLUTION OF DIFFERENTIAL EQUATIONS

1*77. Theory of the Method. The best method of inte-

grating differential equations numerically is one devised by
J. C. Adams;* it is applicable to equations of any order, but

for simplicity we shall describe its application to equations of

the first order.

Let the differential equation be

-.*,>>,

with the initial condition that y is to have the value ?/ when
a; has the value ,T

O. Let ,r
Q,

<fv r
2 ,

,*'
3,
... be a sequence of

values of ;/ at equal intervals w apart; we shall denote the

corresponding values of y by yQ> y^ v/2, ?/3,
. . . and the corre-

sponding values of w-- by q0> qv q2 , </3 ,
. . . . The differences

(//i
-

,'/o)> (:'/2
~

?/i)> etc., will be denoted by A^/ , A^, etc., as usual.

It will generally be found convenient to choose the interval w
so small that differences of order above the fourth (or, better

still, differences of order above the third) may be neglected.
The value v/ being given, the problem is to determine

?/!> ?/& 7/3'

The first four of these values are determined in the following

way : by differentiating equation (1) we have

* TJieories of Capillary Action, by F. Bashforth and J. C. Adams : Cambridge,
1883. The method has boon since developed in Russian memoirs by A. Kriloff.

363
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which expresses ,~ in terms of ,*; and y. By differentiating
Cttt

x-73i/

(2) we can similarly obtain -r4 in terms of x and y, and so on.

In this way all the successive derivatives of
;//
with respect to

x are obtained as known functions of x and y. Thus in Taylor's

expansion

the quantities y , (JO ,(;r4) ,
are all known, and there-

\(XnE/ Q \Cl/X /O

fore y can be found for any value of x near to x . By sub-

stituting w, 2w, 3w, 4:W for
(./'

- ^'
)
in equation (:>)

we obtain

the values of yv yv y& ?/4 with as great accuracy as may be

desired
;
or alternatively, we may compute A// ,

A2
// ,

. . . from

the equations

\ ^ /d5y

and then calculate yv y# ?/3, ?/4 by building up the difference

table of the y's. Then from either the equation

or the equation

fdi/\

we obtain the values of
5^, ^2 , qB, qy

Now with these computed values we form a difference table

thus :
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?o

2i A'fc

ft

24

The further process consists in extending this table by

adjoining new (sloping) lines. To effect this, we remark that

to the symbolic formula

there corresponds the interpolation formula (the backward form

of the Gregory-Newton formula)

/ \ \ A2
q(xn + rw) = qn + A^.x + -

T-'Afy, _ 2 +

NOW

ri

I

h

Substituting the value of g(xn + rw) from (4) and performing

the integrations with respect to r, we have153
" 3

251

and in particular
A 5 rA9 3 A , 251

2
A% +

j2
A ^ +

8
A3?i + 720
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Every term on the right-hand side of this equation is known

so by means of it we can compute yy The equation

enables us now to compute q&,
and so to adjoin a new sloping

line to the difference table of the y's.

Next we put n = 5 in equation (5) and use this equation to

compute I/Q ;
then from the equation

fc-^/e^e)

we compute </6,
and ao obtain another sloping line in the

difference table.

Adams's process consists simply in the repetition of this

operation. It may evidently be extended to any number of

simultaneous equations each of the first order, such as the pair

and so to any system of ordinary differential equations.

Ex, Given the differential equation

with the initial values tf =0, y = 1, tabulate the solution from x=Q
to a,= 0-2.

We have by successive differentiation

3
?/'

a + 4yV
"
+WIV + *tf

lv +V" =
0,

= 0,

whenoe the initial values are

y*
= 1

> V = - 2 y</"
= 8 %lv= -

> i/o
v= 64

> ?/

and hence the Taylor scries is

4 5 . 16 c 221

80 221
with y'=l - 2a; + 4a52 - 10^+ -^-^*

--
5-#

tf
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Taking w =0-02, we have from these series

2/
=: 1-000000, g = *02

>

7^=1-019610, g1
= 0-019230,

i/2
= 1-038479, a =0-018516,

2/3
= 1-056(559, g3

= 0-01 7851,

i/4
= 1-074195. 4

= 0-017228.

The remaining values y& t/6, #7, . . . are computed from a difference

table of the g"s, using equation (5) ;
the corresponding values

6, </6, ^7,
...

being given by the formula

The above value of t/10
is correct to the last digit.

178. Bibliographical Note. Of the other methods which have been

proposed for integrating differential equations, the best known is that of

Runge, Math. Ann. 46 (1895), p. 167, improved and extended by Kutta,
Z&its. f. Math. u. Phys. 46 (1901), p. 435.

A method which permits the determination of an upper limit to the

eiTor involved has been described by Steffensen, Stirtryck ur Skandinavisk

Aktuarietidskrift, 1922, p. 20.

A great number of graphical methods have been published ; but

these, so far as they have been tried in the Edinburgh Mathematical

Laboratory, seein to be inferior to the above.



CHAPTER XV

SOME FURTHER PROBLEMS

IN this chapter we shall give a brief treatment of various

topics which cannot be discussed more fully here on account

of limitations of space.

179. The Summation of Slowly - Convergent Series.

Many of the commonest series of Analysis converge very

slowly. Thus with Brouncker's series for loge 2,

o.o i .0 y.j-v

a hundred terms are required to give the sum accurately to

two digits ; 10,000 terms are required to give it accurately to

four digits; and 1,000,000,000 terms are required to give it

accurately to nine digits.

Stirling,* in 1730, showed how a series of this kind may be

transformed into one which is rapidly convergent.

His method is to expand the general term of the given

series as a series of inverse factorials
;
thus the general term

1
of Brouncker's series is /

u>x =-r-j r\ w^ere # & >

4ii'(.c.
+

)

and this may be expanded as a series of inverse factorials in

the form

1
.

1 _ + _ _ _1.3
2) 2*%(x + !)(# + 2)(x + 3)

1.3.5

Now form the sum u9 + nx+l + ux+2 + nx+z + . . . The sums

* Meth. Diff. (1730), Prop. II. Ex. 5.
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arising from the individual inverse factorials can each be

summed by the well-known algebraical formula, and thus we
obtain

. i-1.3.5

Wx(x+
In this formula put x= 13 J. Thus

,_ , -
,"*"' ' ' ~___ -

27.28 29.30 31.32
""' ' ' ~

2W-

The series on the right is rapidly convergent and yields the

sum 0-018861219 . . .
; and the sum of the first thirteen terms

of Brouncker's series
-,

+ 5-7 + + oH-o* found by addition
1.^ o.4 Zo.Zv

to be 0-674285961 . . . Adding these sums, we have finally

for the sum to infinity of Brouncker's series

log. 2 = 0-693 147180.

Stirling's method was extended by himself (Meth. Diff. (1730),

Prop. III.) to the case of series whose nth term involves an nth power.
Another method was given by Kummer m Journal fw Math, 16 (1837),

p. 206. See further Catalan, Mem. Bely. cour. 33 (1865); Markoff,
M4m. de St-PSt. (7) 37 (1890); Andoyer, Bnll tie la Soc. Math, de

France, 33 (1905), p. 36
;
and Bockwinkel, Nieuw ArcUef voor Wibkunde

(2) 13 (1921), p. 383.

180. Prony's Method of Interpolation by Exponentials.*
We shall now show how a function K(,T), which is specified by a

table of numerical values, may l)e represented approximately by
a sum of exponentials

where P, Q, R, . . ., V, p, q, r, . . ., v are constants which are

chosen so as to give the closest possible representation of the

given numerical values. Let the given values of K(X) be

*o Kv K
2>

K3 corresponding respectively to the values

0, w, 2w, 3w, ... of the argument ,r.
'

* A. L. Prony, Jour, de Z'jfe. Pol. Call. 2 (an IV.), p. 29

<Dj") 25
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If K(X) could be represented
*

exactly as a sum of p

exponentials, say

then K(X) would satisfy a linear difference equation of the form

where the roots of the algebraic equation

would be e^
9
e* , . . ., &*. Prony's method, which is based on

this fact, is to write down a set of linear equations

(where tlie quantities *
0>

KV *,,
*3, . . . are known, since *(#) is

a known tabulated function), and by the ordinary method of

Least Squares to find the values of A, B, C, . . .,
M which

best satisfy these equations; then with these values of

A, B, C, . . ., M to form the algebraic equation

and find its roots; these roots will be eF*9 e^, . . ., 4, and

thus p, q, . . ., v are determined. Knowing p, q, . . ., v, we
have a set of linear equations to determine the coefficients

P, Q, . . ., V, and these also are to be solved by the method

of Least Squares.

Ex. 1. Iffrom the data

x
\

10

(X)\ 6460K(X

20

6090

30

5642

we represent K(X) in the form

prove that the lest values of a, /?, y are the roots of the cubic

& - 3-02923a;2 + 3-78779a; - 1 -68664 = 0.

(W. S. B. Woolhouse.)
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Ex. 2. From, the data

show that

K(B)= 629-3763 X 1-0014438*

-381-3'767xO-9G70412*

+ 0-00046064 x 1-2361997*

(F. Selling)

181. Interpolation Formulae for Functions of Two Argu-
ments.* The formulae of interpolation for functions of a single

argument, which have been established in Chapters I.-IIL, may
be extended to functions of two or more independent argu-
ments. Thus we can introduce divided differences (cf. 11) for

a function f(x, y) of two arguments by the definition

and ol)tain a formula analogous to Newton's formula for unequal
intervals

( 13), namely,

(v
-

(
x -

^il

+ (?/
-
ft)(y

-
*!* y).

etc.

From this all the interpolation formulae for a function of two

arguments may be derived. Thus the polynomial of the second

degree, which at the places

(^'i* ?/i) (^i* //) (^i* %)

(**ft)
*

Cf. K. Pearson, Tracts for Computers, No. III. (Cambridge, 1920) ;

completed (by the discussion of some omitted cases) on pp. x ct seq. of the

Introduction to Tables of the Incomplete Gamma Function ; S. Narumi, Tdhoku

Math. Journ. 18 (1920), p. 309.



372 THE CALCULUS OF OBSEEVATIONS

takes the values

7
/12

respectively, is

i

7/21
i

,

513

In particular, taking ^ =
y^
= 0, a?

2
=

v/2
-

1, 3
=

v/3
= -

1, we
have the formula

fe, ?/) =/o, o +WA o -/-i, o) + ly(/o, i -A -i)

o
-

2/o, o +/-i, o) + xy(A o-A i-A o +A i)

which is the best for general use when x and y are positive and
less than |.

Similarly we may determine * the polynomial of degree m
which at the J(ra + l)(m + 2) places

fa.

takes the values

*
Of. O. Biermann, Monatsheftefur Math. 14 (1903), p. 211.
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Considering now the case when the entries are given at

equal intervals of se and equal intervals
i/
of y, and introducing

the notation

y + n) -A, y + >/) -ft? + ?/) +/K ?/),

etc.,

the above generalisation of Newton's formula for unequal
intervals becomes

+ m(m
~ * (w - 2

This, which may be regarded as the extension of the Gregory-
Newton formula to functions of two arguments, is due to

Lambert.* Symbolically it may be written

fix + mfc y + n*>)
-

(1 + Af)>(l + A,)Vfo y).

It is sometimes practicable and advantageous to reduce interpolation
of functions of two arguments to linear interpolation.f For example,
if u(sr, y) is tabulated for quinary values of x and y, the u corresponding
to any integral values of x and y may, by a proper choice of origin, be

reduced to the form u( t, s), where t and s take one of the values

1 and 2. The value of u can be found by interpolation along the line

of values of the form u( &t, fts) : for example, u(-l, 2) may be

found by linear interpolation along the line of values ... w( 5, 1 0),

w(0, 0), (5 f -10) ...

Ear. 1. Complete the accompanying table on the assumption that third-

order differences are everywhere zero, and express the tabulated function as a

polynomial in two variables

*
Beytrage, Part III. Of. Lagrange, Nouv. Mtm. de Berlin (1772), reprinted

(Entires, 3, p 441.

t Elderton, Biometrika, 6 (1908), p. 94 ; Spencer, J.T.A. 40, p. 299; Burn

and Brown, Elements of Finite inferences, 148-154.
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=
I 1

|

2
|

3

9

[A nswei ,
u = 3 + - 2

// + .-*
2 -

o# + 7/
2
.]

Jfo. 2. The following table yiies tlie time (in hours, minutes, and seconds)

corresponding to certain altitudes (a) of the sun in various declinations (8)

at a place in a certain latitude.

H 18

Find the time corresponding to a= 16, 8=12.

[Answer, 5 /l 15 50*.]

Find also the time corresponding to a ==20, 8= 14.

[Answer, 57' lm 30".]

Jfo. 3 The construction of isobars on meteorological charts essentially

involves inverse interpolation with two arguments The ordinary con-

struction assumes that, within small intervals, the barometric pressure is

a linear function of the co-ordinates of the place. A more accurate con-

struction due to Thiele [Tidsskr.^ 4 (1873), p. 87], which is specially
useful near maxima and minima, is this. Three neighbouring places of

observation are connected by lines, and on these the points are found

where, according to the ordinary method, there would be a certain l^aro-

metric pressure u. The line joining any two of these points caits the

circumscribing circle of the triangle in points which lie on the isol>ar

belonging to the pressure u.

Show that ThielJs construction may be derived from the assumption that

the barometric pressure may be expressed by a function of the form

182. The Numerical Computation of Double Integrals.
It is easy to construct formulae for the evaluation of double

integrals on the same principle as the Newton-Cotes and Gauss

formulae of single integration ( 76, 80). Thus when differences
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of the fourth order (in the two variables combined) are neglected,

we have (by a double application of Simpson's formula)

y)
-A(*-)('*-) /K ) +/(<', <*) +N> )

This formula indeed is true even when some of the differences

of orders 4 to 9 are not negligible, e.g. A^8
, A^A^

2
,

When differences of the sixth order are neglected, we have

Burnside's formula,*

/', /',
/<- ^-aMVfs' M.V

This is exact so long as/(#, y) is a polynomial of degree not

exceeding 5.

A formula similar to Burnside's may be obtained by a double applica-

tion of Gauss's three-term (fifth-difference) formula. This also is valid

even when many of the higher diffeiences are not negligible.

It is often advantageous to break up the field of the double integration
into sections, and apply a formula to each section separately.

For other formulae c W. F. Sheppard, Proc. Lond. Math. Soc. 31

(1899), p. 486 ; 32 (1900), p. 272; A 0. Aitken and G. L. Frewin, Proc.

Edin. Math. Soc. 42 (1923-4).

f
l

f
1 dxdu

Ex. 1. Show that the value of I I -//" 2_2\
A) -A) *v ^ * y *

Burnside'g formula, is 0-6641.

[TJie true value is 0-6638 to 4 digits.]

f
l

f
l

dxdy
Ex. 2. Shmu that the value of I I -//-_ 2

~ ~

z\ computed by

Jlurnsidds formula, is 0-9262.

[The true value is 9202 to 4 digits.]

* Mess. ofMatlis. (a) 37 (1908), p. 166.



376 THE CALCULUS OF OBSEEVATIONS

183. The Numerical Solution of Integral Equations.
In recent years Integral Equations have proved to be of great

importance in Applied Mathematics; thus it was by the

numerical solution of an integral equation that Knott was

enabled in 1919 * to deduce the forms of the seismic rays in

the earth's interior by a rigorous mathematical method from

the observational data of earthquakes.

Some types of integral equation which occur in Applied
Mathematics are as follows :

(i.)
Abel's Original liquation. This is

r^^' (<i<MO)-o) W
where <(#) is the unknown function which is to be determined,

and f(x] is a given function. The solution of this equation, which

was given by Abel himself,f i*

When/(#) is given, the values of/*() and of this integral may
be obtained without difficulty by the ordinary processes of

interpolation and numerical integration.

(ii.) Integral Equations of Abel's Type. These, which may
be regarded as a generalisation of (1), are of the form

where K(X) is a given function called the nucleus, f(x) is also a

given function, and </>(#?)
is the unknown function which is to be

determined. We need only consider the case when the nucleus

* Proc. R.ti.E. 39 (1919), p. 157. It was H Bateman, Phil. Mag. (6),. 19

(1910), p. 576, who discovered the integral equation.

t CEuvrcs (ed. 1881), p 11 (1823) and p. 97 (1826). The fundamental

meaning of Abel's result is most clearly seen if the integrals which occur in it

are interpreted as in the theory of generalised differentiation ;
if \J/(M) is written

for r(l -2?)0(aj) Abel's formula reduces to the simple statement lliat if

then *)= ()*/
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:(x) becomes infinite at o; = 0, for in the simpler case, when
the nucleus is finite at a? = 0, the equation can be reduced

immediately (by differentiating it) to Poisson's type (iii.)
and

dealt with by the methods appropriate to that type. We may
then suppose K(X) to be such that %PK(X) is finite and not zero

at x = 0, where p lies between and 1
;
and for the purposes of

numerical integration we can represent it, by the methods

of Chapters I.-IIL, with as great a degree of accuracy as may
be desired, by an analytical expression of the form

Then * the solution of the integral equation (3) is

where

Rn ~P vn "P

and where a, ft, . . ., v are the roots of the algebraic equation

J*\x)
= a^+(l-p)(^x*- l

+(l-p)(2-p)a^-* + ^ . .

+ (l-.P)(2-i>) - - (*-J>K

and where yp() denotes the Incomplete Gamma Function

This may be regarded as a direct extension of Abel's original

formula (2), which may be derived from it by taking n = 0. It

expresses the solution of the integral equation in a finite form

in terms of the Incomplete Gamma Function, of which tables

have been published, j-

(iii.) Integral Equations of Poisson's Type. These are of the

form

where K(X] and f(x) are given functions, and <f>(x)
is the unknown

function which is to be determined. Several different methods

for the numerical integration of this equation are given in

*
Whittaker, Prn<\ U.S. 94 (1918), p. 367.

f K. Pearson, Tables of the Incomplete Gamma Function (1922).
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Whittaker's memoir of 1918,* and have been applied to the

solution of certain problems in viscous fluid motion by Havelock.f
We shall here indicate the most useful of them.

Since the nucleus
K(./;)

is supposed to be specified by a table

of numerical values over the range of values of x considered,

we may apply Prony's method of interpolation by exponentials

in order to represent it analytically in the form of a sum of

fA exponentials

4B) = P*P*+Q^ + . . , + V*1*
(5)

where (P, Q, . . ., V, p, q, . . ., v) are constants which are

chosen so as to give the closest possible representation of the

given numerical values. Taking then this form (5) for the

nucleus K(#), we shall show that the integral equation (4) may
be satisfied by a solution of the form

(a-*)/W*. (6)

where the solving function K(#) is also a sum of
p. exponentials,

say

K(a?)-A*'* + lfc* + Crf + . . . + Ne** (7)

To prove this we remark first that certain existence-theorems

established by Volterra justify us in assuming for the solution

the form (6), where K(#) is now the function to be determined.

In (6) put *(x) foT/(x) : thus

which gives the value of
</>(#) corresponding to this value

Putting (x
-

a) for s in the integral, we have

t*
*/>(#)

= K(X)
-

/ K(s)icte- s)ds.

Comparing this with the integral equation (4), after replacing

f(x) by K(X) in the latter, we have

*
Loc. c%t.

t PHI Mag. 42 (1921), pp, 620, 628.
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and therefore the pair of functions

*(af)-K(), -*()

satisfy the integral equation ;
that is to say,

(S)K(X
-

s)ds
=

(a)). (8)

In this equation substitute the value (5) for K(X) and the

value
(*7)

for K(#). Thus we have

Equating coefficients of e"* on the two sides of the equation,

we have

a p a
(j

*

a-V '

and similarly equating coefficients of eP*

r Q v
^^ +^^ 4"' ' m +

J^v
+ =

'

and so on
;
and therefore a, /3, y,

. . ., v are the roots of the

algebraic equation in x,

This enables us to determine a, /?, y, . . . .

Next, equating coefficients of &* on the two sides of the

equation, we have

Similarly

1 A+ +. . . + ---- +1 =

A B N
,

+o + + +1
a-q fi-g v-(j[

-A- + JL. JL
i v j8 v

'

v v

(10)
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Since (a, /?, y, . . ., v) and (p, q, r, . . ., v) are known, these

equations (10) enable us to determine A, B, . . ., N; and we

see that if the constants (a, ft, y, . . ., v) and (A, B, . . ., N)
are determined by equations (9) and (10), the equation (8) is

satisfied by the value (7) of K(#).

The value of K(#) may be obtained in a more explicit form

in the following manner. If we eliminate A, B, . . ., N
determinantally from the equations (7) and (10), we have

v -p
1

v-q

v -V

The determinants which occur in this equation are of the

kind known as alternants, and may be factorised by known

methods.* Performing the factorisation, we have

Combining our results, we have the following theorem ;

The solution of the integral equation

where the nucleus K(X) is supposed to be given numerically and

* The evaluation of alternants of this type is due to Cauohy, JExerciccs

^analyse, 2 (1841), p. 151.
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to have been expressed approximately by Prony's inethod in the

form

is 4>(x) =f(x)
- K(x - s)f(s)ds,

where

OB )G8- y)...OB-vT
'"

-(v-g) . . . (v -f>)
e '

a, /?, 7, . . ., v flw*0 tte 7'oo^s o/ ^e algebraic equation

in x,

The solution of the integral equation is thus obtained in a

finite form which admits of computation.

(iv.) Integral Equations of Fredholm's and Hilbert's Type. The
numerical solution of integral equations of the type

where K(^ s) and /(as) are given functions, X is a constant, and </>(#)
is the

unknown function, has been discussed by Bateman, Proc. E S. 100

(1921), p. 441, who gives references to the literature of the question.
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Page. Example.
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15. (a) 0-433178,483028,782.

(6) 0-433265,874297,833.
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CHAPTER II

33 1. /(a, 6) = -
(a + fi)/a

262 : /(a, ft, c)

/(a, 6, c, d) = -
(abc + abd + acd + bcd)/a

2bzc*d*.

3. /(3)=18, /(1 4) = 2 548.

4. (a)o? + x. (6)0*.

5. 681472.

6. 130326.

7. /(9)=810 : /(6-5)= 316-875.

8. (6) a* + 5. (7)
2 + r.

883
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Page. Example.

CHAPTER III

51 1. 0-4337022,769524,48.
2. 7-671672,8960.
3. 0-433265,874297,832.
4. 3-528273,8.

CHAPTER IV
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Page. Example.

Miscellaneous Examples

19 7.
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CHAPTER X

CHAPTER XII

Page. Example.

333 2. r= 0-25.

3. r= 0-75.
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Arithmetic moan of absolute devia-

tions, 184

postulate of, 2in,

217, 321

,, ,, probable cnoi of,

196, 206

Asymptotic expansion of error function,
181

Axioms for postulate of arithmetic

mean, 216

Baryccntio, symmetric, 249
Bemoulliau numbers, 134
Bernoulli's method ol solving equa-

tions, 98

,, ,, of solving equa-
tions compared
with root-squaring
method, 112

polynomials, 141

Bertrand's proof of normal law for two

variables, 321
Bessel function, 119

Bowel's formulae lor probable error of

arithmetic mean, 206

,, interpolation formula, 39, 47

Binomial Theorem, 15

Bromvin's formula for integration, 159

Brouncker's series, 368

Brownian motion, 208
Burnside's formula for double integrals,

375

Cauchy's formula for trigonometric

interpolation, 282

Central differences, 36
Central-difference formula for numerical

integration, 146

Cliebyshcf's formulae for integration,
158

Coefficient of correlation, 329, 335

Coefficients, Fourier, 263

,, ,, probable error of,

280

Coin, fiequency distribution of tosses

of, 176
Coincident loots of an equation, 117

Complex roots of an equation, 113

Compound deviation, modulus of pro-
cision of, 175

Condition, equations of, 209

Conjunctive probability, 317

Conservation, theorems of, 307
Constituent tides, 343

Contingency methods, 338
Coi relation," 817-342

,, as a test for periodicity,
315

coefficient, 329, 335

,, ratio, 336
Cotes' assumption, 822

Cubic, numerical solution of, 124

Dandelin's method of solving equa-

tions, 106

Data, smoothing of, 285
Derivatives of a function, 62

,, of a function in terms of

central differences, 64

,, of a function in terms of

divided differences, 65

Determinants, 71

Deviation, 168

Difference tables, 2

Differences, for functions of two argu-

ments, 371

, ,
in terms ofderivatives, 364

391



392 THE CALCULUS OF OBSERVATIONS

Differences of data, probable value of,

297

,, central, 35

divided, 20, 96, 104, 371

leading, 3

Differentiation, generalised, 376
Direct measurements of a single quan-

tity, 220
Divided differences, 120, 96, 104

,,
for functions of two

arguments, 371

,, with repeatedargu-
ments, 27

Double integrals, computation of, 374

Edgewoith's method, 259
Encke roots, 107

Equal coefficients, method of, 236

Equations, algebraic and transcen-

dental, 78-131

linear, 75, 231, 234, 236,
239

,, of condition, 209

,, ,, reduction to

linear foim, 214

,, simultaneous, 88, 90

Error Function, 179

mean, 183, 184

mean, of a determination, 243
of mean squaie, 183

probable, 184

,, of Fourier coefficients,

280

Errors, 210

,, of observation, effect on fre-

quency curves, 206
Euler-Maclauiiu formula, 134, 140

Everett's formula, 40, 46

Exponentials, interpolation by, 369

Facto) ial, differences of, 8

,, Stirling's approximation to,

138

False position, rule of, 92

Fecbuer's psychophyaical law, 217

Fidelity to data, expression ol, 305

Fitting inverse powers, 248

normal frequency curves, 186-

196

Forcing of numbers, 187
Fourier analysis, 260-284

Fredholm's integral equation, 381

Frequency distribution, 164

involving cor-

relation, 319

Frequency distribution, not normal,

173, 334

,, function, approximation to,

171

general law of, 172, 324

Function, 1

,, given as series, roots of, 118

,, interpolator}', 20

Galton's quincunx, 167
Gauss' formulae of interpolation, 36, 46

,, ,, back-

ward, 37

,, ,, for integration, 159

,, ,, for interpolation (tri-

gonometric), 283

,, method of solution of normal

equations, 231

,, postulate of the arithmetic

mean, 215, 217
Theorm i 'ombuiatiwi is proof
of the Method of the Least

Squares, 224

,, TJK'ornt Motus proof of the

normal law, 218
Gauss and Seidel's solving process, 255
Genie of entire functions, 119

Graduation, 285

formula, by interlaced

parabolas, 300

comparison of, 315

Higham s, 289

Rhodes's, 316

Sheppard's,291,300

Spencer's, 290

Whittaker's, 303

Woolhou&e's, 286
Graeife's method of solving equations,

106

Giegory's formula ofintegiation, 143

Gregory-Newton fbimiila, 10

,, ,, generalised
to two arguments,
373

Hardy's formula for integration, 151

Hermite's formula for trigonometric

interpolation, 283

,, functions, 174
Hilbert's integral equation, 381

Horner's method, 100

,, and divided differ-

ences, 104

Incomplete data for normal curve, 196

,, Gamma Function, 377
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Indirect observations, Gauss' Theorui

Motus discussion, 223
Infinite series, roots of, 118

Integral equations, 376

Integrals, double, computation of, 374

Integration, numerical, 132

Interlaced parabolas, graduation for-

mula, 300

Interpolation by exponentials, 369

,, by sine series, 263

,, inverse, 60

,, trigonometric, 263

trigonometric, for un-

equal intervals, 282

Interpolation formula :

Everett's, 40, 46

for functions of two arguments, 371

for quinquennial sums, 57

Gregory-Newton, 10, 26

backward, 365

Lagrange's, 28

,,
remainder term in, 32

Newton, for unequal intervals, 24

Ne\\tou-Bessel, 39, 47

Newton-Gauss, 36, -16

backward, 37

Nowtun-Stirling, 38, 43, 46

Intel polatory functions, 20
Inverse interpolation, 60

Iteration, 79

Jacobi's theorem in Least Squares, 251

King's foinmla lor quinquennial sums,
57

Lagrange's interpolation formula, 28

,, ,, ,, remain-

der term in, 32

Laplace's hypothesis on frequency

distributions, 167

proof of Method of Least

Squares, 224

Least Squares, Method of, 209-259

Legeiidre polynomial, 7 1

Legendre's principle of Least Squares,
209

Linear equations, solution of, 75, 231,

234, 236, 239

,, function of deviations, prob-

ability of, 168

,, function of unknowns, weight

of, 242

Lobachevsky's method of solving

equations, 106

Lozenge diagram, 43

Lubbock's formula for summation, 149

Mayer's method, 258
Mean absolute deviation, 184

,, contingency, 338

,, error, 183, 184

,, ,,
of a determination, 243

,, ot observations, weight of, 222

Means, allowance for, in Fourier

analysis, 279
connected with normal dis-

tributions, 182

Median, 188

,, probable error of, 197
Method of equal coefficients, 236

of Least Squares, 209-259

,, ,, alternatives

to, 258
Minimum approximation method, 259

Modulus, 80
of precision, 175, 179

,, ,, accuracy of deter-

mination, 199

Moments, computation by summation,
191

Multiple noimal correlation, 340

Newton's formula for unequal intervals,
24

,, ,, for unequal intervals,

generalised to two

arguments, 371
Newton-Bessel interpolation formula,

39, 47

Newton-Cotes formulae of integration,
152

Newton-Gauss interpolation formula,

36, 46

Newton-Gauss interpolation formula,

backward, 37
Newton-Gregory interpolation formul i,

10, 26

Newton-Gregory interpolation formula,

backward, 865

Newton-Raphsou method, 84, 90

Newton-Stirling interpolation formula,

38, 43, 46

Nomography, 128
Normal curve with incomplete data, 1 96

equations, 211, 224

,, ,, solution of, 231,

234, 236, 239

frequency distributions, 164-

208
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Normal law, Gauss' Theoria Motus

proof of, 218

,, non-universality of, 177

,, ,, of frequency for two

variables, 321
of frequency for two

variables, determina-

tion of constants, 324

Nucleus of an integral equation, 376

Operators, symbolic, 4

Parabolic rule for integration, 156

Parabolic-cylinder functions, 174
Parameters connected with a normal

distribution, 183, 186

Period, adjustment to, in a Fourier

analysis, 278

Periodicities, search for, 343-362

Periodicity, correlation as a test for,

34f>

Periodogram, 346

,, equation of, 348

,, Schuster's, 361

Peters' formulae for piobable error of

arithmetic mean, 206
Pivotal element, 71

Poisson's integral equations, 377

Polynomial, differences ol, 5

Polynomials of Bernoulli, 141

Position, Rule of False, 92

Postulate of the arithmetic mean, 215,
217

Powers, sums of, 137, 294

Precision, measure of, 245

,, modulus of, 175, 179

Probability, conjunctive, 317
Probable error, 184

,, ,, determination of, from

residuals, 204

, , , ,
of the arithmetic mean

,

196, 206

,, of Fourier coefficients,

280

,, ,, of the median, 197

,, ,, of standaid deviation

and modulus of pre-

cision, 201

,, value of constant differences

of data, 297

Prony's method of interpolation by
exponentials, 369

Quadratic, nomogram for, 128

,, form, reduction of, 235
mean deviation, 183

Quadratic mean error of a determine

tioii, 245

Quartile, 184

,, probable error of, 203

Quincunx, Galton's, 167

Repeated roots of an equation, 11 7

Reproductive property of normal law,
175

Residuals, 234
determination of probable
error from, 204

sum of squares, 2 46

Root-mean-square contingency, 338
Root - squaring method of solving

equations, 106

Root - squaring method of solving

equations, compared with Bernoulli's

method, 112

Roots, square, 79

Ruffini-Horner method, 100

,, ,, ,, and divided

dillorences, 101
Rule of False Position, 92

Schuster's periodogram, 346, 361
Secular change, in Fourier analysis,

279
Seidel's solving process, !i55

Semmvaliants, 171

Series, formula for root of an equation,
120

,, Fourier, 263
roots of, 118

,, summation of slowly-conver-

gent, 368

Shoppaid's collections, 194

,, graduation formulae, 291
Shovelton's formula for integration,

U151impson's formula, 156, 157

double, 375
Simultaneous equations, 88, 90
Skew frequency distributions, 1 73

Slowly-convergent series, summation

of, 368

Smoothing of data, 285

Smoothness, expression of, 305

Solving process of Gauss and Snidel,
255

Spencer's graduation formula, 290

Square roots, 79
Standard deviation, 1 83

,, accuracy of deter-

mination of, 19














